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The central thesis of this dissertation is that insight from queueing analysis can effectively

guide standard (combinatorial) scheduling algorithms in dynamic environments. Scheduling

is generally concerned with complex combinatorial decisions for static problems, whereas

queueing theory simplifies the combinatorics and focuses on dynamic systems. We exam-

ine a queueing network with flexible servers under queueing and scheduling techniques. Based

on the strengths of queueing analysis and scheduling, we develop a hybrid model that guides

scheduling with results from the queueing model.

In order to include setup times, we create a logic-based Benders decomposition model for

a static representation of the queueing network. Our model is able to find optimal schedules up

to 5 orders of magnitude faster than the only other model in the literature. A hybrid model is

then developed for the dynamic problem and shown to achieve the best mean flow time while

also guaranteeing maximal capacity.
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Chapter 1

Introduction

The central thesis of this dissertation is that insight from queueing analysis can be effectively

used to guide standard (combinatorial) scheduling algorithms in a dynamic environment. We

illustrate the advantages of combining queueing and scheduling by creating a hybrid approach

to a dynamic queueing network from the literature. Individually, the queueing and scheduling

approaches exhibit different characteristics which lead to better performance when situations

favour one over the other. The integration of the methods produces increased performance by

maintaining the respective strengths of each model. Cooperation of queueing and scheduling

provides a framework that more accurately models real world problems requiring both the dy-

namic aspects of queueing theory and the combinatorial optimization techniques of scheduling.

1.1 Motivations

This dissertation is motivated by the goal of solving dynamic scheduling problems better.

Scheduling techniques often study static problems and lack the stochastic analysis of queueing

theory. We are interested in investigating the integration of these two fields of research. In

more detail, the motivations for the work in this dissertation are as follows:

1. The need for complex combinatorial reasoning in dynamic networks - Since the in-
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CHAPTER 1. INTRODUCTION 2

ception of queueing theory, many dynamic systems have been analyzed using stochastic

models. These models are often limited to simple networks because formal analysis of a

system is often beyond the current state of the art when complex combinatorial structure

is present. The difficulty of deriving analytical results for complex systems has resulted

in queueing theory providing few insights on how to actually schedule jobs in the system.

Research which includes scheduling in queueing theory are often comparisons between

simple dispatch rules such as first come first serve (FCFS) and shortest processing time

first (SPT) [113]. However, many real world problems that are dynamic are also complex

where the sequence and/or allocation of jobs has a large impact on system performance.

2. The inclusion of scheduling quality measures in a dynamic network - Andradóttir et

al. [4] analyze a queueing network with flexible servers. The policy presented in their

work guarantees maximization of the capacity for a given system in terms of the arrival

rate of jobs. For the operator of the system (e.g., the factory scheduler), maximizing

capacity means resources are not wasted and the operator knows when to expand their

resources. However, a customer (e.g, the owner of a job) is not interested in the stability

of the system. Rather, they are more concerned with performance measures of a job

such as the average flow time. A customer will prefer servicing to occur in a timely

manner and will judge the system based on how long they had to wait before they could

be serviced.

3. The integration of queueing theory and scheduling - Queueing theory and scheduling

are two areas of research that are both concerned with efficient resource management.

However, the assumptions, goals, and approaches vary widely between the two. Queue-

ing theory focuses on the probabilistic nature of a system in order to model the dynamic

behaviour of a network. In comparison, scheduling deals with the combinatorics of a

problem where the system is often static. A link between the two research areas could

lead to more accurate representations and better performing schedulers of real world
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problems which are both complex and dynamic.

1.2 Overview of Dissertation

The outline of the dissertation is as follows.

Chapter 2 reviews the background information for the work in this dissertation. We start

by introducing queueing theory and the optimal design and control of queues. In the follow-

ing section, different techniques and systems studied in the scheduling literature are presented.

Further, we provide a brief overview of Benders decomposition and an extension to the par-

titioning method. Finally, a queueing network problem studied by Andradóttir et al. [4] is

presented. The network provides the basis of the work in this dissertation and is the inspiration

of the following chapters.

In Chapter 3, we study the problem presented by Andradóttir et al., but simplify the problem

to remove setup times and re-routing. We also concern ourselves with a different, scheduling-

based, objective: minimize mean flow time. The flow time performance of the existing queue-

ing policy is compared to two scheduling policies. A hybrid model is presented which uses

aspects of the queueing and scheduling policy. Experimental results show that the hybrid

model significantly outperforms the queueing policy and scheduling model, resulting in the

best overall performance.

We wish to reintroduce setup times to the problem by Andradóttir et al. To do so, a more

sophisticated scheduling technique needs to be developed. We simplify the problem in a dif-

ferent way. By making the problem static, we are able to concentrate on the combinatorics of

the problem. Chapter 4 focuses on the unrelated parallel machine scheduling problem (PMSP)

with sequence and machine dependent setup times. We present a logic-based Benders de-

composition model for the PMSP and demonstrate the ability of our model to find optimal

solutions for problems four times in size greater than previously possible. On problems where

both the previous approach and the Benders decomposition are able to find optimal schedules,
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the decomposition is able to find and prove an optimal schedule up to five orders of magnitude

faster. A heuristic extension to the model is also developed enabling the method to compete

with current state-of-the-art metaheuristic approaches in terms of problem size and solution

quality. One significant advantage of this heuristic, however, is the ability to directly quantify

the quality of a solution in terms of the optimality gap.

Chapter 5 combines the work in Chapters 3 and 4 to allow us to examine the original

problem by Andradóttir et al. by using the logic-based Benders decomposition to find schedules

with the minimum makespans for each period. With setup times, the queueing policy is found

to always maintain lower mean flow time than a pure scheduling model. We create a hybrid

model incorporating some of the advantageous qualities of the queueing policy. The new model

is able to experimentally produce the best mean flow time results across all system loads when

tested. Further, we formally show that the hybrid model is able to maximize the capacity of the

system and guarantee stability whenever possible.

Lastly, in Chapter 6, we conclude and suggest directions for future work based on this

dissertation.

Appendix A defines the standard notation for queueing models, while Appendix B and C

detail the parameters for experiments in Chapters 3 and 5 respectively.

1.3 Summary of Contributions

The contributions of this dissertation are as follows:

1. The creation of a hybrid queueing and scheduling model that takes advantage of the

strengths of both approaches. The hybrid is able to provide formal stability guarantees,

while also empirically achieving the best mean flow performance of all methods tested.

2. A complete method using logic-based Benders decomposition for finding minimal makespan

schedules to a PMSP that outperforms previous optimal approaches by up to five orders

of magnitude in speed.
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3. An extension to the logic-based Benders decomposition which abandons optimality to

solve very large problems. The improved model is found to be competitive with cur-

rent state-of-the-art heuristic approaches in terms of solution quality while significantly

reducing the CPU time.

4. An investigation of the performance differences between a queueing policy and two

scheduling models. Results demonstrated that short term greediness can lead to undesir-

able long term performance when a system is heavily loaded. However, a conservative

strategy is able to perform much better under heavy loads and also maintain competitive

or even better performance when a system is lightly loaded.

5. The inclusion of a scheduling quality measure in a queueing network which was previ-

ously concerned only with maximizing capacity. The utility of such an extension is to

better represent the concerns of customers in the system as well as those of the operator.



Chapter 2

Literature Review

In this chapter, we present a review of three topics. In the first section, queueing theory is

introduced. Section 2.2 presents scheduling methods and techniques. Finally, an overview

of Benders decomposition, work which is relevant for Chapter 4, follows. At the end of the

chapter, the dynamic queueing network with flexible servers problem is presented. The work

in this dissertation builds on this problem. The problem considered is a dynamic system which

we will use to study the potential for combining scheduling and queueing theory.

2.1 Queueing Theory

Queueing theory is the study of waiting lines in dynamic systems. Jobs arrive to the system

and are processed by one or more servers. When server are unable to service a job arriving to

the system, the job is added to a queue where it awaits processing.

The queueing theory literature focuses on descriptive and prescriptive models. Descrip-

tive models are concerned with describing current real-world situations, whereas prescriptive

models attempt to optimize what the real-world should be [46]. Our review will focus on the

prescriptive models developed in queueing theory, also called optimal design and control of

queues. For the reader interested in descriptive models, Gross and Harris [46] spends most of

their book detailing descriptive models.

6
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In the following two sections, we review some of the work that has been done in both the

design and control of queues respectively. For a more in-depth review of work in these areas,

Crabill [29] presents a bibliography of queueing work and Tadj and Choudhury [98] survey

work done in the optimal design and control of queues.

2.1.1 Optimal Design of Queues

The study of the design of queues addresses the question of finding system parameters that

optimize a given queueing system. A variety of parameters are studied such as the maximum

arrival rate a system can cope with or the number of servers required for a given arrival rate.

Typical solution methods use descriptive queueing results to model the problem (e.g., to derive

an objective function) within some optimization framework [46].

The following list summarizes some of the work done on the design of queues.

• One of the first uses of presciprtive queueing design models was used to find the optimal

number of clerks to place at service counters in a plant belonging to Boeing Airplane

Company [16]. Brigham observed that arrivals followed a Poisson process and service

rates were exponential. These observations allowed an M/M/c model representation as

notated by Kendall [60], which is the standard notation in the queueing literature and

detailed in Appendix A. Using both clerk idle time and customer wait time in a cost

function, he presented results showing the optimal number of clerks as a function of the

ratio between arrival rate and service rates.

• Morse [78] used differential calculus to find optimal service rates for minimizing the

cost of an M/M/1 and M/M/1/K queue by taking the derivative of the cost function with

respect to the service rate and then setting to zero. He also analyzed an M/M/c/c system

where no queue exists and found that for given arrival and service rates, an optimal

number of servers is calculable.

• Some work has also focused on determining the number of active servers in a system
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based on the number of customers. The rules developed depend only on the current

state of a system and are called stationary policies. Winston [114] uses Markov Decision

processes to derive conditions where the number of servers is a non-decreasing function

of the numbers of customers. An M/M/2 system is studied by Bell [12] and an optimal

policy is developed which defines at which system states one should increase or decrease

the number of active servers.

• Reneging and balking, a representation of customer impatience to exit the system prema-

turely if the queues or wait times are too long, are considered when machines are allowed

to fail [59]. In this work, a linear cost function is created based on waiting times, service

completion, idle servers, broken servers, and reneged or balked jobs. Using the long run

expected performance of the system, the optimum number of servers are calculated.

2.1.2 Optimal Control of Queues

Optimal queue control is the study that decides on the admission, servicing, routing and schedul-

ing of jobs in a system to achieve an objective. Control is often done through use of policies

which map a system state into the actions to be performed. Research primarily focuses on

determining when certain policies are optimal, however, some are concerned with finding the

optimal values of the control parameters [46].

Much of the early work on queue control was on stationary policies that prescribe the same

action whenever a system is in a specific state. Romani [88] examined an M/M/c model and

considered a policy that added servers if the queue length is at a critical size and new jobs

arrive. Following the policy guarantees that the queue never exceeds the critical size as new

servers are added accordingly. New servers continue to serve jobs and are only removed when

the queue has emptied. Moder and Phillips [75] study a similar problem except that the system

has a certain number of servers always available and a maximum number of servers that can

be added. Moder and Phillips derive steady-state probabilities of witnessing a certain number
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of customers during different states and some measures of effectiveness such as idle time,

expected queue lengths and expected waiting times.

One well-studied family of policies are so-called threshold policies which are defined as

follows: given a non-decreasing set of predetermined queue sizes, a threshold policy will in-

crease the number of servers as values in the set are realized and maintain these servers until

the system is once again empty or below the threshold. Optimality of a threshold policy for

various systems has been shown by a number of researchers [31, 30, 34, 85].

The work in queueing theory has for the most part not considered complex scheduling of

queues. The scheduling approaches used are often simple dispatch policies: first come first

serve (FCFS), last in first out (LIFO), shortest processing time first (SPT), longest processing

time first (LPT), and random selection for service (RSS). A well known rule for scheduling

queues where customers have priorities is the cµ rule which chooses the customer with the

largest cµ index to service. The parameter c represents a holding cost attributed to a class and

µ is the service rate of the class. This rule has been shown to be optimal for an M/M/1 system

with infinite buffer size [18, 62, 110]. However, Kim and Oyen [62] show that simple rules,

such as the cµ rule, are not optimal for a more complex systems where the buffer sizes are finite

and jobs must be rejected.

Job priorities under different scheduling policies for an M/G/1 queue are examined by

Wierman and Harchol-Balter [112]. Various policies are analyzed and compared based on

the fairness to jobs where a policy with higher variation in response times to different jobs

is considered less fair. Previous researchers concerned themselves with the mean response

times which lead to the cµ rule. However, Wierman and Harchol-Balter show that policies that

bias towards small jobs to minimize response time may end up being unfair to larger jobs by

delaying service. Their results showed that some policies, like preemptive shortest job first

(PSJF) and shortest remaining processing time first (SRPT), have similar characteristics and

behaviour to each other but lead to different fairness classifications.

Andradóttir et al. [4] examine a queueing network with flexible servers. Jobs of different
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classes enter the system and are processed on one or more servers. Processing times vary

depending on the server and class. The authors present a policy that is able to maximize the

capacity of any given system. We present a more detailed summary of the work by Andradóttir

et al. in Section 2.4.

Queueing theory provides the analytical tools to understand a dynamic system. Specifically,

the control of queues gives insight into the long run performance of the decisions made by an

operator. Understanding the long run performance can help to make better decisions. However,

what is currently missing from the queueing literature is a focus on systems requiring complex

combinatorial decisions.

2.2 Scheduling

We review work that has been done in scheduling research based on the two books Scheduling

[84] and Online Stochastic Combinatorial Optimization [105]. The Scheduling book defines

scheduling as the allocation of scarce resources to tasks over time with the goal of optimizing

one or more objectives. This definition of scheduling is remarkably similar to that of queueing

theory. In general, both are concerned with optimizing a system with limited resources. The

similarity of definition between scheduling and queueing may be misleading when one views

the two different research areas. The assumptions and approaches in scheduling differ greatly

from that of queueing theory. While queueing theory looks at uncertain and dynamic systems,

the majority of work in scheduling focuses on deterministic and static problems. Some research

in scheduling has looked at uncertainty and dynamism [7, 50, 72, 83, 107, 108], but the body

of research is heavily focused on the deterministic models.

The following section outlines static scheduling, the topic of the Scheduling [84] book.

Static scheduling can further be categorized into deterministic and stochastic scheduling based

on whether complete information is available or not. We focus on the deterministic prob-

lems where there exists no uncertainty in the following section. Section 2.2.2 reviews dy-
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namic scheduling problems where unpredictable events cause the system to change signifi-

cantly enough that a static approach would lead to poor performance.

2.2.1 Static Scheduling

In static (deterministic) scheduling, a set of jobs are to be processed by a set of machines to

optimize some objective. These problems have complete information regarding job data such

as: release date, due date, processing time, weight, and cost of jobs. Further, the machines are

classified as:

• (1) Single machine - one machine to service jobs.

• (P) Identical parallel machines - multiple machines each processing jobs at the same

speed.

• (Q) Uniform parallel machines - multiple machines that process jobs with linearly related

speeds.

• (R) Unrelated parallel machines - multiple machines that process a job with unrelated

speeds on different machine.

• (F) Flow shop - each job contains a chain of tasks that are to be processed on each

machine in the same order.

• (J) Job shop - each job contains a unique chain of tasks that are to be processed on

a number of machines. Unlike with flow shops, the order of each job in a job shop

problem may differ.

• (O) Open shop - each job contains multiple tasks that must be processed on a number of

machines. The ordering that a job is processed on the machines is not specified.

We make use of the 3-field notation, α|β|γ as defined by Graham et al. [43] to classify

scheduling problems. The first field, α denotes the machine configuration of the system. β clas-
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sifies the processing restrictions and constraints such as: preemption, resource requirements,

and precedence relations. The last field represents the performance measure to optimize. For

example, 1|rj|
∑
Cj represents a scheduling problem with 1 machine where jobs have release

dates and must be sequenced in such a way to minimize the sum of their total completion time.

In Section 2.2.1.1, single machine scheduling problems are discussed. The following sec-

tion outlines work on parallel machines. Finally, the research on flow shop, job shop, and open

shop problems are presented. For an in depth review on deterministic scheduling, see surveys

by Graham et al. [43], Graves [44], and Lee et al. [68].

2.2.1.1 Single Machine Problems

The single machine problem has been the subject of a lot of research since the work of Jackson

[56]. He modeled a production line as a 1||Lmax problem where the objective is to minimize

the maximum lateness. The earliest due date first (EDD) dispatch rule, also known as Jackson’s

rule, is developed for this particular problem to sequence jobs in increasing order of their due

dates. A generalization to the model studied by Jackson is the 1|rj|Lmax problem where jobs

have release dates. Many researchers looked at branch and bound methods for the 1|rj|Lmax

problem [19, 71, 82]. Lenstra et al. [69] show that this problem is strongly NP-hard.

