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Abstract. Multi-Point Constructive Search (MPCS) is a constructwarsh tech-
nigue which borrows the idea from local search of being glilgemultiple view-
points. MPCS consists of a series of resource-limited backing searches: each
starting from an empty solution or guided by one of a set of ljgality, “elite”
solutions encountered earlier in the search. This papeiséson MPCS as ap-
plied to constraint satisfaction problems where elite atuquality is measured
by the number of assigned variables in a partial solutionsygeematically study
different parameter settings including the size of theeeditt, the probability of
using an elite solution for guidance, and the use of chragicéd backtracking or
limited discrepancy search. Experiments are performedh@etconstraint satis-
faction problems: quasigroup-with-holes, magic squaaad, multi-dimensional
knapsack problems. Our results indicate that MPCS significaut-performs
both randomized restart and standard backtracking searctuasigroup-with-
holes, performs about the same as randomized restart otheproblems, and
is much worse than chronological on the multi-dimensiomalgsack problems.
The observed differences on two such similar problems {gu@g-with-holes
and magic square) suggests that these problems are a gtimtites future work
to understand the reasons underlying the performance of$34PC

1 Introduction

A number of metaheuristic and evolutionary approaches tonigation make use of
multiple “viewpoints” by maintaining a set of promising stibns that are used to
guide search. In evolutionary algorithms, a populationadfittons is maintained and
combined to produce a subsequent population which is thenefil based on quality.
In metaheuristics, such as advanced tabu search [7], a bagtofuality solutions are
maintained and revisited to intensify search in promisirgga of the search space.
Multi-point Constructive Search (MPCS) [1] is an algoritfiramework designed
to allow constructive search to exploit multiple viewpainAs with randomized restart
techniques [4], search consists of a series of tree sealiohigsd by some resource
bound, typically a maximum number of fails. When the reseuround is reached,
search restarts. The difference with randomized restantaisMPCS keeps track of a
small set of “elite” solutions: the best solutions it hasriduWhen the resource bound
on a search is reached, the search is restarted either freampty solution as in ran-
domized restart, or from one of the elite solutions. Reistarirom an elite solution



entails performing this fail-limited backtracking seasthrting from the guiding elite
solution with a new randomized variable ordering. Whildipngary experiments indi-
cated that MPCS can significantly out-perform both standardnological backtrack-
ing and randomized restart on optimization and satisfagioblems [1, 2], the one sys-
tematic study only addressed the former. Beck [3] appliedC®Ro job shop schedul-
ing problems with two different optimization criteria: medpan and weighted tardi-
ness. The results indicated that MPCS significantly outgpers randomized restart
and chronological backtracking on these problems. Yet,afrtee best parameter set-
tings found (i.e., maintaining only one elite solution)lsahto question the exploitation
of multiple viewpoints as the motivation for MPCS.

In this paper, we perform a similar systematic study of MP@&meter values for
constraint satisfaction problems. The primary modificatm the optimization version
of the algorithm is a change in the definition of an elite solut Rather than com-
paring complete solutions using a cost function, we comparéal solutions based
on the number of assigned variables. We vary the primarynpeters of the MPCS
algorithm in a detailed set of experiments using the quasigiwith-holes problem.
The results indicate that, unlike for the scheduling protdemaintaining more than
one elite solution leads to stronger performance. Thermnedry results in comparing
MPCS with randomized restart and chronological backtragkin quasigroup-with-
holes are confirmed. Interestingly, experiments on magi@sgs and a satisfaction
variant of multi-dimensional knapsack problems show penfmce that is about the
same as randomized restart. MPCS and randomized restaigaifcantly better than
chronological backtracking for the magic square problemtssignificantly worse on
the multi-dimensional knapsack problems.

In the next section, we present the MPCS framework as apfdiednstraint satis-
faction and the parameter space that will be investigatedisnpaper. We then turn to
the empirical studies, varying the parameters on each dhtke satisfaction problems.
We present detailed results for the quasigroup-with-hetegriments and, due to space
restrictions, summary results for the other problems.|kinae discuss our results and
their implications for developing an understanding of whyg iow MPCS works.