Another early study in scheduling of single machine systems is a 1||
∑
wjCj problem by

Smith [96]. He proves the optimality of the weighted shortest processing time first (WSPT)

for this problem. Extensions of the weighted completion time problem have been studied with

added precedence constraints [66, 76, 77, 94] or preemption and release dates [64, 90]. The

problem with preemption and release date is solvable with an extension of Smith’s work for

cases where the objective is to minimize the total completion time, but in the case of a weighted

completion time, it is unary NP-hard [64].
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2.2.1.2 Parallel Machine Problems

Parallel scheduling problems tend to be more difficult than the single machine counterpart.

Simple dispatch rules obtain the optimal schedules for both 1||Cmax and 1||
∑
wjCj . Specif-

ically, any non-idling schedule will produce the minimum makespan of a schedule while, as

stated earlier, WSPT provides the optimality for the weighted completion time problem. In-

creasing the number of machines to two identical servers, P2||Cmax and P2||
∑
wjCj , makes

the problem binary NP-hard [17, 69].

The difficulty of parallel machine scheduling leads most of the work towards heuristic

methods. Dispatch policies are a popular approach which are often compared by their worst

case bound performance [25, 37, 42]. Min and Chen [74] solve a large scale P ||Cmax problem

using a genetic algorithm. They compare their algorithm to the LPT heuristic and simulated

annealing to find that genetic algorithm finds better solutions than the LPT rule and equal or

better solutions to the simulated annealing in less time. Specifically, the genetic algorithm was

found to scale better to larger problems than simulated annealing.

Focusing on the objective of minimizing the total completion time when there are identical

servers, P ||
∑
Cj , Conway et al. [26] present an O(n log n) algorithm based on SPT. Their

analysis illustrate that, without weighted costs, the problem has a polynomial solvable algo-

rithm. Horowitz and Sahni [55] generalize results from Conway et al. on the identical machine

problem to uniform machines, Q||
∑
Cj . Their procedure matches the largest jobs to latest po-

sitions on fast machines in O(n log n) time to acquire optimal schedules. Horn [54] and Bruno

et al. [17] further extend the problem to unrelated parallel machines, R||
∑
Cj , and represent

the model as a transportation problem. They create a mixed integer program (MIP) model

which can be solved in O(n3) time.

2.2.1.3 Flow Shop Scheduling

In many manufacturing facilities, a number of tasks must be performed on every job. The tasks

often have to be done in the same order for all jobs and require different machines for each
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task. The environment described is considered a flow shop.

Johnson [58] presented a solution for the F2||Cmax problem known as Johnson’s rule. He

shows that an optimal solution can be found in O(n log n) time. The algorithm arranges the jobs

such that a job j precedes a job k if min(p1j, p2k) ≤ min(p2j, p1k). Further, Johnson proves that

there exists an optimal schedule for the two machine flow shop that is a permutation schedule,

i.e., one with the same processing order on both machines.

The F3||Cmax problem is proven to be NP-hard [38]. However, Johnson [58] shows that if

all processing times on the first machine are greater than all jobs on the second machine or if

all machines on the third machine are greater than all those on the second, optimality can be

achieved using a modification of his algorithm for the two machine case.

Wagner [109] formulates an integer program for F ||Cmax. The difficulty of solving a flow

shop problem make heuristics more popular. Taillard [99] show a tabu search that can outper-

form heuristic dispatching policies. Other tabu search algorithms have also been presented for

the flow shop problem that perform well when finding schedules for large problems. Nowicki

and Smutnicki [80] and Grabowski and Wodecki [41] make use of block properties in a tabu

search algorithm to find feasible solutions for problems of size 500 jobs and 20 machines.

2.2.1.4 Job Shop Scheduling

Job shop, like flow shop, is an environment that deals with jobs containing multiple tasks with

fixed routes. However, unlike the flow shop environment, the routes are not necessarily the

same for each job.

Jackson [57] extends Johnson’s algorithm for the two machine flow shop problem to the

two machine job shop problem. Jackson places jobs into four groups: jobs only requiring

machine 1, jobs only requiring machine 2, jobs requiring machine 1 first then machine 2, and

jobs requiring machine 2 first then machine 1. To minimize the makespan of the problem,

jobs are to be ordered in the same method as Johnson’s rule with the addition of priorities

of jobs based on the group that a job belongs to. Priority on a machine is given to jobs that
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require the machine first, while jobs that require a machine second are given lower priority

on that machine. Jobs that are only to be scheduled on one machine are inserted between the

two different priority groups. Jackson’s results are only obtainable for systems where jobs only

have at most two tasks. If a job has three or more tasks, the problem becomes NP-hard [38, 69].

A large body of work has examined branch and bound techniques to minimize the makespan

in a job shop. Carlier and Pinson [20] present a branch and bound algorithm based on the single

machine scheduling problem. However, complete approaches are very limited to smaller prob-

lems. Therefore, most of the work in the past 15 years has focused on approximate algorithms

because of the intractable nature of job shop scheduling.

Adams et al. [1] present the Shifting Bottleneck heuristic used for the J ||Cmax problem.

The heuristic schedules the machines one by one based on the machine identified as the bot-

tleneck. After a machine is sequenced, the already scheduled machines are optimized again

based on the addition of the newly sequenced machine.

Local search methods have shown the most promise for the J ||Cmax problem. Simulated

annealing approaches are proposed by Van Laarhoven et al. [106] and Yamada and Nakano

[118]. Yamada and Nakano [117] also present a genetic algorithm approach to deal with the

job shop scheduling problem. These approaches have tested problem sizes of up to 30 jobs and

10 machines or 15 jobs and 15 machines.

Of the numerous local search methods, tabu search has been shown to work very well for the

J ||Cmax problem. The concept of a tabu search is to create a tabu list of the most recent moves

or states that the search has made or visited. Subsequent moves to neighbouring solutions are

forbidden if it is on the tabu list unless the move would produce a solution that is better than

any previously found schedule. By avoiding previous moves or states and restarting the search

from a previously found solution after a certain number of iterations lead to no improvement,

tabu search attempts to avoid getting stuck in a local minima. Taillard [100] show that a tabu

search implementation is able to out perform the Shifting Bottleneck heuristic and simulated

annealing approach. Nowicki and Smutnicki [79, 81] also present a tabu search algorithm to
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minimize the makespan called TSAB and the follow-up algorithm i-TSAB. The tabu search

methods are tested for problems of sizes up to 100 jobs and 20 machines.

Constraint programming (CP) has shown promise as a constructive search for scheduling

job shop problems. Beck [9] developed the solution-guided search and showed that it signifi-

cantly outperformed other constructive search techniques. However, CP was unable to compete

with state-of-the-art local search methods. Using the knowledge gained from solution-guided

search, Beck et al. [10] created a hybrid model based on CP and tabu search. Their results

showed that the inference capabilities of CP was able to significantly improve the performance

of the tabu search algorithm and that the hybrid model could compete with the state-of-the-art

local search techniques. A particular advantage is that the hybrid model is a complete approach.

2.2.1.5 Open Shop Scheduling

In the open shop scheduling problem, jobs require processing on a number of machines. The

order in which a job is processed on machines does not matter. However, a job may only be

processed by a single machine at a time.

Similar to flow shop and job shop scheduling, a polynomial algorithm exists for the two

machine case when minimizing makespan. Gonzalez and Sahni [40] present an O(n) algorithm

that divides jobs into two categories; one category for jobs that have longer processing times on

the first machine and one with longer processing times on the second machine. The schedule is

then built from the middle such that all jobs with longer processing times on the first machine

are scheduled after the middle and the rest are scheduled before the middle point. Gonzalez

and Sahni show that an optimal solution is achievable by following this method. They also

show that O3||Cmax is binary NP-hard.

Sevastianov and Woeginger [91] present a polynomial time approximation scheme for the

O||Cmax problem. They initially create an optimal schedule using only a subset of jobs that

have characteristics of a big job type. The schedule induces gaps which are then greedily filled

by small and tiny jobs. This algorithm can be performed in O(n log n) time if parameters
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are chosen such that the number of large jobs are limited. However, the algorithm may be

impractical to perform if parameters are chosen such that finding an optimal schedule for the

big jobs is intractable.

If the open shop problem is allowed to have preemption, Lawler and Labetoulle [67] pro-

vide a polynomial time algorithm to minimize the makespan of a schedule. Given a matrix of

processing times P = pij , they show that it is possible to create a schedule with makespan,

Cmax = max{max
j
{
∑
i

pij}, {max
i
{
∑
j

pij}}.

Lawler and Labetoulle show that such a schedule is optimal.

2.2.2 Dynamic Scheduling

Traditionally, scheduling focuses on static problems and does not account for changes that may

happen. However, many real world problems can witness unpredictable events which change

the original problem. Manufacturing facilities may create a schedule to meet the demand of

current customer orders, but the request of new arrivals could drastically change the optimal

schedule. Further, machine failures can occur during execution where a previously feasible

schedule may become infeasible. One can also see application in emergency room scheduling

in hospitals because at any moment, a patient may enter with a critical condition which has

higher priority than others and requires immediate attention. In an ever changing environment,

static abstractions are unable to properly accommodate for these real time changes [28, 93].

Recent trends in scheduling has seen a need for scheduling models that are robust in these

dynamic environments [83, 97, 116].

The dynamic scheduling literature has studied a significant number of events in a dynamic

environment that exhibit a large impact on the performance of a schedule. The events studied

have been classified into two categories by Ouelhadj and and Petrovic [83]:

• Resource-related: machine breakdown, operator illness, unavailability or tool failures,

loading limits, delay in the arrival or shortage of materials, defective material (material
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with wrong specification), etc.

• Job-related: rush jobs, job cancellation, due date changes, early or late arrival of jobs,

change in job priority, change in job processing time, etc.

The methodologies of dynamic scheduling have been categorized as completely reactive schedul-

ing, predictive-reactive scheduling, and robust proactive scheduling [7, 50, 72, 83, 107, 108].

2.2.2.1 Completely Reactive Scheduling

A schedule is never generated in advance for completely reactive scheduling. Commonly,

priority dispatching policies are used to make decisions on demand. Dispatch rules are often

easy and fast to implement while usually following some greedy short term goals. Simple rules

could be to randomly assign a job to a machine when it is made available or select the job that

has been waiting longest. More complex rules also exist that decide which job to schedule

based on multiple criteria.

Blackstone et al. [15] and Haupt [48] provide a comprehensive survey of dispatching rules

and policies. Blackstone et al. list 34 dispatch rules in their survey and provide analytical

approaches, simulation techniques, bias of estimates produced by simulation, sample size and

evaluation criteria for a number of different rules.

2.2.2.2 Predictive-Reactive Scheduling

Predictive-reactive scheduling is the most common method used for dynamic scheduling en-

vironments [83]. Predictive-reactive scheduling is the process where one initially creates a

schedule and then reschedules at a later time based on occurrences of real-time events. A

predictive schedule (baseline schedule, pre-schedule, or proactive schedule) attempts to create

solutions based on knowledge of the system before processing takes place. Reactive schedul-

ing occurs during execution and makes use of up-to-date information to revise the predictive
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schedule. Along side efficiency goals, the scheduler often wishes to have a stable reactive

schedule that does not deviate too far from the predictive schedule.

Wu et al. [115] present three heuristic rescheduling algorithms for a single machine system

with the criteria of makespan minimization and schedule stability. Stability is measured in two

ways, the absolute deviation of job start times and sequence changes from the original schedule.

In their study, they consider machine disruptions to model machine failures, processing time

uncertainty when jobs take longer than initially planned, and unforeseen arrivals of jobs that

require immediate processing. Rescheduling occurs directly after any disruptions occur and a

machine is once again made available. They show experimentally the effectiveness of robust

rescheduling due to the fact that significant increases to stability can be obtained with little or

no effects on the makespan.

An issue that any rescheduling algorithm must address is when to react to events. Wu et

al. [115] considered only rescheduling after a disrupted machine is again available, but the lit-

erature provides many more options. The question of when to reschedule has been categorized

into three policies in the literature [89, 108]: periodic, event driven, and hybrid.

Church and Uzsoy [24] examine the performance of different rescheduling procedures un-

der single and parallel machine systems. Their study looks at two extremes in the context of

when to reschedule: continuous rescheduling which creates a new schedule every time a new

event occurs and periodic rescheduling which defines some time interval between performing

rescheduling. Based on computational results, they conclude that a periodic approach is viable

when system utilization is very high or very low, or when due dates are very tight. Further-

more, Church and Uzsoy show that event driven rescheduling can improve performance. Here,

optimization happens only when a significant event which is recognized to potentially cause

significant disruption to the system occurs. However, event driven rescheduling was shown to

have rapidly diminishing returns. Therefore, they believe event driven and periodic resched-

ulers to provide excellent quality solutions with less computationally expensive requirements

than continuous rescheduling methods.
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Matsuura et al. [70] provide a different rescheduling approach to conventional predictive-

reactive scheduling. In their approach, a predictive schedule is created periodically. The sched-

ule will be executed unless realization deviates sufficiently from the prediction in which case a

dispatch policy takes over for the remainder of the period. They show that predictive-reactive

approaches are better for periods of low disruptions, whereas dispatching rules perform better

as the number of disruptions increase.

2.2.2.3 Robust Proactive Scheduling

Robust proactive scheduling focuses on the creation of predictive schedules that perform well

in a dynamic environment. Robustness is attained by defining measures of predictability and

scheduling with the foresight that disruptions may occur. Proactive scheduling often employs

statistical information of uncertainty to create predictive schedules that maintain feasibility and

good performance when subject to events.

Mehta and Uzsoy [72] present a robust proactive approach for a single machine system

subject to breakdowns. In their paper, they attempt to minimize the maximum lateness in an

environment where jobs arrive dynamically and machines fail randomly. Consider a predictive

schedule Sp and realized schedule Sr for a planned time horizon. Allow Ci(Sp) (Ci(Sr)) and

Lmax(Sp) (Lmax(Sr)) be the completion time of job i and maximum lateness in the predicted

(realized) schedule. They account for the following costs through deviation of the planned

schedule:

Earliness penalty Ei(Sr)

A penalty for completing a job earlier than initially planned in the original schedule.

Ei(Sr) = max{Ci(Sp)− Ci(Sr), 0}.

Delay Penalty Di(Sr)

A penalty for completing a job later than initially planned in the original schedule.

Di(Sr) = max{Ci(Sr)− Ci(Sp), 0}.
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Realized Schedule Maximum Lateness Lmax(Sr)

They assume that a job cannot leave the system until after the initially planned completion

time, so Ci(Sp) is considered when Ci(Sr) completes earlier.

LmaxS(r) = max
i
{max(Ci(Sp), Ci(Sr))− di}.

The proactive approach presented then attempts to minimize
∑

i(Ei(Sr) + Di(Sr)) while

ensuring an acceptable Lmax(Sr). Stochastic breakdowns of machines are considered by fo-

cusing on the expectation of these values, E[
∑

i(Ei(Sr) + Di(Sr))] and E[Lmax(Sr)]. Their

scheduler attempts to optimize a schedule by first creating a sequence of jobs and then insert-

ing idle times before each job. Mehta and Uzsoy show that such a proactive approach could,

if given the same starting sequence and rescheduling rules, create the same schedule as a pre-

sented predictive-reactive approach with the addition of decreased delay costs. Further, they

show that proactive scheduling yields higher predictability than predictive-reactive scheduling

if jobs are allowed to leave the system earlier than planned. They conclude that heuristically

inserting idle times in a controlled manner when creating predictive schedules significantly

improves the robustness of a schedule with very little deterioration of the primary performance

measure, Lmax.

Beck and Wilson [11] address a job shop scheduling problem when the duration of jobs

are uncertain. They combine Monte Carlo simulation with deterministic scheduling algorithms

to optimize the makespan of a schedule. Beck and Wilson show that the incorporation of

uncertainty leads to stronger correlations between deterministic and probabilistic makespans

and the corresponding ability to find better probabilistic makespans.

2.3 Benders Decomposition

In 1960, Benders [13] wrote a dissertation and a paper later in 1962 [14] on what would even-

tually be called Benders decomposition. In his work, a method is developed to solve problems

which are commonly a mixed integer linear program (MILP). A general MILP that Benders
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decomposition deals with is

min cTx+ fTy

s.t. Ax+By ≥ b

x ≥ 0

y ≥ 0 and integer

where x and y are vectors of variables having dimensions p and q, respectively. A, B are

matrices, and b, c, f , are vectors having appropriate dimensions.

Benders decomposition partitions the problem into the integer and continuous variables

by first assigning values to the integer variables, y, in a master problem and then solving the

dual of the remaining problem in a subproblem. Let ȳ be some fixed values assigned to y, the

resulting problem is

min cTx

s.t. Ax ≥ b−Bȳ

x ≥ 0

The dual problem of this LP is

max (b−Bȳ)Tu

s.t. ATu ≤ c

u ≥ 0

where u is a vector of dual variables.

The Benders approach then solves two different problems, a relaxation of the MILP to solve

the pure integer problem as a master problem

min z

s.t. z ≥ fTy + (b−By)T ū

y ≥ 0 and integer
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and a subproblem

max fT ȳ + (b−BT ȳ)Tu

s.t. ATu ≤ c

u ≥ 0

The master problem produces values for y which can then be used to define the subproblem.

One then checks the solution by setting UB = min(UB, fTy + (b − BT ȳ)T ū). If z̄ ≥ UB,

the optimal solution has been found. Otherwise, the cut z ≥ fTy + (b − BTy)T ū is added

to the master problem and another iteration is performed. z represents a lower bound on the

achievable objective function and converges to optimal.

The partitioning scheme developed by Benders has been successfully applied to aircraft

scheduling, power systems, and facility location problems to name a few [27, 92, 111]. In these

studies, using Benders decomposition significantly decreased runtime for obtaining optimal

solutions.

Hooker [53] developed a similar model to Benders decomposition, called logic-based Ben-

ders decomposition. He uses the Benders decomposition framework, but replaces the linear

programming dual subproblem with a CP inference dual subproblem. The master problem in-

corporates a relaxation of this dual subproblem and the method iterates between master prob-

lem and subproblem until an optimal solution is found. By replacing the dual subproblem

with CP, Hooker is able to generalize the Benders decomposition strategy and allow greater

flexibility to model a larger class of problems. Through various studies, the logic-based Ben-

ders decomposition is able to outperform many of the previous state-of-the-art approaches in a

variety of problems [33, 51, 52].
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2.4 Dynamic Queueing Network with Flexible Servers

In this section, we introduce a problem considered by Andradóttir et al. [4]. The problem they

examine provides the foundation for our work as a case on which we can investigate the effects

of queueing and scheduling in an environment with complex and stochastic characteristics.

The queueing network studied by Andradóttir et al. is concerned with an environment where

servers are flexible. Here, flexibility is the ability for a server to process a set of job classes

and is analogous to the parallel machine scheduling problem presented earlier. The jobs arrive

to the system and belong to a customer class which represents the current processing stage of

a customer in a network. As the client progresses through the network, it may be routed to a

different customer class. The class defines which servers can provide service to the customer

as well as the rate at which the customer is served. Therefore, properly allocating servers

to customer classes could increase efficiency because the service rates are not uniform. An-

dradóttir et al. considers the capacity of the queueing network and identify a tight bound on the

achievable arrival rate as well as provide a job-allocation that can get arbitrarily close to the

bound.

The focus of this dissertation is applying queueing and scheduling techniques to the queue-

ing network with flexible servers as studied by Andradóttir et al. In following sections, we

provide a detailed definition of the queueing network and describe the policy developed.

2.4.1 Problem Definition

Andradóttir et al. define a queueing network where incoming customers are routed to different

classes and there are non-homogeneous servers that are able to serve a set of the available

customer types. Customers arrive to the system with rate λ and are routed to a class i with

probability pi. Each class has a buffer of infinite size. Once in the system, a customer of class i

switches to class k after completion of service with probability pik and leaves the system with

probability pi0.
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The servers in the system can be assigned to different classes. At any time, a server is able

to leave a class to begin service at another. However, switching times from a class may be

nonzero. If a server j wishes to leave class i to start serving class k, that server must be idle

for a time of ζjik(n) on the nth occurrence of such a switch. When assigned to a specific class

i, a server j will work at a rate of µji. This rate is dependent on the server and the class being

serviced. If server j cannot be assigned to a class k, then µjk = 0. If multiple servers are

working on a single class at any point in time, the servers work in parallel acting similarly to

an M/M/c queue where c is the number of servers assigned to the class.

An operator of this system is interested in the order to execute jobs and on which servers.

Thus, the operator must decide which job to assign to an idle server if jobs are present in the

system. Since processing times are dependent on the server, different assignments will lead to

very different schedules. The goal of an operator of this system is therefore concerned with

efficiently allocating servers such that the greatest arrival rate can be handled during execution.

2.4.2 Allocation LP

Andradóttir et al. present an allocation linear programming (LP) model which can find a bound

on the arrival rate of jobs that a system can handle. To do so, the model aims to maximize

the stability region of the network and define the greatest arrival rate, λ, to which the system

can theoretically maintain a finite expected queue length and always ensure a non-negative

probability of having empty queues. To define the allocation LP, the effective arrival rate of

each customer class must be found. Given, K, a set of customer classes and, M , a set of

servers, solving the following system of linear equations leads to the total arrival rate of a

stable system,

λk = pkλ+
K∑
i=1

pikλi k ∈ K

Let α1, ..., αk be the solution to the system of equations if λ = 1; then λαk is the unique

solution to the system of equations and the allocation LP is
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max λ

s.t.
M∑
j=1

δjkµjk ≥ λαk, k ∈ K (2.1)

K∑
k=1

δjk ≤ 1, j ∈M (2.2)

δjk ≥ 0 k ∈ K; j ∈M (2.3)

where δjk represents the fractional amount of time that server j should serve customers of class

k to maximize λ. Allow λ∗ to be the optimal value of λ in the LP.

The allocation LP is a fluid representation of the queueing network. A fluid approach to

such a network examines the system at very heavy loads where a system begins to exhibit

the properties of a continuous fluid rather than discrete jobs. As the number of jobs in the

system increase to infinity, the behaviour of the system converges to a fluid [21, 45]. The fluid

approach also disregards switching times in the LP model. The argument is that the switching

times become negligible as the number of jobs to serve between switching classes increases.

Hence, constraint (2.1) ensures that the amount of service allocated to each class is sufficient

to handle the workload that class will put on the system. Constraint (2.2) guarantees the model

will only assign as much resource as the network has available and non-negativity is enforced

by constraint (2.3).

2.4.3 Round Robin Policy

Andradóttir et al. develop the round robin policy to assign jobs to servers and achieve alloca-

tions that are arbitrarily close to the solution of the allocation LP. To ensure that the policy

can achieve a given job arrival rate λ < λ∗, each server j visits classes in Vj in cyclic order,

where Vj is an ordered list of all classes k with µjkδ∗jk > 0. At each class k ∈ Vj , the server

either serves a maximum of ljk customers or until there are no more customers of class k in the
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system.

Given ε = λ∗−λ
λ∗+λ

, mjk = 1
µjk

, and 1{δjk > 0} a function that is 1 if δjk > 0 and 0 otherwise,

Andradóttir et al. show that stability is guaranteed for any system where λ < λ∗ if ljk is chosen

to be

ljk =

⌈
(1− ε)(s+

∑
i∈Kmji1{δ > 0})δjk
εmjk

⌉

By following the round robin policy, the δjk values will be sufficiently mimicked so that stabil-

ity is guaranteed for any system for which stability is possible.

2.4.4 Discussion

The results of the round robin policy provide the queueing network with a method which can

maximize the stable region. From the perspective of the operator, such a solution means that

the current available resources (i.e., the servers) are being utilized so that obtaining further

resources is not required when the system is subject to heavy loads unless the true arrival rate

is above λ∗.

From the perspective of a customer who submits a job however, system performance is not

very meaningful. Jobs are often concerned with their own waiting time in the system. Such

a measure of schedule quality is not addressed in the work by Andradóttir et al. Given two

methods, one which is stable and one unstable, we would expect the stable system will also

have better waiting times than the unstable. Nevertheless, if two methods are both in a stable

region, there is potential for significantly different performance.

Scheduling approaches often express performance measures relevant to jobs as objectives

in their methods. Therefore, it is of interest whether scheduling or a combination of scheduling

and queueing can be used to both achieve good/optimal system performance and optimize a

scheduling criteria such as the jobs’ waiting times.
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2.5 Summary

In this chapter, we provided an overview of the literature on the two fields of queueing theory

and scheduling. We also looked at the Benders decomposition technique and an extension due

to Hooker. Finally, we looked at a queueing network with flexible servers and presented the

round robin policy developed by Andradóttir et al. which maximizes the arrival rate the system

can handle.

While there is research that studies scheduling in dynamic environments and scheduling

in queueing environments, the work is not extensive. Specifically, scheduling in queueing

environments has mainly been limited to simple dispatch rules such as SPT. Even in dynamic

scheduling, focus is on uncertainty in the processing times or on machine failures.

In Chapters 3, we remove setup times and re-routing in the queueing network with flexi-

ble servers and use techniques from queueing theory and scheduling to improve upon current

solutions. Chapter 4 examines a static parallel machine scheduling problem with setup times

where we provide a logic-based Benders decomposition approach to finding schedules. Chap-

ter 5 makes use of the model developed in Chapter 4 to include setup times to the queueing

network and considers the system under queueing and scheduling models. The scheduling tech-

niques provide the tools to solve combinatorial optimization problems which can often arise in

queueing networks, whereas the queueing approaches deal with the dynamic characteristics. A

combination of queueing and scheduling attempts to use the strengths of both research areas to

more accurately represent real world problems which are both dynamic and require complex

combinatorial reasoning.



Chapter 3

Scheduling a Queueing Network with

Flexible Servers

In this chapter we investigate the use of scheduling in a dynamic queueing network. Specifi-

cally, we study a variation of the queueing network with flexible servers introduced in Section

2.4. We simplify the network by assuming that it has no setup times or rerouting. Andradóttir

et al. [4] showed that efficient allocation of resources can be the difference between a stable

and unstable system. We show that a hybrid technique produces schedules with better response

time performance than the round robin policy and prompt departure of jobs from the system by

using the long term goals of the round robin policy and short term optimization of scheduling.

In the following section, two different scheduling models are proposed for the queueing

network problem. The first is a greedy dispatch scheduler whereas the second scheduling model

is a periodic scheduler. Experimental results comparing the performance of the scheduling

models and an existing policy are shown in Section 3.2. Section 3.3 proposes and evaluates a

hybrid model that makes use of queueing analysis to improve one of the scheduling models.

Section 3.4 is the conclusion to this chapter.

29
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3.1 Scheduling Models

Andradóttir et al.’s problem is a queueing network with jobs belonging to one of K job classes.

These jobs arrive to the system according to a Poisson process with rate λ and belong to a

class k with probability ak. Jobs are to be served by M servers which process in parallel with

exponentially distributed rate µjk, the rate which server j serves a job of class k; Section 2.4

presents a detailed description of this problem. The goal of our adaptation to this problem is

to assign jobs to servers to minimize the flow time in a queueing network with heavy loads.

Given ai and di, the arrival and departure times of a job i respectively, the flow time of job i is

fti = di − ai

Andradóttir et al.’s objective was to maximize the stability region of a system by finding

the greatest arrival rate the system can handle and create a policy which guarantees stability

at that capacity. However, no explicit attention was paid to the performance metrics related to

scheduling, such as flow time. In our work, we are concerned with both stability and scheduling

metrics. By examining flow time performance of the system, we consider the timely processing

of jobs as well as stability issues. Specifically, if the mean flow time converges to a finite value,

the system is stable.

We study two scheduling models for this problem:

• The MinFT model is a dispatch policy that greedily assigns jobs to machines to minimize

flow time.

• The MinMksp model is a periodic scheduler that assigns jobs to machines to minimize

the makespan of each period using Mixed Integer Programming.

Both of these scheduling models make the assumption that the service time of a job i on

server j, pij , is determined upon arrival. Service and arrival times of jobs that have not yet

arrived remain unknown.
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3.1.1 MinFT

The first scheduling model minimizes the flow time of jobs upon arrival to the system. When a

job arrives, a decision is made to assign the job to a server. The choice is made by finding the

server with the earliest completion time if the job is to be scheduled directly after all previously

scheduled jobs on a server. Minimizing the completion time of a job is equivalent to minimizing

the flow time of that job. The flow time of a job i if assigned to server j is denoted as fij and is

fij = rj +
∑
x∈Γj

pxj + pij

The first term, rj , represents the total remaining time that server j will be busy processing

the job that is currently being serviced.
∑

x∈Γj
pxj is the summation of the processing times

of all jobs belonging to Γj , the set of queued jobs assigned to server j. If a server j is idle

with no jobs queued when a decision must be made, the job can immediately enter service and

complete in pij time units.

The assignment will be made such that,

fti = min
j

(fij)

Where there are ties, the job will enter one of the tied queues arbitrarily.

3.1.2 MinMksp

The second scheduling model minimizes the makespan of specified time segments. The mini-

mization is performed using Mixed Integer Programming (MIP) to assign jobs to servers dur-

ing each segmented period. By minimizing the makespan, the scheduler aims to maximize

the throughput of the system. The choice for minimizing the makespan rather than total flow

time of a period is made for two reasons. Previous work by Terekhov et al. [103] successfully

applied the periodic minimization of the makespan to a dynamic two machine flow shop and

polling system to increase throughput and reduce flow time. In our problem, the minimiza-

tion of makespan will maximize the period’s throughput where we hope to obtain similar long
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term results as Terekhov et al. The second reason for minimizing the makespan is because the

problem is tractable for the problem sizes we are concerned with. Minimizing flow time to

optimality during each period is impractical given time constraints.

3.1.2.1 Periodic Scheduling

Periodic scheduling is a method which can handle dynamic scheduling problems where job

arrivals to the system are not known in advance. The MinMksp scheduler will look at the

system at a point in time and schedule only the jobs that are present. The scheduler treats the

system as though it were static. By performing this type of scheduling, objectives for each

deterministic period can be optimized.

The MinMksp model minimizes the makespan of the static system during every period.

Thus, the scheduler will complete all the known jobs in the fastest possible time. The schedule

found to minimize the makespan will be executed until the next period begins. In the new

period, the scheduler will again evaluate the system of all new jobs that are present. These jobs

will be scheduled in the same manner to create the next period.

A period in the MinMksp model is defined as the time from when the scheduler evaluates the

system and implements a schedule until any server is once again available. Any jobs belonging

to a previous period but not yet completed will stay assigned to the servers they were scheduled

on and await processing. Following such a period means that as soon as a server is free, a new

schedule is made with the newly arrived jobs.

3.1.2.2 Mixed Integer Programming Model

At the beginning of every period, a MIP model is solved. This MIP model assigns all unsched-

uled jobs present in the system in order to minimize the makespan of the schedule. The MIP
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model is

min Cmax

s.t.
I∑
i=1

xijpij + rj ≤ Cmax, j ∈M (3.1)

M∑
j=1

xij = 1, i ∈ I (3.2)

xij ∈ {0, 1}, i ∈ I; j ∈M (3.3)

where

Cmax: Makespan of the period

xij: 1 if job i is assigned to server j

rj: The remaining time that server j is busy processing jobs belonging to schedules

made during previous periods

I: The set of jobs to be scheduled during the period

This model minimizes the makespan, Cmax, by constraining it to be at least as large as

the maximum scheduled busy period of a server. Minimization is guaranteed by constraint

(3.1). rj is the amount of time that server j will be busy until it is able to process new jobs

and
∑I

i=1 xijpij is the total processing time allotted to the server by the new jobs. Added

together, the two terms equal the total time the server will be busy by following the schedule.

Constraint (3.2) enforces that each job be assigned to exactly one server and constraint (3.3)

defines variables xij as binary variables.

3.1.2.3 Creating a Schedule

With the assignment of jobs to servers found by the MIP model, the order of jobs on each server

still needs to be decided. Any order will achieve the same makespan since processing times

of all jobs are sequence independent. A first come first serve (FCFS) policy is used once jobs

have been allocated in order to make more direct comparisons with the Round Robin policy

(Section 2.4) and attempt to ensure that jobs are given equal priority. All jobs that are assigned
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to a server will be served in increasing order of arrival times. Where there are ties, a choice is

made arbitrarily among the tied jobs.

3.2 Experimental Results

The Round Robin policy presented in Section 2.4 and scheduling models were empirically

studied through the use of simulation to find stability and flow time performance. Two different

cases were tested: two queue classes and two servers, and four queue classes and four servers.

Parameters for both test cases are available in Appendix B.

The simulation was coded in C++, while the linear programming (LP) from the Round

Robin policy and MIP model from the MinMksp model were coded in IBM ILOG CPLEX

12.1. All experiments were tested on a Dual Core AMD 270 CPU with 1 MB cache, 4GB of

main memory, running Red Hat Enterprise Linux 4. For each of the test cases, 5 varied loads

between 0.8 to 0.99 of the maximum theoretical load the system can handle were simulated. At

each load, 20 instances were tested for 10,000 time units, to create a total of 200 simulations

per model.

In both test cases, service rates were skewed to create an asymmetric system where servers

were unique. Symmetric systems were not examined because maximizing stability can be

achieved using any naive greedy algorithm, e.g., randomly assigning a job to a free server will

achieve maximum capacity because a job served on any server has identical processing times.

Maximum utilization of resources is attained when a server is minimally idled.

3.2.1 Processing Times Generation

With the service rates defined, a process for generating service times is needed. In a queueing

theory analysis, defining a service rate and distribution is sufficient. Without dealing with

the complex combinatorial problems of the system, the queueing analysis does not consider

the actual processing times; as long as they are generated from the assumed distribution, the



CHAPTER 3. SCHEDULING A QUEUEING NETWORK WITH FLEXIBLE SERVERS 35

queueing analysis is valid. For example, if a job enters a system with two servers and the

service rate of the first server is twice that of the second server, there is no guarantee that the

processing time from the two servers maintain this relationship. It is only guaranteed that the

expected value of such a process is twice as fast on server one. However, the variation from

expected times cannot be advantageously used without having the processing time information

of a job on each server. We call the type of processing time generation, where processing

times are independently generated for each job and server pair, independent processing time

generation. The standard model in scheduling with unrelated machines assumes this method

of generating processing times [39, 61].