2 Background

Pseudocode for the basic Multi-Point Constructive SeawtPGS) algorithm is shown
in Algorithm 1. The algorithm initializes a set, of elite solutions and then enters a
while-loop. In each iteration, with probabilify, search is started from an empty solu-
tion (line 5) or from a randomly selected elite solution €lih0). In the former case, if
the best partial solution found during the searghis better than the worst elite solu-
tion, s replaces the worst elite solution. In the latter casegplaces the starting elite
solution,r, if s is better tham. Each individual search is limited by a fail bound: a max-
imum number of fails that can be incurred. The entire proeesis when the problem
is solved or proved insoluble within one of the iterationsywen some overall bound
on the computational resources (e.g., CPU time, numbeiilsf fareached.

As the MPCS framework has been presented previously [3] nweiefly describe
the algorithm details here.



Algorithm 1: MPCS: Multi-Point Constructive Search
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MPCS():
initialize elite solution set

2 while not solved and termination criteria unmeb
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if rand[0,1) < pthen

set fail boundp

s := search(], b)

if sis better than worst(ethen
| replace worsH) with s

else

r .= randomly chosen element of
set fail boundp

s = searcht, b)

if s is better than- then

| replacer with s

— Elite Solution InitializationThe elite solutions can be initialized by any search tech-

nigue. We use independent runs of a standard chronologickittacking with a
randomized heuristic. The search effort is limited by a mmaxin number of fails
for each run.

Bounding the Searckach individual search is bounded by a fail bound: a single
search (lines 10 and 5) will terminate, returning the bettgm encountered, after
it has failed the corresponding number of times.

Searching From An Empty Soluti@garching from an empty solution (line 5) sim-
ply means using any standard constructive search with armizeéd heuristic and
a bound on the number of fails.

Searching from a Solutiofo start constructive search from an elite solution, we
create a search tree using any variable ordering heuristicspecifying that the
value assigned to a variable is the one in the elite solutionided it is still in the
domain of the variable. Otherwise, any other value orddngyistic can be used to
choose a value. Formally, given a constraint satisfactroblpm withn variables,

a solution s, is a set of variable assignmen{g}, = z1), (Vo = x2),..., (Vi =
Tm)},m < n. Whenm = n, the solution is complete; when < n, s is a partial
solution. A search tree is created by asserting a seriesoidebpoints of the form:
(V; = x) v (V; # x) whereV; is a variable and the value that is assigned 3.
The variable ordering heuristic has complete freedom tosba variabley;, to
be assigned. IfV; = z;) € s andz; € dom(V;), the choice point is made with
x = x;. Otherwise any value ordering heuristic can be used to éwasdom (V).

2.1 Adapting Elite Solutions to Satisfaction Problems

In an optimization context, a solution can be defined as a tetmgeasible assignment
of all variables. Solutions can be compared based on theigponding objective value



or cost. To adapt MPCS for satisfaction, we relax the nee@ fmmplete assignment
and compare solutions based on the number of assigned lesriab
The solution,s, returned from a single search is the partial solution with most

assigned variables encountered during the search. Ehlieista complete solution
satisfying all constraints and so search terminates ogitisad-end. Clearly the partial
solution encountered with the greatest number of assigaddhbtes must be either a
complete solution or a dead-end. When we encounter a dehdvermake no attempt
to further assign variables: as soon as there is a domaineupave evaluate the partial
solution by counting the number of assigned variables ae tiacktrack, provided we
have not reached the resource limit on the search.

2.2 MPCS Parameter Space

There are a number of parameter values that must be specifigdér to implement
the MPCS algorithm. We concentrate on three parametersipigegar most interesting
based on previous work with optimization problems [3]:

— Elite Set Sizd°revious studies of MPCS for satisfaction problems [1, Zduan
elite set size of 8. However, results for optimization peshs point to an elite
set size of 1 as performing best. In this paper, we experimwéhtelite sizes of
{1,4,8,12,16,20}.

— The Proportion of Searches from an Empty Solufidve p parameter controls the
probability of searching from an empty solution versus sleiag from one of the
elite solutions. In this paper, we stugy= {0, 0.25,0.5,0.75,1}. Note thatp = 1
is equivalent to randomized restart.

— Backtrack MethodFor a single search, we have a choice as to how the searctdshoul

be performed. In particular, we experiment with using stadahronological back-
tracking or limited discrepancy search (LDS) [6]. In eitlcase, the search is lim-
ited by the fail bound as described below.