To generate independent processing times p for an exponential distribution, we examine the

cumulative distribution function of the distribution. If G is the cumulative distribution function

of the exponential distribution, then the random variable U defined by U = G(p) is uniformly

distributed on the interval (0,1). Using the inverse of the cumulative distribution function, an

exponentially distributed variable can be obtained from a uniformly distributed one. Thus, for

every job i arriving to the system belonging to class k, a uniformly distributed variable Uj is

generated for each server and processing times are calculated to be

pij = G−1(Uj) =
− ln(Uj)

µjk

Using the independent processing time generation will lead to an incorrect upper bound on

the achievable arrival rate found by the Allocation LP. For example, examine a system with

two servers and one class of jobs. The system is symmetric such that the service rate of the

class is the same on both servers. If the service rate µ is an exponential distribution and arrival

rate λ is a Poisson process, the load of the system is L = λ
2µ

.

Stability is guaranteed if the load is less than 1. However, if we assume that processing

times are known, p1 and p2 for server 1 and 2 respectively and that these processing times are

independent of the processing times on other servers, it is not true that the load is the same as

before. If a job is always routed to the faster server of the two, the expected processing time
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would be

min(E[p1], E[p2]) =
E[p1]E[p2]

E[p1] + E[p2]

Since the service rate are equal, the expected processing times are also the same which gives

min(E[p1], E[p2]) =
E[p1]2

2E[p1]

Thus, the expected processing time is halved and the service rate is doubled if a job is always

dispatched to the server which will serve the job fastest.

The increased service rate from using the minimum processing time changes the load of

the system to
λ

4µ

The load here is smaller for the same λ values which leads to increased stability of the sys-

tem. With job processing times that are independent of times on other machines, following a

policy like the MinMksp model that takes advantage of the anomalies from expectations, cre-

ates schedules that can handle a greater arrival to the system than is possible according to the

queueing analysis.

Figure 3.1 illustrates how taking advantage of the processing time information leads to

greater performance at higher loads. The mean flow time for each instance was recorded for

the varied loads and an average of all the instances are graphed. Not only is the mean flow

time of the system much lower at high loads, the performance implies that the system is stable

farther past a load of 1 that was used. Within the range of loads tested, it is apparent that an

asymptote does not exist leading to greater stability.

The assumption that the processing time for a job is independent of the requirements on

other machines is unrealistic in most real world problems. It is more intuitive to assume the

processing times for a job across machines are inter-dependent. Such an assumption also al-

lows for more interesting comparisons between the Round Robin policy and scheduling mod-

els. Therefore, the simulation model generates an amount of work for each job, wi, using an

exponential distribution with rate 1, which is then augmented linearly by the service rate for
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Figure 3.1: Comparison for a system with 2 servers and 2 class types under independent service

time generation.

each machine, based on the job’s class, to create the processing time on a machine pij = wi

µjk
.

The rest of our work assumes that the processing times of jobs are created in such a manner

and will be known as the dependent processing time generation approach.

3.2.2 Performance Comparison

Figures 3.2 and 3.3 illustrate results from simulating the different models on both of the test

cases with dependent service time generation. Similar to Figure 3.1, the graphs indicate an av-

erage mean flow time across all instances for the varied loads. In Figure 3.2, the two scheduling

models can be seen to create better schedules than the Round Robin policy. At the lower loads,

the MinFT model is able to obtain the lowest mean flow time performance of the three models.

At higher loads, the two scheduling models maintain better performance than the Round Robin

policy while surprisingly maintaining stability up to a load of 0.99. These results imply that

experimentally the scheduling models are stabilizing the system.
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Increasing the system size to four servers and four job classes creates substantially different

results. Figure 3.3 shows that at lower loads, the Round Robin policy obtains the lowest mean

flow time. This is in contrast to performing worst at all loads on the smaller system. As the load

increases, the MinMksp model performance increases to be better than the Round Robin policy

and the experimental results indicate that stability is being obtained at loads arbitrarily close

to 1. However, the MinFT model shows very poor performance and instability past loads of

0.9. These results indicate that a scheduling algorithm that greedily attempts to minimize flow

time cannot handle stability of a larger system at high loads. When stability is not attained, the

performance degrades as jobs will be waiting longer and longer to be serviced; the mean flow

time of the system explodes along with the queue sizes.
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Figure 3.2: Comparison for a system with 2 servers and 2 class types.

The schedules produced from the simulation exhibit more information on the behaviour

of the models than just mean flow time performance. In the queueing theory community,

job classes with skewed priority can be of interest [95, 101, 104]. This same idea applies to

scheduling where jobs may have a certain reward associated with their completion. While not
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Figure 3.3: Comparison for a system with 4 servers and 4 class types.

directly considered as an objective in the queueing network studied, obtaining data on how fair

a policy is to different customer classes can provide interesting insight. If classes have equal

priority, a fair policy would attempt to equally minimize the flow time of all classes. Figure 3.4

and 3.5 show the variance of a model for mean flow time of each class. These figures show that

as load increases, the variance of the system for the Round Robin policy drastically increases.

The large variance of the Round Robin policy occurs because the policy uses less infor-

mation online about the state of the system. Such a policy may overcompensate to serve a

job class immediately rather than delaying service to better distribute resources for a fairer

allocation. In contrast, the scheduling models have very low variance because neither model

considers job classes during the decision process. Schedules are made without information

that a job belongs to a specific class. By disassociating jobs from classes, all classes are given

equal priority. Having the ability to maintain equality between classes may be useful in many

environments. If jobs are customers in a service oriented system, customers of a class that re-

alizes longer delays will feel slighted and one can expect loss of good will. Even with a system
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Figure 3.4: Class mean flow time variance for a system with 2 servers and 2 class types.

that has similar overall performance, the customers from a longer waiting class will be much

less satisfied. Their loss in satisfaction can often be expected to be less than the gain from the

classes that have lower delays.

If a situation were to arise where there are higher priority customers, the MinMksp model

could partially accommodate the differently weighted classes. One method of doing so that

does not rely on changing the model much is to assign customers to servers as done previously,

but rather than using FCFS, serve customers of higher priority first. Sequencing based on

priority allows for a decrease in flow time of higher priority customers with minimal changes

to the model. Greater changes may yield better results if priority is a significant concern. One

could sequence high priority customers first and then redefine periods such that a rescheduling

occurs once all customers of high priority have been serviced. Rescheduling would delay the

processing of low priority customers if new customers arrive.
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Figure 3.5: Class mean flow time variance for a system with 4 servers and 4 class types.

3.3 Combining Queueing Theory and Scheduling

The results in Section 3.2 clearly show the possible performance gains while still maintaining

stability when using the MinMksp model. We are able to effectively maximize the throughput

of a period by minimizing the makespan. While short term maximization of throughput does

not guarantee the same in the long run, the model is still achieving stability in all instances of

our simulation. Similar results were found by Terekhov et al. [103] where a periodic scheduler

minimizing makespan is able to perform well at high loads by balancing long and short term

objectives.

From the results of the larger system with four servers and four job classes, it is evident the

Round Robin policy performs best at lower loads while the MinMksp model improves at very

high loads. To investigate the crossover in performance, we study the effects when minimizing

makespan during a period under high and low load conditions. Stability of the system and

better flow time performance demonstrates that minimizing makespan is similar to maximizing
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throughput as the load approaches 1. In fact, if we assume a static problem where all job

arrivals are known a priori along with processing time information, minimizing the makespan

maximizes throughput for any set period of time. As the load of a system increases, the queue

lengths increase and result in larger period lengths that will closely mimic the omniscient static

problem. Therefore, the greater the load of a system, the better the MinMksp model performs.

At lower loads, stability becomes less of a concern because maintaining control of the

queue size is not difficult. However, efficient management of resources is still important to

reduce the mean flow time of jobs. Surprisingly, the greedier MinFT and MinMksp models

at lower loads are not able to perform as well as the Round Robin policy. We would expect

the scheduling models to make use of faster servers to reduce the waiting time of jobs when a

faster server, but the results show otherwise.

The two scheduling models presented do not account for the dynamic aspect of the queue-

ing network properly and suffer in performance because of that. In the MinFT model, no

thought is given to future arriving jobs. The MinMksp model attempts to reserve resources to

future jobs, but does so naively by minimizing the makespan. One can see that there are situa-

tions where multiple different schedules will yield the same minimum makespan. If one server

is assigned jobs in such a manner that it has the latest completion time among all servers, the

rest of the servers can be scheduled in any way as long as their own respective latest comple-

tion time is equal to or earlier than the latest server. Consequently, multiple schedules exist

which the MinMksp model cannot distinguish between as better or worse for efficient resource

management when it creates these static schedules.

3.3.1 Hybrid Model

We present a hybrid model in order to make use of the benefits of scheduling and queueing

theory. The ability of the MinMksp model to deal with the complex combinatorics allows it

to take advantage of a system’s state information while the Round Robin policy is able to

use knowledge of service and arrival rate distributional properties to manage the allocation of
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servers. Both tools are effective and have their own respective strengths. Adapting a model to

gain the benefits of both may help to improve overall performance.

The hybrid model presented uses the MinMksp model as a framework. Like the schedul-

ing model, the hybrid model is a periodic scheduler with a MIP solved during each period.

Minimization of the makespan is still an objective for this MIP so that the performance of the

MinMksp model is expected at heavy loads. We also make use of the allocation LP used in the

Round Robin policy to obtain the δjk values which represent what the long run allocation of

servers to classes should be. The δjk values help indicate which servers are more efficient on

specific classes and are used to guide assignment decisions.

The MIP model used during each period is

min αCmax + (1− α)
M∑
j=1

K∑
k=1

cjk

s.t.
I∑
i=1

xijpij + rj ≤ Cmax j ∈M (3.4)

M∑
j=1

xij = 1 i ∈ I (3.5)

∑
i∈k

xijpij − δjk
I∑
i=1

xijpij ≤ cjk k ∈ K; j ∈M (3.6)

cjk ≥ 0 ∀j ∈M ; j ∈M (3.7)

xij ∈ (0, 1) ∀i ∈ I; j ∈M (3.8)

where

cjk: The amount of time that a realized assignment of server j to class k for a schedule

is greater than what δjk suggests

α: A parameter used to scale the importance of deviation versus makespan

M : The set of machines

I: The set of jobs to be scheduled

K: The set of job classes
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This new MIP model has a bi-criteria objective of minimizing the makespan and deviation

from δjk. α is introduced in the objective function to determine the trade-off made between

makespan and deviation. The value for α is an input parameter which can range between 0 and

1. When α = 0, this scheduler becomes the MinMksp model. Constraints (3.4), (3.5), and (3.8)

are the same as (3.1), (3.2), and (3.3). Constraint (3.6) assigns a penalty, cjk, as the amount

of time that a server j spends on a class k more than if the δjk values were followed exactly.

Finally, Constraint (3.7) bounds cjk to be non-negative.

Using this MIP model allows for the scheduler to maintain the priority of minimizing

makespan, but where slack exists and multiple schedules obtain the same makespan, the model

can distinguish the schedules based on their efficient allocation of resources. An allocation

that accounts for future arrivals devotes δjk fraction of time during a schedule. Therefore, the

amount of time that should be allocated for a j and k pair is δjk
∑I

i=1 xijpij . That is, the total

amount of work that is available during the creation of a schedule for a server and class pair

adjusted by the fraction of work that should be assigned to that server.

Depending on the α value chosen, a schedule may not be optimal for makespan. If a

sufficiently low value for α is used, the schedule found may sacrifice makespan in order to

better mimic the δjk values. Therefore deciding a value for α is important in the performance of

the model. If the value is too high, emphasis on queueing analysis will be too small. However,

if the α value is too low, the makespan of a schedule will suffer.

Of interest to the queueing community is the stability of such a hybrid model. We know that

the round robin policy maximizes the capacity the system can handle, but the same guarantees

for the scheduling algorithms presented are not apparent. Terekhov et al. [102] prove that

minimizing the makespan periodically leads to stability in a two-machine flow shop if the

system is stabilizable. In their proof, the periodic scheduler is compared to a FCFS dispatch

rule, which is known to maximize the capacity, and they show that the scheduler will reach a

stable steady state if the FCFS policy can as well. We believe that a similar proof can be made

for the MinMksp model in comparisons to the round robin policy. In this dissertation, a formal
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proof is not presented, but we look at the intuition behind the stability of the scheduler.

The results in Section 3.2.2 imply that the MinMksp model does achieve maximum stabil-

ity. As the load of the system increases, the size of the queue increases. The increase in the

number of jobs leads to the MinMksp model acting like a fluid model. In the extreme case with

an infinite number of jobs, solving the minimum makespan for a period of infinite length is

equivalent to solving the fluid allocation LP. Therefore, as the size of the system grows, the

MinMksp model tracks the allocation LP assignments. However, the same may not be true

with the hybrid model. By trying to track the δjk values of the allocation LP, we allow for

the makespan to be greater than the optimal value. Intuitively, one would expect that at very

heavy loads, minimizing makespan and tracking the δjk values to be equivalent, but we can not

provide a guarantee that it is so.

3.3.2 Experimental Results

We tested the hybrid model on the same instances as in Section 3.2. Different α values were

tried in order to understand the effect it would have on performance for the larger system. Re-

sults of varying α are illustrated in Figure 3.6. The graph shows that using α values between

0.5 and 0.9 all led to good performance; the differences were minimal up to a load of 0.9. How-

ever, performance quickly deteriorated as α was lowered to 0.4 and below. In our experiments

for this particular system, it was found that α = 0.6 had the best performance across all loads.

Therefore, the results comparing the hybrid model with the Round Robin policy and MinMksp

model make use of an α value of 0.6.

Figures 3.7 and 3.8 compare the hybrid model to the Round Robin policy and MinMksp

model. The results demonstrate that the hybrid model performs better than the MinMksp model

at all tested loads. For a system with two servers and two classes, the hybrid model is the best

performing scheduler. Increasing the size of the problem, the Round Robin policy and hybrid

model show equivalent performance at lower loads. Using the hybrid model increases the

MinMksp model performance to that of the Round Robin policy. The hybrid performance is
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Figure 3.6: Performance of different α values for a system with 4 servers and 4 class types.

much better than the other two models when increasing the loads closer to 1.

The results show that guiding the MinMksp model with the queueing analysis greatly affects

performance. Incorporating the δjk values in the scheduler helps reduce the mean flow time and

allows the hybrid model to closely follow or outperform the previous best. One can conclude

that the hybrid model does not only obtain the best performance, but also is a robust approach

to scheduling. At all loads, the hybrid model maintains a competitive mean flow time and is

able to either track or beat the other best performing models.

Finally, Figure 3.9 presents the variance of the mean flow time across all job classes for

the larger system. Previous results indicated that using the Round Robin policy led to different

priority for each job class and increased variance. The hybrid model is able to maintain a low

variance even with the inclusion of class specific information.

To ensure that guiding the scheduling model with the allocation LP values is why the model

is performing better, we alter the δjk values and simulate again. If following the queueing anal-

ysis is what we should do, deviating from them should guide us to worst schedules. Therefore,
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Figure 3.7: Comparison for a system with 2 servers and 2 class types.

we replace all δjk values with 1 − δjk. The more resources which the allocation LP assigns

to a class, the less will be assigned in the hybrid. Additionally, we use α = 0.9 to ensure

that the guiding effect does not interfere greatly with the makespan. Figure 3.10 shows how

a misguided hybrid has poor performance. Especially as the load of the system increases, the

misguided hybrid is not able to maintain stability like the properly guided hybrid.

3.4 Conclusion

In this chapter, two scheduling approaches are proposed for a queueing network problem with

flexible servers. These approaches are compared to a policy developed in the queueing the-

ory literature. Simulation showed that the scheduling and queueing theory approaches have

their own respective strengths for maintaining stability and reducing flow time; the scheduling

model is able to take advantage of information at the operational level and perform optimiza-

tion while the queueing theory approach uses high level knowledge of the system to create
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Figure 3.8: Comparison for a system with 4 servers and 4 class types.

smart decisions at a strategic level. Based on the experimental results, a hybrid model is for-

mulated which attempts to combine the strengths and ideas of scheduling and queueing theory.

Through use of the hybridized model, performance gains are observed which improve the flow

time of a scheduling approach at all tested loads. Further, the hybrid model is able to achieve

a performance equal to that of the queueing theory policy at all loads where such a policy has

the lowest mean flow time.
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Chapter 4

Scheduling Alternative Resources with

Setup Times

In the previous chapter, we investigated a queueing network with flexible servers. The problem

studied ignored setup times that may exist when a server switches between jobs of different

classes. Setup times create a complex problem where minimizing makespan is not as simple

as the MinMksp model. This chapter focuses on a static scheduling problem where setup time

exists between jobs with the goal of minimizing the makespan of a schedule. We will revisit

the dynamic scheduling problem in Chapter 5 making use of the techniques developed in this

chapter.

In many practical scheduling problems, the scheduler is faced with alternative machines

and sequence dependent setup times. That is, a job may be assigned to one of a set of machines

and a minimum time must elapse between consecutive jobs on the same machine. For example,

reactors in a chemical plant must be cleaned when changing from processing one mixture to

another. The cleaning times may depend on which job comes before the cleaning and which

comes after. If the preceding chemical affects the succeeding one, cleaning may take longer to

ensure that the reactor is properly prepared. The products processed in the reverse order may

not have the same ill effects because the offending product in the previous example may not

50
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suffer the same contamination and so cleaning may take less time. Further examples can be

found in the plastic, glass, paper and textile industries where setup times of significant length

exist [36]. Allahverdi et al. [3] review the importance of setup times in real world problems.