There are a number of other parameters of the MPCS algoriiatate not experi-
mented with here. Specifically:

— Fail Sequencé&he resource bound sets the number of fails allowed for ezatths.
For all our algorithms we use the polynomially growing boutiee fail bound is
initialized to 32 and reset to 32 whenever a new best soligiéound. Whenever
a search fails to find a new best solution, the bound is inegehg adding 32. The
value 32 was chosen to give a reasonable increase in thénfitildn each itera-
tion. The polynomial sequence is adopted here for its suitpland is consistently
among the best sequences in previous work.

— Initialization There are two parameters associated with the initialinaifdahe elite
set: the number of solutions that are found and the resouneedfor each of the
initial solutions. It has been shown in previous work [3]tteianply initializing each
elite solution can skew results that examine changihd@ herefore, we always cre-
ate 20 initial solutions and then select fagbest for inclusion in the elite set. The
resource bound is simply the number of fails we allow for eiadfalization. Pre-
vious experiments have shown no positive impact in termsaf folution quality



from a large initialization fail bound [3]. As preliminarkperiments with quasi-
group problems confirmed this trend, we do not experimertt thié initialization
fail bound here but rather set the bound to 1000 for all expenis.

— Setting an Upper Bound on Solution Cdstan optimization context, constraint
programming methods typically place an upper bound on tis fLmction, re-
defining the set of feasible solutions to be those that areb#tan any solution
seen so far. Such an approach is not meaningful in a sat@fambntext because
a bound on the number of assigned variables has no impacigdine search (i.e.,
it does not propagate). Therefore, we place no bound on tstefgoction in the
individual searches and solutions are admitted to the sdit®y the criteria defined
in Algorithm 1. This is the “local” bounding or mplb method|[i].

2.3 MPCS as Local Search

While the core search technique in MPCS is heuristic treechethere are two ways in
which MPCS can be viewed as a hybrid of constructive and keeaich. First, MPCS is
based on a fundamental idea of local search: the use of dirhadgolutions to guide
search. Second, and more crucially, a single iteration o€C&Rtarting from an elite
solution is an implicit search over a neighborhood of thatitson. Given a variable
ordering and a resource limit, a chronological backtragkiree search is only able to
search through a small subtree before the resource boueddbed. That subtree is,
implicitly, a neighborhood of the starting solution. If attee solution is found in that
neighborhood, it is accepted and inserted into the elitevbete it will be later used
as a starting solution for a new neighborhood search. If gebsblution is not found
in the neighborhood, a subsequent search with the sammgtadiution but a differ-
ent variable ordering and/or resource limit will investiga different neighborhood of
that elite solution. From this perspective, heuristic search is used to implement the
evaluation of neighboring solutions. While this is remagst of previous work [8],
through an implicit definition of the neighborhood via theiahle ordering, resource
limit, and style of tree exploration, MPCS does not requingtssticated, often domain-
dependent, neighborhood engineering.

3 Empirical Study

Due to time and space limitations we do not conduct a fullyssea experiment with
all values of the parameters. For most of the experimengsparameter is varied while
the others were set to default values. Based on prelimingrgramentation and past
studies the following values are used as defaults:

3.1 Problems

The experiments were performed on three different satisfaproblems: quasigroup-
with-holes, magic squares, and multi-dimensional knapsHuese problems were cho-
sen because benchmark sets exist and randomized restagt ahanteresting pattern

! This perspective is equally valid for other styles of trepleration such as LDS. For clarity
we concentrate on the chronological case.



Fail Seq][e][ p [Init. Fail BoundBacktrack MethofElite Replacemeijit
poly |8]0.5 1000 chron mplb I
Table 1. Default parameter values for the experiments.

of performance: performing well on quasigroup problemsdbfi poorly on multi-
dimensional knapsack [9]. Magic square problems appeagdo &imilarities to quasi-
group-with-holes. Our reason for focusing on problems witieresting performance
of randomized restart is that MPCS can be interpreted asadbguided randomized
restart and therefore we are interested in its behaviowaradomized restart behaviour
varies.

More specifically, the problems we use are as follows:

— Quasigroup-with-Holes Completion Problekn n xn quasigroup-with-holes (QWH)
completion problem is a matrix where each row and column srenptation of the
first n integers and where some of the matrix elements are filled dnodimers are
empty. Finding a complete quasigroup requires that all thetg cells (“holes”) are
filled with consistent values. This problem is modeled bydifflerent constraints
with extended propagation [10] on each row and column. Tw® akeproblem in-
stances are used: (i) 100 order-30 instances used preyimustudy MPCS [1]
divided into ten subsets according to the number of hetes {315,320, ..,360}
(i) a set of existing benchmark instances [5, 9]. Each imstais solved ten times
with different random seeds and a fail limit of 2,000,000sfai

— Magic Squares\n n x n magic square is a matrix of the numbérs., n> whose
rows, columns, and diagonals all sum§o= W These problems are mod-
eled with one all-different constraint and by constrainthg sum of each row,
column, and diagonal to h€&. Forn = {10, ..,15} results were averaged over 20
independent runs with different random seeds with a limt@000,000 fails.