The problem described is the unrelated parallel machines scheduling problem (PMSP) with

machine and sequence dependent setup times. In the PMSP, jobs must be assigned to one of a

set of alternative resources where jobs assigned to the same resource have a setup time defined

as the time that must elapse between the end of one job and the start of the next. The setup time

is sequence and machine dependent in that the elapsed time between jobs will differ depending

on what order and to which machine the pair of jobs are assigned. We concern ourselves with

minimizing the makespan or the maximum completion time of a schedule as the objective

function. Using the three-field notation given by Graham et al. [43], this problem can be

denoted as (R|sds|Cmax).

In this chapter, we develop an exact method to solve the PMSP using a logic-based Benders

decomposition approach. The Benders decomposition makes use of a Mixed Integer Program

(MIP) master problem and either a Constraint Program (CP) solver or a specialized Traveling

Salesman Problem (TSP) solver for the subproblems. The MIP model is used to find tight lower

bounds on the makespan and machine assignments, while the CP or TSP solvers sequence the

jobs on machines. Finally, a relaxation on optimality is imposed on the Benders decomposition

to allow the model to find feasible schedules for larger problems. Although the model is no

longer an exact method, the performance gains make the incomplete algorithm attractive.

4.1 Background

In this section, we will define the PMSP with sequence and machine dependent setup times. A

review of related work is presented and finally, an existing MIP model to solve the PMSP is

shown.
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4.1.1 Problem Definition

In the PMSP, a set of jobs, N , are to be scheduled on a set of machines, M , with the objective

of minimizing the makespan. Each job has a processing time pij , the time to process job j

on machine i. The machines in this system are unrelated, i.e., a job j can have a processing

time greater than job k on one machine, but the reverse could be true on another machine.

There is a sequence and machine dependent setup time, sijk, which is the time that must elapse

before a machine can begin processing job k if job j precedes it on machine i. The setup times

are assumed to follow the triangle inequality sijk ≤ sijl + silk and are only incurred when

switching from one job to another. The goal of the problem is to determine how to assign jobs

to machines and then sequence these jobs, on each machine.

4.1.2 Related Work

Most research has been focused on the PMSP with identical machines [22, 32, 44, 63]. Re-

search on the PMSP with unrelated machines has concentrated on the problem without setup

times. An exact algorithm was developed by Lancia [65] to minimize makespan for a problem

with 2 parallel machines. Lancia devised a branch and bound algorithm that was an extension

of an algorithm by Carlier [19] for solving a single machine problem. A genetic algorithm,

simulated annealing, and tabu search were compared by Glass et al. [39]. They conclude that

tabu search is capable of finding the best solutions in short periods of time (20 seconds), but

the performance comparison for a larger time limit (100 seconds) shows no clear distinction

between the three local search methods.

The PMSP with sequence and machine dependent setup times is strongly NP-Hard because

the single machine scheduling problem with sequence dependent setup times (1|sds|Cmax) is

equivalent to a traveling salesman problem (TSP) [8]. Thus, the PMSP with setup times can

be thought of as an allocation and routing problem where cities are allocated to salesmen who

then must find their own tour. Even in the case where all machines are identical (P|sds|Cmax),
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the problem is strongly NP-hard [36, 73]. The combinatorial complexity of the PMSP has

resulted in little research in exact optimization methods. A MIP model does exist [47] which

obtains the optimal schedule for the PMSP with setup times with total completion time or total

tardiness as objectives. However, this MIP model is only able to solve for small instances: 9

jobs, 2 machines or 8 jobs, 4 machines. The sizes of these problems are not very practical for

real life use where the number of jobs can be much larger.

Al-Salem [2] developed the partitioning heuristic to solve large instances of the PMSP with

setup times. The partitioning heuristic made use of a constructive and improvement heuristic

to assign jobs to machines and a TSP-like heuristic to sequence them. Rabadi et al. [87] pre-

sented a metaheuristic titled Meta-RaPS. The heuristic is a modified COMSOAL (Computer

Method of Sequencing Operations for Assembly Lines) [5] approach with the goal of mini-

mizing makespan. In their paper, direct comparisons were made between Meta-RaPS and the

partitioning heuristic on problems up to 120 jobs and 12 machines and Meta-RaPS was found

to be 10% better in some cases. Helal et al. [49] developed a tabu search to solve the same

problem and also compared their model to the partitioning heuristic. The tabu search was found

to be up to 8% better than the partitioning heuristic on the same sized instances as Rabadi et

al. An ant colony optimization (ACO) method was implemented and shown to perform better

then the partitioning heuristic, tabu search, and Meta-RaPS for the unrelated PMSP with setup

times [6]. In this study, all four heuristics were tested on instances up to size of 120 jobs and

8 machines where the performance was based on the deviation of the makespan found to that

of a lower bound. ACO was found to be within 1% to 7% deviation of the lower bound with

Meta-RaPS close behind.

Focacci et al. [35] proposed a two-phase algorithm based on CP to optimize both the

makespan and the sum of setup times for a similar problem to the PMSP with sequence depen-

dent setup times. In this paper, jobs consist of multiple activities and precedence constraints

exist between these activities. In the first phase of the algorithm, a time limited, incomplete

branch-and-bound method is used to find solutions with small makespan. The second phase
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minimizes the sum of setup times with the constraint that any schedule found must have a

makespan equal to or less than the makespan found in the first phase. They run their model on

problems of up to 16 jobs, each consisting of 12 activities, and 16 machines.

4.1.3 Mixed Integer Programming Model

A MIP model used to find optimal solutions for the unrelated PMSP with setup times is pre-

sented by various researchers [49, 87]. This formulation is based on a similar problem by

Guinet [47] with different objectives of total completion time or total tardiness.

min Cmax

s.t.
N∑

j=0,j 6=k

M∑
i=1

xijk = 1, k ∈ N (4.1)

N∑
j=0,j 6=h

xijh =
N∑

k=0,k 6=h

xihk, h ∈ N ; i ∈M (4.2)

Ck ≥ Cj +
M∑
i=1

xijk(sijk + pik) + V (
M∑
i=1

xijk − 1)

j ∈ N ; k ∈ N (4.3)
N∑
j=0

xi0j = 1, i ∈M (4.4)

Cj ≤ Cmax, j ∈ N (4.5)

C0 = 0, (4.6)

Cj ≥ 0, j ∈ N (4.7)

xijk ∈ {0; 1}, j ∈ N,

k ∈ N, i ∈M (4.8)

where
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Cmax: Maximum completion time (makespan)

Cj: Completion time of job j

xijk: 1 if job k is processed directly after job j on machine i

xi0k: 1 if job k is the first job to be processed on machine i

xij0: 1 if job j is the last job to be processed on machine i

si0k: setup time before job k if it is the first job on machine i

V : A large positive number

Constraint (4.1) ensures that each job is scheduled on a single machine only and after

exactly one other job. Constraint (4.2) ensures that each job cannot be preceded or succeeded

by more than one job. Constraint (4.3) sets the completion times of each job such that if

job j precedes job k, job k cannot also precede job j to create an infeasible cycle. If job

k is processed directly after job j,
∑M

i=1 xijk − 1 = 0 and the constraint makes it so that

Ck ≥ Cj + sijk + pik with i being the machine on which the two jobs are assigned. If job k

is not scheduled directly after job j on a machine,
∑M

i=1 xijk − 1 = −1 and the large V term

makes the constraint redundant. Constraint (4.4) guarantees that only one job can be scheduled

first on each machine. Constraint (4.5) sets the makespan to be at least as large as the largest

completion time of all jobs. Constraint (4.6) sets the completion time of job 0, an auxiliary job

used to enforce the start of a schedule, to zero and constraint (4.7) ensures positive completion

times. Constraint (4.8) defines the decision variables as binary.

The MIP model was used to benchmark the quality of heuristics for small problem in-

stances. Previous researchers solved problems of 8 jobs and 4 machines and 9 jobs and 2

machines [49, 87]. They found that larger problems were intractable and the MIP model could

not be used to find optimal schedules anymore. For example, Helal et al. found the problem

with 9 jobs and 2 machines required 5 hours to find solutions on average.
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4.2 Logic-Based Benders Decomposition

The PMSP with setup times can be decomposed into an assignment master problem and se-

quencing subproblem. In the assignment master problem, the jobs are assigned to machines.

This assignment results in multiple subproblems where each machine is a scheduling problem

to sequence the assigned jobs. A MIP model is presented for the master problem. The use of

MIP takes advantage of operations research tools to obtain tight lower bounds on the PMSP

with setup times. Sequencing is accomplished in the subproblem where CP and TSP solvers

are more adept at obtaining answers quickly.

4.2.1 Assignment Master Problem

The MIP formulation of the master problem is a relaxation of the PMSP with setup times.

In this relaxation, jobs are assigned to machines, but instead of solving for a single sequence

of jobs on each machine, many smaller subsequences are allowed. The setup times are cal-

culated for each subsequence; their sum is a lower bound on the actual total setup time on a

machine. This assignment and subsequencing leads to an infeasible schedule if multiple subse-

quences are created. However, the relaxation gives a tighter lower bound than if setup times are

completely ignored, while being significantly less difficult than the full problem. The master
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problem is

min Cmax

s.t.
∑
j∈N

xijpij + ξi ≤ Cmax, i ∈M (4.9)∑
i∈M

xij = 1, j ∈ N (4.10)

ξi =
∑
j∈N

∑
k∈N,k 6=j

yijksijk, i ∈M (4.11)

xik =
∑
j∈N

yijk, k ∈ N ; i ∈M (4.12)

xij =
∑
k∈n

yijk, j ∈ N ; i ∈M (4.13)

cuts (4.14)

xij ∈ {0; 1}, j ∈ N ; i ∈M (4.15)

0 ≤ yijk ≤ 1, j, k ∈ N ; i ∈M (4.16)

where

Cmax: Makespan of the master problem

ξi: Total setup time incurred from all sequences on machine i

xij: 1 if job j is processed on machine i

yijk: 1 if job k is processed directly after job j on machine i

yi0k: 1 if job k is processed first on machine i

yij0: 1 if job j is processed last on machine i

The makespan on each machine with the relaxed setup times is defined in constraint (4.9)

as the summation of processing times for all jobs that are assigned to that machine and the

relaxed total setup times. Setting the makespan to be greater than or equal to the relaxed

makespan of each machine enforces that the MIP model optimizes the maximum makespan

across all machines. Constraint (4.10) ensures that each job is assigned to exactly one machine.

Constraint (4.11) assigns the relaxed setup time of a machine i, ξi, to be a lower bound on the

additional time required from the sequencing of jobs, yijk, and their respective setup times,

sijk. The relaxation of setup times allows, instead of a sequence of jobs from the first to last
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job processed on a machine, many smaller sequences independent of each other. For example,

given jobs j, k, j3, j4, and j5, a feasible sequence is [start - j - k - j3 - j4 - j5 - end]. However,

(4.12) and (4.13) set each job to have exactly one other job scheduled directly before and after

it without the restriction of cycles as was seen in constraint (4.3). This will make it possible to

assign two sequences, [start - j - k - j3 - end] and the cycle [j4 - j5 - j4 - j5...]. Constraint (4.14)

are cuts added to the master problem from the subproblem each time an infeasible solution is

found. In the first iteration of the master problem, the set of cuts is empty. The last constraints,

(4.15) and (4.16), force the decision variables xij to be binary, i.e., either a job j is assigned

machine i or not and yijk to be between 0 and 1.

The master problem formulation is equivalent to solving the (R|sds|Cmax), but instead of

solving for the exact single sequence of jobs to process on a machine, many subsequences

are allowed which will include all jobs. The relaxation creates a tight lower bound for the

actual makespan of a machine and is similar to solving the assignment problem. Therefore, the

makespan found from solving the master problem may be infeasible given a proper sequencing

of jobs.

4.2.2 Sequencing Subproblem

Once a solution of the master problem is found, the set of jobs to schedule on each machine is

known. These sets of jobs create |M | subproblems, one for each machine. In this section, two

different subproblem formulations are presented: a CP and a TSP model. Both models will

create a sequence of jobs on a machine such that the makespan is minimized. This objective

can also be thought of as minimizing the sum of setup times since the set of jobs to be processed

and their processing times are already determined.

4.2.2.1 Constraint Program

Let tj and ej be the start and end times for job j respectively. Chi
max represents the makespan

for machine i in iteration h. The CP formulation of the subproblem is shown below.
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min Chi
max

s.t. tj + pij = ej j ∈ N ′ (4.17)

tj ≥ ek + sikj ∨ tk ≥ ej + sijk k, j ∈ N ′; k 6= j (4.18)

t0 = 0 (4.19)

disjunctive(tj, pij) (4.20)

Chi
max ≥ ej j ∈ N ′ (4.21)

The objective of the subproblem is to sequence the jobs in such a way as to minimize the

makespan. The set of jobs to schedule is N ′ which are the jobs chosen in the master problem

with an additional auxiliary job (job 0) which has setup times and processing times equal to

0. This extra job acts as the first job in the sequence which incurs no setup times for the job

that is scheduled after it. Constraint (4.17) sets the end time of each job to be the start time

plus the processing time. Constraint (4.18) ensures that setup times are adhered to. If a job k

is processed directly after a job j, then constraint (4.18) becomes an equality constraint. In the

case where job k is not directly processed after a job j, but still processed later, the constraint

holds given that setup times adhere to the triangle inequality. Constraint (4.19) sets the start

time of job 0 to zero. Constraint (4.20) is a global constraint that ensures the unary resource

constraint is satisfied such that only one job is allowed to be processed on a server at any point

in time. Finally, contraint (4.21) sets the makespan of the schedule to be equal to the latest

completion time of all jobs.

We implement this model in IBM ILOG Scheduler 6.7. Each job is an activity in IBM ILOG

Scheduler, represented by the variables tj and ej . The machine that these jobs are assigned to

is represented by a unary resource and the setup times, sjk, are assigned as the elements of

an IloTransitionParam matrix. The IloTransitionParam matrix is an asymmetric square matrix

that defines the sequence dependent setup times in IBM ILOG Scheduler for each activity pair.
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4.2.2.2 Traveling Salesman Problem

We know that the sequencing of jobs on a single machine is equivalent to a TSP with directed

edges, also known as an asymmetric TSP. In the TSP representation, jobs are the nodes and

distances between nodes are the setup time between the two connected jobs and the processing

time of the job which is the start node. Therefore, traveling along any edge from node a to

node b will contribute the cost of processing job a and the setup time from job a to job b. By

representing the problem in such a way, it is possible to see that the setup time problem on a

single machine is equivalent to a TSP and a cycle of a TSP from a start node to all other nodes

and back to the initial start node is the sequence of jobs to process and the distance traveled

being the makespan. The TSP representation is shown in Figure 1.

Figure 4.1: TSP representation

It can be seen that if the order of jobs to be processed is 1, 3 then 2, the distance traveled

would be, p1 + s13 + p3 + s32 + p2. This tour distance is equal to the makespan of processing

jobs in that order. Therefore, it may be better to use a TSP solver which has been optimized to

solve such problems in place of a generic CP solver which is more expressive, but not as good

at solving this problem.
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4.2.2.3 Feasible Schedules from the Subproblem

Solving the sequencing subproblem leads to a feasible schedule. Often with Benders decom-

position, a model searches in the infeasible region of solutions and the first feasible solution

found is the optimal one. In our logic-based Benders decomposition approach, while the search

is performed in the infeasible region, the sequencing subproblem solves the local schedule once

the jobs are allocated to machines. The solution from the subproblem creates a feasible sched-

ule with a makespan equal to the largest makespan found across all subproblems. Therefore, it

is possible to stop the solving at any time after the first complete iteration and obtain a feasible

schedule. This schedule may not be optimal if the problem solving is stopped prematurely.

However, it is possible to compare this value against the makespan found from the most recent

master problem solution to calculate an upper bound on how far the current schedule is from

optimality. Therefore, the Benders decomposition will store the best solution found so far. At

the completion of all subproblems during an iteration, the schedule created will be compared

to the best solution found so far and it will be updated if necessary.

4.2.3 Cuts

If the makespan found in the subproblem is less than or equal to the master problem’s makespan

Cmax, then this subproblem is feasible and no cuts are added to the master problem. In the case

where the makespan found is greater thanCmax, a cut is created and sent to the master problem.

The master problem is then re-solved with the added cut. The cut from such a subproblem in

an iteration h is

Cmax ≥ Chi∗
max[1−

∑
j∈N ′

(1− xij)] i ∈M (C1)

Here, Cmax is the makespan variable in the master problem and Chi∗
max is the makespan

found in iteration h when solving the subproblem for machine i. The cut states that the future

solutions of the master problem can only decrease the makespan if another assignment of jobs

is given. That is, if the same assignment is given to the subproblem, the xij variables that are
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part of this cut will all equal to 1. If this is the case, then (1 − xij) = 0 for all j and the

makespan of the subproblem becomes a lower bound on Cmax. When a different assignment is

made and at least one of the xij variables that previously had a value of 1 is 0, the cut becomes

redundant as the right hand side will be at most zero. This cut follows the two conditions

defined by Chu and Xia [23] to be a valid cut: the cut removes the current solution from the

master problem and does not eliminate any global optimal solutions.

The cut presented is a type of nogood cut [51], stating that the current solution is infeasible

and so is removed from the search space. We can tighten the cut by introducing the values

minPrehj , minSuchj , maxPrehj , maxSuchj and minTranhj . minPrehj and maxPrehj are the min-

imum and maximum setup times if job j directly succeeds another job that is assigned to the

same machine in iteration h respectively. Similarly, minSuchj and maxSuchj are the minimum

and maximum setup times if job j directly precedes another job that is assigned to the same

machine in iteration h. Finally, minTranhj is the minimum setup time between any two jobs in

N ′ excluding job j. These values are defined as,

minPrehj = min
k∈N ′;k 6=j

(sikj)

minSuchj = min
k∈N ′;k 6=j

(sijk)

maxPrehj = max
k∈N ′;k 6=j

(sikj)

maxSuchj = max
k∈N ′;k 6=j

(sikj)

minTranhj = max
k∈N ′;l∈N ′;k 6=l

(sikl)

A proposed better cut could use more information to find a tight upper bound on the total

reduction of the makespan when a job is removed from a schedule. To find such an upper

bound, we work backwards and calculate the increase in the makespan if job j is added to an

optimal sequence consisting of the jobs in N ′ except j. Assume that the optimal makespan of

the schedule, C ′, is known. If job j is inserted into the schedule greedily, the insertion may

occur at either a position that minimizes the setup time to job j or from job j. In the worst

case scenario, if the insertion that occurred to minimize the setup to (from) job j, the job that
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succeeds (precedes) j may result in the largest setup time from (to) job j. This insertion will

further remove a single setup time since job j may be scheduled between any two other jobs.

In the worst case, the removed setup time is the minimum setup time between any two jobs in

N ′. We know that the insertion results in a feasible schedule and in the best case will give the

optimal makespan for scheduling N ′. The increase in makespan of adding job j is denoted as

θhij . We know that

Chi∗
max ≤ C ′ + θhij

which rearranged is

C ′ ≥ Chi∗
max − θhij

Therefore, if the optimal makespan of a schedule consisting of all jobs in N ′ is known, remov-

ing θhij from the optimal makespan is guaranteed to result in a makespan less than or equal

optimal if job j is removed. The cut can then be

Cmax ≥ Chi∗
max −

∑
j∈N ′

(1− xij)θhij i ∈M (C2)

where,

θhij = pij − minTranhj + min[(minPrehj + maxSuchj),maxPrehj + minSuchj]

A third cut, (C3), is developed to further improve upon (C2). (C3) attempts to not only

include extra information about the jobs being assigned, but also account for the jobs that are

not assigned to the subproblem machine. This is achievable by incrementing the makespan by

the processing time of a job if that job is to be assigned to a machine. The cut is then

Cmax ≥ Chi∗
max +

∑
k/∈N ′ xikpik −

∑
j∈N ′(1− xij)θhij i ∈M (C3)
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4.2.4 Stopping Condition

The Benders approach will iterate between master problem and subproblems until an optimal

solution is found and proved. Optimality is proven if either of two conditions is met. The

first condition that can prove optimality is if all subproblems solved during an iteration find

makespans less than or equal to the Cmax from the master problem. The solution is optimal be-

cause the master problem provides a lower bound on the achievable makespan of the problem.

If all subproblems prove that a schedule can be created with the makespan less than or equal

to Cmax of the master problem, it is proven that the schedule is optimal. The second condition

that can prove optimality and provide a stopping condition is that the Cmax found from the

master problem be equal to the best feasible makespan found so far as defined in Section 4.2.2.

4.3 Computational Results

The Benders decomposition model and MIP model were tested on an Intel Pentium 4 CPU

3.00GHz Hyperthread Tech with 2 MB cache per core, 1 GB of main memory, running Red

Hat 3.4.6-3. The MIP master problem and MIP model were implemented with IBM ILOG

CPLEX 12.1 and the CP subproblem was implemented with IBM ILOG Solver 6.7 and IBM

ILOG Scheduler 6.7. The TSP solver used was tsp solve.1 Experiments were run for problem

instances of 10, 20, 30, and 40 jobs. For each job size, between 2 and 5 machines were tested.

Each of these combinations had a total of 10 instances for a total of 160 instances. A time limit

of 3 hours was used. Processing times for each machine job pair were generated from a uniform

distribution between 1 and 100. To obtain setup times that were sequence dependent and follow

the triangular inequality assumption, each job was given two different sets of coordinates on

a Cartesian plane for every machine. The setup times are the Manhattan distances from one

job’s coordinates to the other’s. Distances between the second set of coordinates is used to

1A free TSP solver available online at (http://www.or. deis.unibo.it/research pages/tspsoft.html) which is writ-
ten in C++.
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provide asymmetric setup times. For example, job 0 and job 1 would be given coordinates χ0a,

χ0b, ψ0a, ψ0b, χ1a, χ1b, ψ1a, and ψ1b. Setup time from job 0 (1) to job 1 (0) would then be

|χ0a − χ1a|+ |ψ0a − ψ1a| (|χ0b − χ1b|+ |ψ0b − ψ1b|).

Table 4.1 shows results comparing the MIP model, CP Benders, and TSP Benders. In both

Benders decomposition models, cut (C2) was used. For these results, the time until an optimal

solution was found and proved were recorded. Where the solving timed out, 3 hours was used.

The Benders decomposition model’s results, both CP and TSP versions, are a significant

improvement over the MIP performance. It is clear that the Benders decomposition approach

is capable of solving much larger problems in significantly shorter run times. The Benders de-

composition approach, with a CP solver, solves up to 20 jobs in the time limit and the majority

of instances of up to 30 jobs. Replacing the CP solver with a TSP solver, the Benders model is

able to increase the number of solvable jobs up to 30 consistently. In contrast, the MIP model

is able to solve only 10 jobs in the 3 hour time limit.

We see that increasing the number of machines has a greater effect on the performance of

the models than increasing the number of jobs. In both Benders models, the master problem

had difficulty solving for increased machines. In fact, the TSP subproblem is able to solve each

subproblem in milliseconds while the MIP master problem can spend hours searching for an

assignment. The opposite is seen for the MIP model. The MIP model has difficulties sequenc-

ing large number of jobs on machines and so, in the case where there are only 2 machines, the

MIP model has a very high runtime for instances of 10 jobs and 2 machines. When the number

of machines is increased to 5, the sequencing problem is simpler and results in fast runtimes.

Using the Benders decomposition model with the TSP subproblem, the three different cuts

presented in Section 4.2.3 are tested on the same set of instances for problem sizes of 10, 20,

and 30 jobs. The results are presented in Table 4.2.

Table 4.2 shows that the performance of cut (C2) is the best overall. In most cases, the

difference is not significant, but there are cases where clear differences are found. Specifically,
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MIP CP Benders TSP Benders

N M Avg Runtime # uns. Avg Runtime # uns. Avg Runtime # uns.

10 2 9885.14 9 0.24 0 0.12 0

3 7924.16 7 0.29 0 0.22 0

4 1169.69 1 0.55 0 0.42 0

5 13.59 0 0.56 0 0.45 0

20 2 10800.00 10 9.79 0 1.08 0

3 10800.00 10 6.41 0 2.02 0

4 10800.00 10 239.15 0 53.12 0

5 10800.00 10 509.85 0 122.46 0

30 2 10800.00 10 7997.13 5 2.15 0

3 10800.00 10 3244.75 1 27.85 0

4 10800.00 10 10041.10 2 203.13 0

5 10800.00 10 8804.01 5 750.89 0

40 2 10800.00 10 10800.00 10 4.78 0

3 10800.00 10 10800.00 10 651.30 0

4 10800.00 10 10800.00 10 1538.69 0

5 10800.00 10 10800.00 10 7404.07 5

Table 4.1: Comparison of MIP, CP Benders, and TSP Benders: Average CPU runtime in sec-

onds and the number of unsolved instances.
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(C1) (C2) (C3)

N M Avg Runtime Avg # Iter Avg Runtime Avg # Iter Avg Runtime Avg # Iter

10 2 0.24 2.1 0.12 2.1 0.12 2.1

3 0.25 1.9 0.22 1.9 0.26 1.9

4 0.42 1.8 0.42 1.8 0.40 1.7

5 0.56 1.5 0.45 1.4 0.47 1.4

20 2 1.15 4.5 1.08 4.5 1.09 4.5

3 2.06 2.7 2.02 2.7 2.05 2.7

4 56.87 3.9 53.12 3.9 70.06 3.9

5 153.33 4.4 122.46 4.0 124.30 3.8

30 2 2.17 4.4 2.15 4.4 2.28 4.4

3 29.31 5.4 27.85 5.2 30.52 5.2

4 224.67 4.9 203.13 4.5 222.83 4.7

5 784.39 5.6 750.89 5.3 817.22 5.3

Table 4.2: Comparison of different cuts on the TSP-Benders: Average CPU runtime in seconds

and the average number of iterations until optimality is found and proven.
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(C2) is able to, in a small number of instances, create a cut that removes an assignment that

(C1) would not, which reduces the total number of iterations required and the time needed to

solve the problem. In the 20 jobs and 5 machines test case, the average number of iterations

for (C1) is 4.4 while cut (C2) was able to decrease the iterations to 4, resulting in a 30 second

runtime difference on average to reduce the runtime by about 25%.

One would then assume that cut (C3), using more information, would create better cuts.

However, the results showed that cut (C3) performs worst than cut (C2). Cut (C3) created a

more difficult master problem to solve which increased the total solve time per iteration, while

not becoming much tighter than (C2) to reduce the overall number of iterations. The test case

with 20 jobs and 5 machines shows how (C3) only reduces the number of iterations by a very

small amount, a further 0.2 iterations from cut (C2), but increases on average by 2 seconds of

runtime. Including into the cut all jobs that were not assigned to a machine accounts for more

information, but proves detrimental to the performance of the Benders model.

In the 30 jobs and 4 machines case, we even see cut (C3) increasing the number of iterations

over cut (C2). This seems to contradict the fact that (C3) is a tighter cut. The increase in

iteration occurs because some degeneracy exists in the problem. Varying the cut may lead to

different assignments in the Benders master problem with equal objective functions. In rare

instances, it is possible that the other cuts will lead to the optimal assignment while (C3) leads

to an equivalent master problem that does not extend to a global solution.

4.4 Relaxed Benders Decomposition

Though the Benders decomposition approach obtains significant speed-ups, the problem sizes

that can be solved are limited compared to what heuristic models are currently solving. For

larger problems, Benders decomposition is not able to complete a single iteration of the master

problem. Problem instances of 120 jobs are tested in previous papers using heuristics and

local search [49, 87]. Specifically, in work done by Helal et al. [49], schedules for problem
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instances of 100 jobs and 10 machines are found within minutes. The quality of these schedules

is difficult to assess given that the optimal solutions are not known. However, for smaller

instances (8 jobs and 4 machines) the optimal solution was known from the MIP model and the

heuristic used was experimentally shown to have up to 5% deviation from optimal.

If optimal solutions are not possible due to large instances, it is clear that heuristic solutions

are necessary. Stopping the Benders program early and using the best found schedule as shown

in Section 4.2.2.3 is one approach to increase the size of problems for which the Benders

model can obtain schedules. However, the approach is only useful if the problems are small

enough such that the Benders model can solve one complete iteration in a reasonable time.

From our experiments, we found some instances of 40 jobs and 5 machines where solving for

one complete iteration took more than one hour. Solve times of the subproblem are almost

instantaneous when the TSP solver is used, but the MIP master problem may be intractable

once the size of the problem reaches 50 or more jobs and 5 machines. For problems as large

as 100 jobs, the Benders decomposition model is not likely to solve the master problem within

the time limit.

Therefore, we propose not solving the master problem to optimality. During the search for

a solution to the MIP, we will allow the solver to stop once a solution is found within some

predetermined gap from the best lower bound obtained. Doing so reduces the effort required

in the master problem at producing assignments and enables the model to generate feasible

schedules faster. The change to the Benders decomposition master problem results in it no

longer acting as a true lower bound. However, it is guaranteed that the solution found is within

the chosen optimality gap. Experimental results from large instances show that the master

problem often spends most of the time proving optimality or obtaining optimality with a gap

of less than 5%. The Benders approach would be able to obtain solutions much faster if the

master problem was allowed to solve until it has proven it is within 5% of optimal.

Table 4.3 presents results of using the relaxed Benders decomposition on the same set

of instances tested in Section 4.3. The optimality gap was varied to examine the speed-up
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Benders 0% Benders 2% Benders 5% Benders 10%

N M Runtime MRE Runtime MRE Runtime MRE Runtime MRE

10 2 0.12 0 0.12 0.07 0.09 0.38 0.08 1.87

3 0.22 0 0.23 0 0.23 0.33 0.14 0.96

4 0,42 0 0.40 0 0.39 0 0.31 0.23

5 0.45 0 0.43 0.13 0.42 0.03 0.37 0.38

20 2 1.08 0 0.80 0 0.29 0.61 0.27 1.49

3 2.02 0 1.57 0 1.01 0.27 0.38 2.56

4 53.12 0 45.78 0 23.41 0.11 4.43 1.46

5 122.25 0 112.17 0 67.33 0 11.98 0.53

30 2 2.15 0 0.69 0.25 0.39 1.11 0.39 1.79

3 27.85 0 12.34 0.06 1.33 0.95 0.46 4.58

4 293.13 0 137.25 0 10.08 0.21 1.36 2.79

5 750.89 0 321.78 0 181.14 0.06 4.98 1.23

40 2 4.78 0 1.17 0.06 0.85 1.97 0.83 2.48

3 651.30 0 154.68 0.04 1.88 0.96 0.64 3.76

4 1538.69 0 1193.00 0.03 21.6 0.73 2.09 4.01

5 7404.07 0.53 4543.55 0.23 317.93 0.39 3.92 2.82

Table 4.3: Relaxed Benders Performance: Average CPU runtime in seconds and MRE.
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obtained when relaxing the problem at different intensities. However, by increasing the gap,

the quality of the solution degrades. For the Benders results in Table 4.3, mean relative error

(MRE) was calculated using the optimal solution from the Benders problem with a 0% gap.

Where optimality was not found or proven, the MRE was calculated based on the tightest lower

bound available. This calculation gives the upper bound on the error from the solution to the

optimal makespan.

The experimental results indicate that increasing the tolerance of the master problem leads

to a significant decrease in runtime. By having a gap of 2%, the runtime of the Benders de-

composition reduces to less than half of the exact model in many instances. Further increasing

the gap to 5% and 10% leads to reducing the runtime by 3 to 4 orders of magnitude in some

instances. The instances that took hours to solve previously had solutions within minutes.

The quality of the solutions found when using an optimality gap are still close to optimal

and competitive. Though the gap represents an upper bound on the distance from an optimal

solution, the experimental results show that the actual error is on average much less when

compared to the optimal solutions found by the complete Benders model. A 2% gap often

yielded optimal solutions at lower loads and less than 0.3% realized gaps. Even at 5% gaps,

the results were within less than 1% of optimality.

In an attempt to compare the updated Benders decomposition with current state of the art

heuristics, similar problems need to be generated. Scheduling Research [86] is a resource where

data can be found on the performance of the tabu search, Meta-RaPS, and ACO for various

problem instances. However, the instances that the heuristics used to gather these results are

not available online so we have created instances of the same size to make comparisons. In

our previous experiments, processing time and setup times were varied between 1 and 100.

The data collected on the state of the art heuristics generate instances with processing time

and setup times ranging only from 50 to 100. Therefore, we create new instances with these

properties for problems of size 60 to 120 jobs and 2 to 10 machines.

We directly compare the solution found from the updated Benders to a lower bound (LB)
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calculated for each problem instance. The lower bound used is the same as that used in the

analysis of all heuristics in the work on ACO and is calculated using the equations

LB1 =
1

|M |

N∑
j=1

min
i=1,...,|M |;k=1,...,|N |

[pjk + sijk]

LB2 = max
j=1,..,|N |

{
min

i=1,...,|M |;k=1,...,|N |
[pjk + sijk]

}
LB = max(LB1, LB2)

We compare the Benders approach with a 5% gap since it resulted in the best compromise

between quality and speed. The deviation, ∆, of the schedule found from the lower bound is

∆ =
Cmax(Benders)− LB

LB

Table 4.4 demonstrates that the Benders approach is competitive with the state of the art

heuristics. On all tests, the Benders model with a 5% gap outperforms Meta-RaPS and tabu

search. However, ACO is able to obtain better solutions than Benders for some instances.

Problems with fewer machines favour ACO while the problems with more machines favour the

Benders method. Not only is the incomplete Benders approach producing good schedules, it is

able to do so in a notably shorter time. However, not all instances had runtime information for

comparison so the data presented is the only values available for similarly sized instances.

Note that the ∆ calculations are an overestimation of how far the schedules really are from

the optimal solution. In some of the instances of Table 4.4, the Benders approach with a 5%

gap realizes ∆ greater than 5%. This is because the lower bound calculations, LB, is not as

tight as the MIP lower bound.