— Multi-Dimensional Knapsacisiven a knapsack witih dimensions such that each
dimension has capacityy, ..., c,, a multi-dimensional knapsack problem re-
quires the selection of a subset of thebjects such that the profit, = >~ | z;p;,
is maximized and the: dimension constrain'@:?:1 xiriy <cjforj=1,...,m,
are respected. Each objetthas a individual profitp;, and a size for each dimen-
sion,r;;. This problem can be posed as a satisfaction problem byreomisig P to
be equal to the known optimal value [9]. Six problems are tis®d the operations
research librarywhich have 15 to 50 variables and 6 to 11 constraints. For each
problem, results were averaged over 20 independent rusdifferent random
seeds and a limit of 10,000,000 fails. For each problem]tesere averaged over
20 independent runs with different random seeds and a lii0@®00,000 fails.

3.2 Experimental Details

Each of the problem types and search methods used a minimoraidwariable or-
dering with randomization on ties. The value ordering farteproblem and technique,

2 http://people.brunel.ac.uk/ mastjjb/jeb/orlib/mkivp.html



when not being guided by an elite solution, is random. Alloaiidnms were imple-
mented in ILOG Scheduler 6.0 and run on a 2.8GHz Pentium 4 BitMb RAM
running either Fedora Core 2 or Red Hat Enterprise 4.

3.3 Initial Quasigroup Experiments

Our first set of experiments uses the set of order-30 QWH problto examine the
impact of various parameter settings. In the next sectioexamine the performance of
a number of the best settings found on the second set of bemkhmmoblem instances.

Elite Set Size The results for varyinge|, the number of elite solutions maintained,
are shown in Figure 1. In contrast to previous results ondwdivey problems [3], with
QWH an elite size of one is worse than any of the other sizgeaslly atm =
{325, 330}. The best performance is achieved|by= 4 or |e| = 8. On the scheduling
problems, the best performance was achieved, in some ¢gses—= 1.
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Fig. 1. Mean number of fails to solve order-30 problems in each dudbsearying values ofe|.

The Probability of Searching from an Empty Solution Thep parameter is the prob-
ability that search will be done from an empty solution vangeguided with an elite
solution. Figure 2 shows that the effort to solve the QWH fents monotonically in-
creases with increasing The best result is achieved by always guiding the seardh wit
an elite solutiong = 0) while the worst performance is to always search from an gmpt
solution fp = 1). These results agree somewhat with the scheduling regéee it was
shown thapp = 0.25 delivered the best performance with decreasing perforséorc

p > 0.5 and withp = 0 performing worse thap = 0.25.
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Fig. 2. Mean number of fails to solve order-30 problems in each dubsearying p-values.

The Interaction Between|e| and p We believe it is likely that there is an interaction
between the size of the elite set and the probability of $eagdrom an elite solution.
To examine possible interactions, a full cross of these tarameters was done. Figure
3 shows the mean results of all 2000 runs over all 100 probfeme given setting of
p andle|. It again shows that a lower probability of starting from anpgy solution
performs better and a elite size of 1 performs poorly. OVetted combinatione| = 8
andp = 0 performed the best.
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Fig. 3. Mean number of fails to solve order-30 problems for all valog|e| andp.



Backtrack Method Finally, we examine the impact of using chronological beadbit-
ing or LDS for each individual search. Figure 4 shows thaterms of the number of
fails, LDS results in better performance.

However, as shown in Figure 5, despite incurring fewer fai3S has a significantly
longer run time® The time per fail is larger for LDS because it spends muchtiess
deep in the tree than chronological backtracking. Theegthie computational effort of
the choice points high in the tree is not amortized over asyfeils.

250000 T T T T T T T —
: ; : : : chronological —+—
LDS --%X--
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150000 J-ooeveesd e

100000 |-+

Mean Number of Fails

50000

0
315 320 325 330 335 340 345 350 355 360
Number of Holes

Fig. 4. Mean number of fails to solve order-30 problems in each suloseboth backtracking
methods.

Summary Overall, these experiments indicate that for the QWH pnwokitee following
parameter values perform begt = 8, p = 0, and chronological backtracking. Recall
that we did not vary the fail sequence, initialization fadlund, or method for bounding
the cost of solutions.

3.4 Benchmark Quasigroup Problems

Using the best parameter settings from the initial QWH expents, in this section
we apply MPCS to an existing set of QWH benchmarks and contharperformance
with standard chronological backtrackinghfon) and randomized restantegtarf). In
all algorithms the same randomized minimum domain varialptkering and random
value ordering are used.

The restart algorithm follows the same polynomial fail seqee as the MPCS meth-
ods and initializes and maintains a set of elite solutiormwéler, it always searches
from an empty solution (i.e., it is equivalent of MPCS wijth= 1).

3 Unless specifically mentioned, the comparison of methodedan the mean number of fails
is identical to the comparison based on mean run time.
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Fig. 5. Mean time to solve order-30 problems in each subset for bathtbacking methods.

Each problem was run 10 times for each algorithm. The pemfenins that were
able to find a solution in the 2,000,000 fail limit, the meanmmuer of fails to find
a solution, and the mean solve time in seconds are report&dbile 2. Bold entries
indicate the best result (either lowest mean number of Gilowest mean run-time)
for each problem instance. When a run failed to find a solutteafail limit is used in
calculating the mean.

The pattern of bold entries in Table 2 is summarized in TabMBCS achieves the
lowest mean number of fails in 18 problem instances and thedbrun-time for 14.
Furthermore, on 20 of the instances, all 10 runs of the alyorfound a solution within
the global fail limit. Exceptions to this pattern arise ajtiér orders and with no filled
in values. Here standard chronological search performedeist and MPCS the worst.

Table 4 compares our results with previous [9] results orséimee benchmark prob-
lems using impact-based heuristics combined with rest8hswn are the number of
choice points reported by impact-based search along wétlpéincentage of successful
runs and mean number of choice points for MPCS to solve the gaablems. A direct
comparison is complicated by the fact that [9] limited tharsk to 1500 seconds where
ours was limited by 2,000,000 fails. While there are seviesthnces where the impact-
based heuristic beats MPCS (as shown by the bold entriesf,SvifRearly beats it on
some of the hardest problems, and is able to reliably soliesaat two more instances.
Note however that MPCS incurs fewer choice points in only thef19 instances ver-
sus 10 of 19 for the impact-based heuristic. Given that iripased heuristics could be
used as a variable ordering heuristics within MPCS, it wdaddnteresting to look at
combining these approaches.

3.5 Magic Square Experiments

Despite the apparent similarities between quasigroup-twties and magic square prob-
lems, the performance of the MPCS algorithm is quite difieré/hile space prevents



chron restart MPCS-best

order holes||%sol fails| time||%sol fails| time||%sol fails| time|
30 | 316 || 1000 6458 3.1j| 100 679 0.6| 100 289 0.2
30 | 320 || 100 325 0.2 100 327 0.3 100 267, 0.2
33 | 381 0[20000001244.7 0{20000001726.7 0{200000(1376.4
35 | 405 40(1566506 979.9| 50{17407921458.71| 100 185383 130.4
40 | 1600(| 100 1 2.8| 100 0 2.9| 100 0 2.9
40 | 528 0/200000(1469.¢9 0[20000001684.4| 40{1675930(01335.1
40 | 544 0/20000001461.7 0[20000001671.9| 80| 693720 558.9
40 | 560 0/200000(1359.4 0[20000001614.2| 100 132751 109.3

50 | 2500 100 5 8.6 100 8 8.6 100 5 87
50 |2000|| 100 121 3.6) 100 3 3.6 100 120 36
50 | 825 || 0/20000002125.9]  0|20000002619.3|  0|20000002515.6
60 |3600| 100 2| 21.2 100 21) 23.3| 100 11 21.5