The results reveal that the Incomplete Benders can produce schedules just as good or even

better than state of the art heuristics in less time. One could further see how parameter tuning of

the gap sizes would lead to even better performance to balance the quality and speed required

for a specific problem. The quality of ACO schedules for problems with 2 machines outper-

formed the Benders with a 5% gap, but Table 4.3 exhibits how the Benders is able to quickly
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Meta-RaPS Tabu Search ACO Benders 5%

N M ∆ Runtime ∆ Runtime ∆ Runtime ∆ Runtime

60 2 3.07 - 6.45 - 1.57 255.00 2.60 2.01

4 6.16 - 8.17 - 4.54 192.60 4.20 4.84

6 7.52 - 10.07 87.71 7.12 - 3.86 88.67

80 2 2.97 - 5.95 - 1.25 416.40 2.26 5.50

4 6.02 - 7.66 223.81 3.97 311.40 3.60 22.83

6 7.29 - 9.76 - 7.09 - 5.46 36.02

8 7.97 - 10.59 - 7.41 - 3.47 57.91

100 2 2.91 - 6.21 133.22 1.08 626.40 2.15 18.83

4 4.62 - 7.06 - 3.54 557.40 3.69 52.93

6 6.15 - 8.84 222.05 5.58 544.20 4.92 99.35

8 9.62 - 10.18 - 8.11 - 5.15 329.34

10 8.89 - 10.73 379.36 8.15 - 3.07 539.34

120 2 2.69 - 6.27 - 0.92 - 2.61 27.92

4 4.31 - 6.80 - 3.00 - 3.04 159.21

6 5.38 - 8.20 - 4.52 - 4.72 222.91

8 8.01 - 10.09 - 5.70 825.00 4.53 482.68

10 10.58 - 10.19 - 6.99 - 3.65 897.98

Table 4.4: Incomplete Benders Performance: Average CPU runtime in seconds and ∆ cal-

culations. The Incomplete Benders approach is not tested on the same instances as the other

heuristics since the exact instances were not available. Similarly sized instances were generated

for this comparison.
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find schedules for 2 machine problems. To that end, if a smaller gap was used for problems

with fewer machines, we would expect to see a shorter makespans without sacrificing too much

speed.

4.5 Conclusion

In this chapter, we presented a logic-based Benders decomposition approach to minimize the

makespan of an unrelated parallel machine scheduling problem with sequence and machine de-

pendent setup times. A MIP model was defined to solve for the assignment of jobs to machines

and produce a lower bound on the achievable makespan of the problem. Two subproblems

based on a CP and TSP solver were implemented to find optimal schedules for the assignment

of jobs on each individual machine. The computational results indicate that the cooperation of

MIP and TSP can effectively find optimal solutions. We are able to solve instances four times

larger than what was previously possible using a MIP formulation found in the literature and

obtain optimal solutions on problems of the same size up to five orders of magnitude faster.

Additionally, a relaxation of the Benders decomposition is discussed and results of the changes

shows that good solutions can be found in much shorter time and for larger instances if opti-

mality is sacrificed. The incomplete Benders is then compared to the state of the art and shown

to be best on many instances with much lower time and a guarantee of being within 5% of

optimality.



Chapter 5

Scheduling with Flexible Servers & Setup

Times

In Chapter 3, we examined a queueing network with flexible servers where no setup times

are incurred when servers switch between processing jobs of different classes. We extend the

problem back to the original problem introduced in Section 2.4 to include non-zero setup times

in this chapter. Queueing theory and scheduling approaches are studied for the problem and we

show that incorporating properties of the queueing model into the scheduling method creates

a scheduler with better mean flow time performance than either approach can achieve alone.

Further, we prove that the hybrid model is able to guarantee stability for the maximal capacity

of the system.

5.1 Back to the Dynamic Problem

The problem studied by Andradóttir et al. , which we introduced in Section 2.4, was concerned

with a dynamic system where jobs belong to one of K classes and are processed on one of M

servers. Any jobs arriving to the system and unable to be serviced immediately enter a queue

of infinite buffer length.

75



CHAPTER 5. SCHEDULING WITH FLEXIBLE SERVERS & SETUP TIMES 76

The servers in the system can be assigned to different classes. At any time, a server is able

to leave a class to service another. However, switching times from a class may be non-zero. If

a server j leaves class i to start serving class k, that server must be idle for a time of ζjik(n) on

the nth occurrence of such a switch.

When assigned to a specific class k, a server j will work at a rate of µjk. This rate is

dependent on the server and the class being serviced. If server j cannot be assigned to a class

k, then µjk = 0. We define the realized processing time of a job l on server j to be pjl and has

an expected value 1
µjk

, where job l belongs to class k.

We studied Andradóttir et al.’s queueing network in Chapter 3, but removed setup times

to simplify the problem. Our results showed that a hybrid queueing and scheduling approach

was able to experimentally improve performance. Chapter 4 was a study to help us include

setup times. We simplified the problem in a different way by making it static and created a

logic-based Benders decomposition approach to minimize the makespan of a schedule. In this

chapter, we use the Benders decomposition model to schedule the dynamic queueing network

with the inclusion of setup times.

5.2 MinMksp Model

The introduction of setup times changes the problem such that the MinMksp model presented

in Chapter 3 does not accurately represent the network. We update the MinMksp model and

compare its performance to that of the round robin policy.

5.2.1 Minimizing the Makespan of a Period

We alter the MinMksp model from Chapter 3 to account for setup times. Similar to the previ-

ous method, the MinMksp model used for a queueing network with setup times is a periodic

scheduler which schedules all jobs that are present in the network with the goal of minimizing

the makespan. Once a server is free again, a new schedule is created with all the jobs that
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arrived during the previous period. Instead of using the MIP model to minimize the makespan,

we implement the Benders decomposition method developed in Chapter 4.

5.2.2 Performance Comparison

We test the MinMksp model and round robin policy on two systems: a system with two servers

and four queue classes and another with four servers and four queue classes. These two cases

respectively represent a system in which the servers must switch between different classes more

often since there are fewer servers than queue classes and a system in which less switching is

required since the number of servers and queue classes are equal. Further, each system is

tested under two setup time configurations where the setup times are either long or short. The

parameters for these systems can be found in Appendix C.
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Figure 5.1: Comparison for a system with 2 servers and 4 class types with short setup times.

All experiments were tested on a Dual Core AMD 270 CPU with 1 MB cache, 4GB of

main memory, running Red Hat Enterprise Linux 4. For each of the test cases, 5 varied loads

between 0.8 to 0.99 of the maximum theoretical load the system can handle were simulated.
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At each load, 20 instances were tested for 10,000 time units to create a total of 400 simulations

per model.
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Figure 5.2: Comparison for a system with 4 servers and 4 class types with short setup times.

Figures 5.1 and 5.2 compare results of the two models when the system has setup times

with lengths on the same order of magnitude as the service times. Figures 5.3 and 5.4 are

results of the same systems respectively, but with setup times that are an order of magnitude

larger than service times. These graphs demonstrate that the round robin policy dominates the

MinMksp model in flow time performance for all tested loads when there are setup times.

5.2.3 Advantages of the Round Robin Policy

We identify two factors which contribute to the favourable performance of the round robin

policy. The first factor is that the MinMksp model is making unnecessary and bad assignments

when considering only the short term goals. In contrast, the round robin policy does not.

Second, the scope of the queueing model is longer than the scheduling policy leading to larger

cycles.
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Figure 5.3: Comparison for a system with 2 servers and 4 class types with long setup times.

By attempting to minimize a makespan of a period, the MinMksp model will greedily make

decisions without accounting for long run performance. Such an approach leads the scheduler

to often assign most of a server’s time to a class which it can efficiently serve, but to also assign

a small number of jobs from another inefficient class when there is sufficient available time in

a period. For example, assume a schedule with a makespan that is 40 time units in length. If

a server in this schedule is assigned efficient jobs which take up 35 time units and 1 extra job

from another class which is 1 time unit in length and incurs 4 time units of setup, the optimal

schedule to minimize makespan may be to include the job. However, in the following period

the server is likely to proceed with the more efficient class again, further incurring a setup time

before service can resume at the original job class. If the setup time to switch back to the more

efficient class is another 4 time units, all jobs in that class are delayed by that extra 4 time units

before service can occur. In the example, a total of 9 time units is devoted to serve a single job

of duration 1. If this job is served elsewhere instead, say to a server which is already serving

the class and would result in a total makespan of 41 time units, the scheduler could be in a
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Figure 5.4: Comparison for a system with 4 servers and 4 class types with long setup times.

better situation beginning in the next period. Therefore, there are “hand off” issues from one

period to the next such that a scheduler should aim not to make decisions which impair future

periods.

The nature of scheduling in periods is that a small number of jobs from inefficient classes

are often scheduled to some of the servers. This leads to spending a large portion of time in

setting up to and from a class in order to serve only 1 or 2 jobs. Additionally, the scheduler

may only consider one setup time when creating a schedule since the potential setup after a

job is not modeled if that class is last in a period. It is apparent that there are situations where

delaying the processing of these small number of jobs for another server is better than trying

to fit it into the schedule immediately.

The second factor which gives the round robin policy an advantage is that servers will spend

more time on a class before switching to another. For each server j, specify a list Vj using all

classes k with δjk > 0. A complete cycle for a server is to service all classes in Vj . The round

robin policy uses the ljk values to decide on the upper limit of jobs from class k server j will
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serve before switching. If there are less than ljk jobs available, the server moves onto the next

class when the current queue is empty. During a cycle, the server will have served, at most,∑
k ljk jobs.

The MinMksp model considers only the present jobs in the system during the beginning of

a period. The size of a period is experimentally found to be one-tenth of the maximum cycle

size for the round robin policy and up to one-fifth of the realized cycle sizes. The round robin

policy has a scope that is much greater than that of the MinMksp model and will serve more

jobs before switching classes since the policy will consider jobs present when the server starts

processing a class as well as the jobs that arrive during the time a server is busy in that class.

Service of a larger number of jobs between setup times shows that the policy is not limited to

dealing with an outdated system and allows for a cycle to include jobs not present when the

cycle starts. In comparison, any time the MinMksp model switches to a new class when jobs

of the previous class still require processing, we can likely expect immediate performance loss

since service could have occurred prior to any setup times.

Both advantages presented demonstrate how the inclusion of setup times changes the be-

haviour of the system substantially enough that the round robin policy is able to obtain better

performance across all simulated loads. The round robin policy is more efficiently situating

and reducing setup times. A small change to where and when a setup time occurs can lead to

dramatic differences in flow time performance even if the resulting total setup time is equiva-

lent.

5.3 Hybrid Model

The previous section illustrated the dominance of the round robin policy over the MinMksp

model. In this section, we create a hybrid model that takes advantage of the dominating prop-

erties of the round robin policy in the framework of the scheduling model.
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5.3.1 Guiding the Scheduling Model

We make use of the advantages of the round robin policy to improve the MinMksp model. We

modify the MinMksp model to use the round robin policy to guide the scheduling decisions.

The first problem is to reduce the number of inefficient assignments made by the scheduler.

We know an efficient assignment to be one that resembles the δjk values from the allocation

LP. In Chapter 3, guidance from the δjk values through a penalty cost on deviation was able

to significantly improve the performance of the periodic scheduler. Guidance as before is not

sufficient when setup times are non-zero. By allowing classes access to servers which are inef-

ficient, we continue to witness the problem of single jobs being placed on a server to greedily

reduce makespan. Testing the model under such a penalty led to little or no improvement on

the MinMksp model.

A more extreme approach is taken. We propose that restricting the scheduler to only allow

assignments when δjk > 0 will reduce the number of inefficient assignments and unnecessary

setups. Therefore, we set xjl = 0 whenever δjk = 0 and l ∈ k.

Such a restriction will stop the scheduler from greedily inserting a small number of jobs

from class k onto a server j when δjk = 0. Such assignments can be considered inefficient

since, in the long run, the server should be allocating δjk fraction of time to a class. The

restriction also reduces the number of classes that each server will serve thereby decreasing the

possible setup times.

One may wonder whether the restriction to positive δjk is in fact better than the hybrid

made in Chapter 3 because it does not take into account the magnitude of the δjk values. At

lower loads where slack exists, the proposed restriction is able to remove extra assignments

and therefore reduce premature setup times as we wanted. With slack from lower arrival rates,

closely following the δjk values is less important. We expect greater performance loss from

superfluous setups because deviation from δjk can still lead to stable systems. When increasing

the load of the system, minimizing makespan will naturally allocate resources to be similar to

the δjk values because such an assignment maximizes throughput.
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The second issue presented earlier is that the round robin policy is considering a larger

horizon. Unlike the round robin policy, the scheduling approach is not able to include jobs that

have yet to arrive. In order to increase the planning horizon and account for jobs that arrive

during a period, we need to change the structure of the periodic scheduler. We wish to allow

the scheduler to delay committing to a setup time based on a schedule made at the beginning

of a period. Servers should be able to continue processing jobs from a class that it is already

processing if new jobs arrive rather than switching classes and delaying the new jobs. Without

the ability to reevaluate the system, setup times could be incurred earlier than needed which

leads to worst performance. We see such a case if a server is currently serving a job of class 1

and is committed to another job of class 2. If during the service of class 1, a new job belonging

to class 1 arrives, a server committed to following through with a set schedule would serve

class 1, switch to class 2, then switch back to class 1 to serve the new job. If we reevaluate the

system, we would see that serving the new job directly after serving the first job would only

incur one setup time.

The proposed change to the periodic scheduler is to commit each server to only serving one

class in a period. The model would reschedule once a server has completed serving jobs of one

class even if there are still jobs from a different class assigned to that server. By rescheduling,

servers do not commit to a setup time until it reevaluates the jobs in the system. During the

time which a server is busy serving a class, new jobs may arrive and the server has a chance to

process these jobs after a rescheduling occurs and before it switches to a different class.

Because the proposed model only serves one class of jobs during a period, we update how

the model chooses which class to serve as well. When a schedule is created in which a server

has been assigned jobs of the same class that it served at the end of the previous period, it will

continue serving this class to delay any unnecessary setup times. The nature of minimizing

the makespan when setup times do not adhere to the triangle inequality means that switching

classes immediately may lead to a better makespan even though we could continue serving

jobs without incurring a setup. However, the purpose of minimizing makespan is to increase
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throughput with the goal of maintaining stability. We are more interested in the mean flow

time performance than in minimizing makespan. Since the schedule is expected to change

after servicing on a single class, sacrificing optimality of the static schedule to help reduce

mean flow time immediately will lead to better performance.

If no jobs of the previous class are assigned to a server, it will serve the class which has

been assigned to it with the greatest number of jobs. If we were to schedule the largest number

of jobs first, all jobs in the class are delayed only by a single setup time. If ordering is reversed

and another class is serviced first, the larger number of jobs are further delayed by two setup

times. A delayed setup time indicates that fewer jobs are affected by the setup. For example, if

two classes are scheduled on a server and one class has 10 jobs and the other has 5, scheduling

the larger class first means 10 jobs are affected by one setup while 5 are affected by two. In the

reverse order, 5 jobs are affected by one setup and 10 jobs are affected by two. If both setup

times are 1 time unit in length, the first scenario increases the total flow time by 20 time units

whereas the second scenario increases the total flow time by 25.

We further impose that a server j will serve at most ljk jobs of class k consecutively. ljk, is

chosen using the same values as those used in the round robin policy. We enforce the limit by

switching the server regardless of whether there are still more jobs assigned by the scheduler.

By limiting the maximum number of jobs a server processes of one class, we ensure that

a server will not over commit to any class. It is likely that at high loads there is a greater

probability that upon completion of all jobs in a class by a server for the previous period, a

new job of that same class would arrive. The server may then be assigned to continue serving

this class though other classes have been awaiting service for a long time. The limit imposed

allows the system to distribute service so that classes are not waiting for too long.

The changes proposed drastically alter the MinMksp model. The makespan is still an objec-

tive to be minimized, but the restricting constraint of assigning only when δjk is positive will

result in different schedules with greater than or equivalent makespans. Further, a server only

commits to a single class of jobs before reevaluating the system and potentially changing the
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schedule.

The hybrid model is an attempt to integrate the MinMksp model and round robin policy.

We see the new model behaves in a similar fashion to the round robin policy, but maintains the

framework of the MinMksp model. The modifications made to the scheduling model enforce

the scheduler to only serve what the long run steady state analysis defines as efficient classes,

while also having the ability to react to changes in the system before major decisions are being

made (i.e., switching to a different class).

The contrast between our hybrid model and the round robin policy is the ability to reason

about the state of the system. Minimization of makespan allows load balancing to still be

effective since any realization could differ from the expected. In the case where more jobs than

expected of one class are currently present in the system, our model will be able to recognize

it and react accordingly. Also, our model enables the scheduler to return to a previous class

before completing a full cycle. In a fully loaded system, completion of cycles is important.

However, when loads are low and a realization of the system has some classes which have

more arrivals than expected and others with fewer, delaying service of the smaller classes will

help to reduce the queues from the larger classes to get better performance. As the classes

with fewer jobs get neglected, their queue size will increase and the scheduler will give the

class greater priority. By creating schedules in this way, the cost of setup times are dispersed

between a greater number of jobs to improve flow time.

5.3.2 Experimental Results

We test the hybrid model on the same instances as in Section 5.2. We further implement the

MinMksp model with each change independently. When the model is constrained to only assign

jobs where δjk > 0, we label it as the Restricted model. We call the model Reschedule when

we only commit to serving one job class before rescheduling. The hybrid model incorporates

both these additions.