60 | 1440 0{20000002047.6] 6013672602126.6 100 51251 121.71
60 | 1620|| 20/16273631574.1) 80/10438241695.64/ 100 63185 169.4
60 | 1692| 80| 824779 748.3| 100 829527 218.4| 100 13758 70.2
60 | 1728|| 100 303789 259.5| 100 35233 125.3| 100 11019 65.5
60 | 1764| 80| 682079 646.3| 100 2656 102.1| 100 4669 40.3
60 | 1800|| 80| 765919 665.4| 100 25139 88.8| 100 5174 45.3
70 | 4900|| 100 147 46.0| 100 33| 55.2| 100 31 46.7
70 | 2450| 40 1415351.1695.3 100 7140452023.9| 100 50551 331.1
70 | 2940|| 1000 38578 45.7| 100 330¢ 115.9| 100 1390 77.1
70 | 3430|| 100 838 10.9| 100 495 59.3| 100 190 26.0
90 | 8100|| 100 154 157.4| 100 168 367.9| 100 289 5934
100|1000Q 100 5429 275.1 100 441/11553.4| 100 8392437.5
Table 2. QWH benchmark comparison with other search algorithms.

a full presentation of the results as done with the QWH pmolsleve can summarize
the results as follows:

— Elite Set Size: varying the elite set size has little effetttioe algorithm perfor-
mance.

— The Probability of Searches from an Empty Solution: Redoltsarying the prob-
ability of starting from an empty solution are shown in Figé: Unlike the QWH
problems, MPCS does not out-perform randomize restarti- 1) on the magic
squares problems. In fagi,= 1 results in the best performance while= 0, the
best setting on the QWH problems, performs worst.

— Backtrack Method: Using LDS on the magic square instanaketlextremely bad
performance. On the easiest order-10 instances, no swdutiere ever found using
a global limit of 10,000,000 fails.

Displayed in Figure 7 is a comparison of MPCS with the bedirgg found in
the quasigroupNIPCS:qwh and magic squareMPCS:magi¢ experiments, and the
other search algorithms. For MPCS:magic the following peaters are usede| = 8,

p = 0.75,* and the backtrack method is chronologi€startand the MPCS variations
are all better than chronological search. MPCS performslpocompared to restart.

4 The second begtis taken since it is not MPCS at= 1.



chrorjrestartMPCS-bes

# best fails 3 3 18
# best time 10 2 14
# 100% solvefl 12 16 20

Table 3. Summary Statistics for Table 2.

MPCS Impact-base
orderholeg|%solchoice ptg] choice pts

18 | 120|| 100 11 2
30 | 316 100 358 31
30 | 320|| 100 310 27&

33381 0f 202523
35 | 405| 100 19272( 75277q
40 | 528 || 40| 1738612 -
40 | 544 | 80 739354 -
40 | 560 || 100 161053 289684
50 |2000/| 100 1737 1735
50 | 825 0| 2171697 -
60 [1440| 100 154304 -
60 |1620| 100 199874 56050

60 |1692| 100 84941 164044
60 |1728| 100 76625 2333
60 |1764| 100 47068 48485
60 |1800/| 100 50487 1934
70 |2450| 100 246047 4383]
70 12940 100 36737 3732
70 |3430/| 100 7581 3073

Table 4. QWH comparison with Impact Based Search [9].

These results are intriguing, given the QWH results and iiméasities between
QWH and magic squares. We will return to these results in ibeudsion below.

3.6 Multi-Dimensional Knapsack Experiments

As with the magic squares experiments, due to space limitatiwe focus on the com-
parison of MPCS with the best parameter values on the minitedsional knapsack
problems, MPCS with the best parameter values on the QWHIgm) restart, and
chronological backtracking.

In the knapsack experiments, the best settings for MPCS fearel to be the ini-
tial default settings, withe| = 8, p = 0.5, and chronological backtracking perform-
ing slightly better than other parameter settings. Yet &m $e Table 5, both MPCS
and randomized restart perform poorly in comparison todelsronological search.
Significantly better performance than chronological besting on these problems is
presented in [9]. The best MPCS settings perform about time s restart.
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chron restart MPCS-gwh best MPCS-knap best

%sol fails| timel|%sol fails| time||%sol fails| timel|%sol fails| time
mknapl1-Q 100 1| 0.0| 100 0| 0.0| 100 1| 0.0| 100 0 0.0
mknapl-2| 100 26/ 0.0/ 100 22| 0.0/ 100 24| 0.0/ 100 23 0.0

mknapl1-3 100 363 0.0| 100 418 0.0 100 724 0.1 100 660 0.1
mknapl-4 100 15551 1.1j| 100 53938 4.8| 100 30939 3.1} 100 48219 4.4
mknapl-% 100 2862059148.3| 55 8141502552.7| 85/ 5035286376.6| 80| 415636¢287.7
mknap1- 0[{10000000660.4 0{1000000(843.7 0{1000000(938.5 0[{1000000(857.§

Table 5. Comparison of multi-dimensional knapsack results foredéht algorithms and best
MPCS parameter settings.