Figures 5.5 to 5.8 present the performance of the new models under the same instances as
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Figure 5.5: Comparison for a system with 2 servers and 4 class types with short setup times.

those previously shown. These results demonstrate that the changes to the MinMksp model are

able to improve performance. However, the changes individually are still not competitive with

the round robin policy. The hybrid model is able to outperform the other models on all tested

loads when both changes are added together.

We see that the Restricted model is able to produce good performance at lower loads, while

the Rescheduler model is better at higher loads. We can expect this since at lower loads, the

schedule is expected to assign more inefficient jobs. As the load increases, the scheduler natu-

rally mimics the allocation LP because there is less slack to allow otherwise and the Restricted

model has less impact. The Reschedule model in contrast makes more changes to the MinMksp

model at higher loads when there is a higher probability that jobs will arrive while a server is

busy during a period.

The improvement in performance of the hybrid model over the round robin policy comes

from the ability to account for the current system state. The round robin policy will follow a

predefined cycle regardless of the state of the system. The only time the policy reacts to the
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Figure 5.6: Comparison for a system with 4 servers and 4 class types with short setup times.

system is when a queue for a class that it is serving empties. In this situation, the server switches

to the next class and continues service. Our hybrid model is able to realize that some classes

have a greater number of jobs than others and can be more effectively served immediately. If

two classes are awaiting service, one with 10 jobs and one with 1 job, the queueing policy does

not discern the two. Service is offered to the class next in the list. However, our hybrid will

place greater emphasis on the larger class and service is more likely to begin there.

Another advantage of the hybrid model is the use of processing time information. The

inclusion of processing time knowledge allows the scheduler to balance the loads more evenly

and better choose which specific jobs should be allocated to servers. In the long run, the round

robin policy will realize expectation, but in the short run, the scheduling model can mitigate

the effects of outliers in processing time by scheduling accordingly.
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Figure 5.7: Comparison for a system with 2 servers and 4 class types with long setup times.

5.4 Stability of the Hybrid Model

Andradóttir et al.’s round robin policy was proven to maximize the capacity of the system and

achieve stability for an arrival rate arbitrarily close to the maximum found in the allocation LP.

An important characteristic of a scheduler is to provide good flow time performance to satisfy

jobs while also maximizing the stability of the system. Evidently, an important question is

whether the hybrid model is able to guarantee stability at the same loads as the round robin

policy. The following theorem provides the stability guarantees of the hybrid model.

Theorem 5.4.1 The hybrid model is guaranteed to achieve the desired capacity λ < λ∗.

Proof: To illustrate the stability of our hybrid model, we compare it to the round robin

policy. We are interested in the scenario where the round robin policy is stable, but

hybrid model is not. If this situation can not happen, then we show that the hybrid

model maximizes stability for any capacity λ < λ∗.
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Figure 5.8: Comparison for a system with 4 servers and 4 class types with long setup times.

We assume that the round robin policy is stable and the hybrid model is not. By

definition, if the round robin policy is stable, the long run steady state expected number

of jobs in the system converges to a finite value E[NRR]. Since the hybrid model is

unstable, the number of jobs, NH , increases to infinity with time. Yet, if we consider a

situation where NH has increased to a sufficiently large size, we know that the hybrid

model will schedule so that servers process a maximum number of jobs equal to ljk. In

this situation, a server will be serving only the classes with non-zero δjk values and the

servers are restricted to serving at most ljk jobs of class k. Here, the behaviour of the

hybrid model coincides precisely with that of the round robin policy. The round robin

policy guarantees stability by cyclically processing up to ljk jobs for all classes with

non-zero δjk.

Finally, we know that the round robin policy is stable regardless of the state of the

system. The hybrid model will satisfy conditions for stability once the system increases

past a threshold such that ljk is the number of jobs served between switches. The
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scheduler will change to a stable policy as soon as the queue sizes are sufficiently large

even if the hybrid model is not able to efficiently reduce the jobs in the system when

there are fewer jobs and a server cannot process ljk jobs before switching. At this point,

the scheduler will maintain stability since the state of the system is unimportant,

allowing us to ignore the performance of the hybrid model when Nh is small. As a

result, in any system in which the round robin policy is stable, the hybrid model will

also be able to achieve stability. From Theorem 2 in Andradóttir et al.’s [4] work, we

know that the round robin policy can achieve any desired capacity λ < λ∗. Therefore,

the hybrid model will also be able to achieve these capacities.

5.5 Conclusion

In this chapter, we study a queueing network with flexible servers and setup times. Flexibility

here means servers can process jobs from many classes at different rates. A scheduling and

queueing model are compared experimentally. We found that the scheduling model has much

worse mean flow time performance. Through analyzing the advantages of the queueing policy,

a hybrid model is created which incorporates properties of the queueing approach into the

scheduling framework. The hybrid model is found to have the lowest mean flow time at all

loads while also maximizing the arrival rate that can be stabilized.



Chapter 6

Conclusions and Future Work

6.1 Summary and Contributions

6.1.1 Investigation of a Parallel Machine Scheduling Problem

In Chapter 4, we studied a system with unrelated parallel machines and sequence dependent

setup times. The machines are capable of servicing any job, but the processing times vary

depending on the machine that services the job. There is also a setup time that must elapse

between servicing any pair of jobs which is machine and sequence dependent. The goal of the

problem is to find a schedule that minimizes the latest completion time of all jobs.

6.1.1.1 A Complete Approach

This dissertation presents a complete method for the parallel machine scheduling problem us-

ing logic-based Benders decomposition. By partitioning the problem into an assignment master

problem modeled as a mixed integer program (MIP) and sequencing subproblem modeled as a

traveling salesman problem (TSP), optimal solutions were obtainable for problems four times

larger than with a MIP formulation which is, to the knowledge of the author, the only other

complete approach that guarantees minimum makespan in the literature. Furthermore, where

an optimal solution was found by both our method and the MIP model, our approach was able

91
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to find the solution up to five orders of magnitude faster.

6.1.1.2 A Heuristic Approach

Given the difficulty of solving the parallel machine problem in consideration, research in this

area has been focused on meta-heuristic methods. The current best state-of-the-art algorithms

are meta-heuristics techniques which can typically find “good” solutions on problems up to

120 jobs and 10 machines. The complete approach we used can only solve problems half in

size. We relax the logic-based Benders decomposition model to accept schedules which are

less than optimal for the makespan. Instead of solving the master problem until an optimal

solution is found, a percentage gap from optimality is possible. If a solution is found to be

within the chosen percent of a lower bound, the solution is accepted. The relaxation enables

the model to compete with the performance and speed of other state of the art algorithms on

larger problems. We found as the number of machines were increased to 10, the Benders

decomposition was able to perform better than the current best by about a factor of 2 when

comparing the deviation from a lower bound.

6.1.2 Investigation of a Queueing Network with Flexible Servers

Chapters 3 and 5 examined a queueing network with flexible servers when setup times are zero

and non-zero respectively. Jobs arrive to this network dynamically and are to be scheduled on

a server. Each server requires different times to process a job, making the allocation of servers

to jobs important for the performance of the system. In previous work, a round robin policy is

devised which will guarantee stability of a system if it is possible [4]. We extend the objectives

of this network to consider the flow time performance of jobs.

This dissertation presented two scheduling algorithms for the queueing network: MinFT

and MinMksp. We demonstrated that the performance of the MinFT model which dispatches

jobs greedily to minimize the flow time of each job works well in low load situations, but

quickly degrades as the load increases. The greedy approach led to instability for a system
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where the round robin policy was stable. Though MinMksp also considers only short term

objectives, it is able to maintain stability similar to the round robin policy by maximizing the

throughput periodically.

6.1.2.1 Guiding Scheduling with Queueing

Comparisons between the queueing and scheduling approaches illustrated that emphasis on

long and short run goals are important to the stability and flow time performance of a dynamic

system. By using the analysis from the queueing model to give the MinMksp model insight into

long run system performance objectives, we are able to create a hybrid model which realizes

the best performance overall for the simulated cases.

In the case where setup times did not exist, the insight gained from the queueing analysis

helped the scheduling model by penalizing a deviation from the guidance of the queueing

analysis. The penalty helped to align the short term schedule with long term goals improving

overall performance.

When setup times are introduced to the problem, guidance through a penalty function be-

comes ineffective. The bad assignments a scheduler make can propagate to a significant portion

of future jobs to reduce performance. In this case, guidance from the queueing analysis comes

from a restriction of which classes of jobs can be assigned to each server. We also improve the

MinMksp model by decreasing the reaction time of the model to newly arrived jobs. Making

these two changes helped to drastically increase the performance allowing the new algorithm

to achieve the best performance while also guaranteeing stability whenever possible.

6.1.3 Integration of Queueing Theory and Scheduling

Our case study of a queueing network displays how a systems can be dynamic and require

combinatorial optimization. We show the potential of integrating the two methodologies by

demonstrating that the queueing analysis can guide the scheduling model to better decisions in

a queueing network. Our work helps to combine techniques from the two fields of research to
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more accurately model a complex and dynamic system.

6.2 Future Work

In this section, we discuss avenues for future research which expand from the work in this

dissertation.

6.2.1 Queueing Analysis Focused on Integration with Scheduling

The hybrid models presented in this dissertation make use of queueing analysis available from

the literature and directly apply them to our scheduling model. Though there is improved per-

formance, one would question whether better results can be achieved if the queueing analysis

was designed with the scheduling model in mind. The guidance from the queueing analysis

only tells the scheduler what is efficient for heavily loaded systems. However, the system is

often not heavily loaded and slack will exist which the scheduler could theoretically use to

improve performance.

We expect that a stronger hybrid approach could be obtainable if a queueing model can help

decide when a scheduler should act greedily and when it should be conservative. An important

issue is whether an idle server should process an available job immediately if the long run

steady state analysis under heavy load chooses otherwise. If the server decides to serve the job

and no new jobs arrive during the duration of processing the job, then immediate service was a

good choice. However, if a job belonging to an efficient class arrives before the end of service

of the inefficient job, the choice could be lead to increased flow time. Specifically, when setup

times are nonzero, the immediate switch to a new class of jobs could further delay the wait of

a new job since the server will need to spend time switching to another class, serving the jobs

in that class, and then switching back to the previous class. Idling the server to await for new

jobs can increase performance. Gaining insight into the arrival of a new jobs and servicing of

a current job is vital to making good choices more consistently.
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Designing queueing analysis to consider the load of the system is also of interest. The

objectives of the queueing model is to maximize the capacity of a system. The analysis was

only interested in systems with very high loads where achieving stability is not trivial. With a

reduced load, the analysis becomes inaccurate and job performance measures are ignored. Re-

evaluating the queueing model can help align a new analytical model to our goal of increasing

performance when stability is not an issue.

6.2.2 Extensions to the Queueing Network studied in Chapter 3 and 5

Extensions of the dynamic environment studied is another potential direction.

6.2.2.1 Increased Complexity

The network studied by Andradóttir et al. [4] allows rerouting of jobs to different classes upon

completion of service. This dissertation does not examine rerouting in the queueing network.

With rerouting, the system can be specified to represent a dynamic version of many complex

systems that are commonly studied in scheduling. Similarities to a flow shop environment can

be observed if all arriving jobs are routed to a single class and after completing service, the job

is routed to the next class repeatedly until the job reaches the last class and exits the system.

To complete the representation for a dynamic flow shop, the system must limit each server

to serving exactly one class and correspond the number of servers to the number of classes.

Likewise, a job shop environment allows jobs to enter into multiple classes and routing may

occur in many different directions.

The results of combining queueing and scheduling for the simpler problems in Chapters

3 and 5 show the potential of similar techniques on the dynamic job and flow shop. The in-

creased complexity creates a more interesting problem that may further showcase the impact

of scheduling in a complex dynamic environment as well as the benefits of long run consider-

ations.
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6.2.2.2 Limited Knowledge

Job processing times were assumed to be known as soon as jobs arrived to the system. While

the assumption is valid for many systems, there are practical problems when such information

is unavailable. The round robin policy does not require detailed information of processing

times and does not make use of the processing time of jobs other than the expected rate at which

the job classes are processed. In contrast, the scheduling model uses the exact processing time

information to better distribute jobs and balance work across multiple servers.

6.3 Conclusion

The central thesis of this dissertation is that guidance from queueing analysis can be effective

when scheduling in a dynamic environment. We illustrate the advantages of combining queue-

ing and scheduling by providing a hybrid approach to a dynamic queueing network from the

literature. The queueing and scheduling approaches are able to exhibit different characteristics

which lead to better performance when situations favour one over the other. The integration of

the methods achieves increased performance by maintaining the respective strengths of each

model. Cooperation of queueing and scheduling may provide a framework that more accu-

rately models real world problems requiring both the dynamic aspects of queueing theory and

the combinatorial optimization techniques of scheduling.



Appendix A

Notation of Queueing Models

A queueing process is described byA/B/X/Y /Z, whereA indicates the interarrival-time distri-

bution, B the service pattern as described by a the probability distribution for service time, X

the number of parallel service channels, Y the restriction on system capacity, and Z the queue

discipline.

Characteristic Symbol Explanation

A/B M Exponential

D Deterministic

Ek Erlan type k (k = 1, 2, ...)

Hk Misture of k exponentials

PH Phase type

G General

X 1, 2, ...,∞

Y 1, 2, ...,∞

Z FCFS First come, first served

LCFS Last come, first served

RSS Random selection for service

PR Priority

GD General discipline
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Appendix B

Details for the Experiments in Chapter 3

Job Class (k) ak µ1k µ2k

1 0.5 9 5

2 0.5 2 1

Table B.1: Problem Parameters for 2 machines and 2 customer classes.

Job Class (k) δ1k δ2k

1 0 0.5

2 1 0.5

Table B.2: Results of the Allocation LP for 2 machines and 2 customer classes.
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Job Class (k) ak µ1k µ2k µ3k µ4k

1 0.25 3 2 1 1

2 0.25 1 3 1 2

3 0.25 1 3 3 1

4 0.25 1 1 1 1

Table B.3: Problem Parameters for 4 machines and 4 customer classes.

Job Class (k) δ1k δ2k δ3k δ4k

1 0.67 0 0 0

2 0 0.67 0 0

3 0 0.33 0.33 0

4 0..33 0 0.67 1

Table B.4: Results of the Allocation LP for 4 machines and 4 customer classes.



Appendix C

Details for the Experiments in Chapter 5

Job Class (k) ak µ1k µ2k µ3k µ4k

1 0.25 3 2 1 1

2 0.25 1 3 1 2

3 0.25 1 3 3 1

4 0.25 1 1 1 1

Table C.1: Problem Parameters for 4 machines and 4 customer classes.

Job Class (k) δ1k δ2k δ3k δ4k

1 0.67 0 0 0

2 0 0.67 0 0

3 0 0.33 0.33 0

4 0.33 0 0.67 1

Table C.2: Results of the Allocation LP for 4 machines and 4 customer classes.
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Server 1 Server 2 Server 3 Server 4

From Class

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

To
C

la
ss

1 0 0.1 0.1 0.3 0.4 0 0.2 0.3 0.1 0.1 0 0.3 0.3 0.3 0.3 0

2 0 0.2 0.3 0.1 0.3 0 0.1 0.1 0.2 0.1 0 0.1 0.1 0.1 0.2 0

3 0 0.3 0.3 0.5 0.1 0 0.4 0.2 0.1 0.1 0 0.1 0.2 0.5 0.5 0

4 0 0.5 0.5 0.1 0.2 0 0.2 0.1 0.2 0.3 0 0.2 0.2 0.2 0.4 0

Table C.3: Rate of setup times when they are long for 4 machines and 4 customer classes.

Server 1 Server 2 Server 3 Server 4

From Class

1 2 3 4 1 2 3 4 1 2 3 4 1 2 3 4

To
C

la
ss

1 0 1 1 3 4 0 2 3 1 1 0 3 3 3 3 0

2 0 2 3 1 3 0 1 1 2 1 0 1 1 1 2 0

3 0 3 3 5 1 0 4 2 1 1 0 1 2 5 5 0

4 0 5 5 1 2 0 2 1 2 3 0 2 2 2 4 0

Table C.4: Rate of setup times when they are short for 4 machines and 4 customer classes.

Job Class (k) ak µ1k µ2k

1 0.25 2 2

2 0.25 1 1

3 0.25 3 1

4 0.25 1 2

Table C.5: Problem Parameters for 2 machines and 4 customer classes.
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Job Class (k) δ1k δ2k

1 0.428 0

2 0.286 0.571

3 0.286 0

4 0 0.429

Table C.6: Results of the Allocation LP for 2 machines and 4 customer classes.

Server 1 Server 2

From Class

1 2 1 2

To
C

la
ss

1 0 0.1 0.4 0

2 0 0.2 0.3 0

3 0 0.3 0.1 0

4 0 0.5 0.2 0

Table C.7: Rate of setup times when they are long for 2 machines and 4 customer classes.

Server 1 Server 2

From Class

1 2 1 2

To
C

la
ss

1 0 1 4 0

2 0 2 3 0

3 0 3 1 0

4 0 5 2 0

Table C.8: Rate of setup times when they are short for 2 machines and 4 customer classes.
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