4 Discussion and Future Work

The goal of this paper was to apply multi-point constructiearch to constraint satis-
faction problems and to perform a systematic evaluatiomefvarious parameter set-
tings. As the extensive experiments on the quasigroup-dtes problems indicate,
MPCS is able to significantly out-perform both randomizestag and chronologi-
cal backtracking on constraint satisfaction problems.|é/tiie best parameter values
tended to agree with those found on scheduling problems.£8] low |e| value, lowp
value), the QWH results showed that maintaining more thanatite solution improves
search. This is an important finding as the scheduling re$oilind very good perfor-
mance withje| = 1, calling into question the intuition that the observed perfance
gains could be due to exploiting multiple viewpoints. The B\Wsults are a proof of
concept for MPCS on constraint satisfaction problems.

However, when the empirical results for the magic squaresnamlti-dimensional
knapsack are considered, our conclusions are more nuandéataresting. The signif-
icant change in the relative performance of randomizedreshd MPCS when moving
from the QWH to the magic squares problems is particulatsrasting given the simi-
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Fig. 7. Mean number of fails comparing different search techniquesMPCS with best param-
eters found for magic squares.

larities in the problems. What is it about the differencesveen the problems that lead
to strong MPCS performance on QWH and weak performance oficreggares? We

hope that answering this question will lead us to an undedstg of the problem char-

acteristics that influence MPCS performance and ultimategn understanding of the
reasons for MPCS performance. As a starting point, we beliewould be interesting

to generate some magic-squares-with-holes problems éordieie if the phase transi-
tion behaviour of QWH is seen and to evaluate the performahcandomized restart

and MPCS.

Interestingly, it appears that the multi-dimensional ksegk problems create a par-
ticular challenge for MPCS. Detailed traces of the MPCS slnosved that very quickly
all the elite solutions had an objective valuenofall of the variables were assigned but
the solution does not satisfy all constraints. In other wotHe linear constraint prop-
agation tended not to result in empty domains but ratherlp &iskigned variables that
broke one or more constraints. Further experiments modifigdbbjective to be the
sum of the number of assigned variables and the number efisdttonstraints. Under
these conditions, in many situations, though not alwayes elfiie solutions were soon
populated with solutions that assigned all variables ang loroke one constraint: the
overall cost constrainth:1 z;p; = C.5 Under these conditions, we speculate that
MPCS gets poor heuristic guidance: the elite solutions ddalifferentiate between so-
lutions that are close to the optimal cost and those far awdysa the elite set quickly
stagnates to the firgt| solutions found that only break the cost constraint. Prielary
experiments using MPCS to solve the optimization versiothefmulti-dimensional
knapsack problem show that it significantly out-performo#ier techniques in find-
ing the optimal solution. This implies that the actual cdst eolution provides a better
criteria for inclusion in the elite set and much better h&tiziguidance.

5 Recall that we made the multi-dimensional knapsack a satish problem, following Refalo,
by requiring that the cost be equal to the (previously knogpt)mal costC'.



5 Conclusion

This paper is the first systematic application of multi-p@onstructive search to con-
straint satisfaction problems. Our empirical results destated that MPCS can per-
form significantly better than chronological backtrackiswgd randomized restart on
constraint satisfaction problems. In particular, our ekpents with quasigroup-with-
holes problems showed that a relatively small elite poolaarero probability of search-
ing from an empty solution lead to such strong results. Inegaln such results are in
agreement with previous studies on optimization problemtfié scheduling domain,
however the results in this paper reinforce the intuiticet #xploiting multiple view-
points can be of substantial benefit in heuristic search.

The types of problems that we experimented with revealedhmdsting pattern.
MPCS significantly out-performs chronological backtrackon the quasigroup-with-
holes and magic squares problems but significantly undéofmes on the multi-dimen-
sional knapsack problems. Similarly, MPCS out-performattiomized restart on the
quasigroup problems, performed slightly worse on the magitares problems, and
performed about the same on the multi-dimensional knapgeatdems. This variety
of results leads us to consider these three problem typespstant for future work in
understanding the reasons for the behaviour of MPCS. If weesalain these varied
results, we will be substantially closer to explaining tleéaviour of MPCS.
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