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2007

The central thesis of this dissertation is that constraing@mmming can be effective in
solving queueing design and control optimization problekive consider a retail facility that
has front room and back room operations, and cross-traiekiens. Firstly, we examine the
gueueing control problem of optimizing a policy for switogiworkers between the two rooms
so that expected waiting time in the front room queue is miméth and all back room work
is performed. Secondly, we address the queueing design artcbtproblem of finding a
smallest-cost combination of cross-trained and speeidlizorkers that guarantees the exis-
tence of a satisfactory control policy. We propose seveamastraint programming methods for
these problems and experimentally demonstrate theirgperformance. We then analyze our
second problem under a complete set of assumptions reganairker costs. To our knowl-
edge, this is the first work that integrates the methodotogfeconstraint programming and

queueing theory.
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Chapter 1

Introduction

The central thesis of this dissertation is that constraingyamming can be effective in solving

gueueing design and control optimization problems. We destnate this thesis by

e presenting a complete constraint programming method fimirgpa queueing control

problem for which only a heuristic method existed previgusl

e developing a complete constraint programming approach fpreueing design and con-
trol problem which is a generalization of a problem that dmhyg a heuristic solution in

the literature.

To our knowledge, this is the first work which combines the giednd methods of constraint
programming and queueing theory. Therefore, it both broadlee scope of problems that can
be solved using constraint programming and extends theraingethods available for solving

gueueing-based optimization problems.

1.1 Motivations

Constraint programming (CP) was originally developed faving problems in artificial in-

telligence and computer science, such as machine visign [f5das also proven to be a very
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successful approach for many problems in operations res€¢@R), such as scheduling, rout-
ing and inventory planning [9, 27, 75, 92]. The success obtramt programming in solving
a variety of problems demonstrates its flexibility and pdea the motivation to apply it to
another area of operations research—optimal design aritcbtohqueueing systems. In more

detail, the motivations for the work presented in this ditsg®n are:

1. The Need for Effective Methods for Solving Stochastic OR Prblems
All real-world problems are affected by uncertainty andrede Therefore, itis often im-
portant to take these two aspects of a problem into accouer wiodelling and solving it
mathematically. However, the creation of a model and a wiswol technique is usually
significantly more difficult for a stochastic problem tham fts deterministic counter-
part. In this dissertation, we examine a new direction indéxeelopment of methods for

stochastic problems: the integration of constraint prognéng and queueing theory.

2. The Application of Constraint Programming to Stochastic Resource Allocation
Deterministic resource allocation problems have long Is¢edied by researchers in con-
straint programming [6, 36]. More recently, there has alserbwork in the artificial
intelligence community on developing methods for stodbasrsions of such problems
[19]. Resource allocation under uncertainty is also ofregein operations research. For
example, in problems dealing with the optimal design androbof queueing systems,
it is often necessary to determine how to assign serverdfayetit types of jobs or how
many servers to employ so as to optimize some measure ofhspstdormance [42, 87].
In order to extend the variety of resource allocation profdehat could be addressed
by constraint programming, we have decided to test the lmsefa of CP for queueing

design and control problems.

3. The Integration of Constraint Programming and Queueing Theory
To our knowledge, there has been no previous work on theretieg of methodolo-

gies from constraint programming and queueing theory. Hewehe existence of a
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connection between the two may have interesting implioatio both research fields:
it will broaden the scope of problems that can be addressewstraint programming
and will extend the range of methods available for solvinguging-based problems.
Consequently, this dissertation examines the appli¢gluificonstraint programming to

a particular sub-area of queueing theory—the optimal demigl control of queues.

4. The Application of Constraint Programming to Operations Research Problems
Although CP has been successfully applied to many opesatesearch problems [9, 27,
75, 92], it is still not as well-known or as widely used in thgeoations research com-
munity as traditional mathematical programming technsfiee optimization problems.
In particular, it has not been used to solve numerical og@tion problems arising in
gueueing theory. Thus, by addressing two queueing desidrcantrol problems with
constraint programming, we intend to promote the use of CRjdeueing-based opti-

mization problems.

1.2 Outline

The outline of the dissertation is as follows:

Chapter 2 provides the necessary background for the woslepted in this dissertation. We
start by discussing constraint programming and the extessif constraint programming that
have been developed for solving problems involving unagstaand change. Subsequently,
an overview of material on queueing control and design gmislis presented. Further, we
survey the literature on the subject of cross-training;eiproblems addressed in the following
chapters deal with a retail facility which employs crossified workers. We conclude the
chapter with a detailed discussion of the two problems treabéinterest in this dissertation.
Both problems are based on the work of Berman et al. [15], Whiéhfirst being a queueing
control problem, and the second involving elements of botug design and queue control.

In Chapter 3, we propose three constraint programming msddela queueing control
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problem in which the goal is to optimize a particular type oligy for switching cross-trained
workers between two job types in a retail facility. Furtivee, present two specialized constraint
programming inference methods for improving the efficien€yhe CP models: dominance
rules and shaving. Experimental results show that the lesti@int programming model, us-
ing shaving, is able to find optimal solutions and prove optity for many problem instances
within a reasonable run-time. However, an existing heigradgorithm performs better in terms
of solution quality over time. A hybrid method combining theuristic and the best constraint
programming method is shown to perform better than eitheéhe$e approaches separately.
We conclude the chapter with a discussion of the differebetseen the three CP models and

an analysis of their inability to prove optimality in somesea.

In Chapter 4, we consider a retail facility with front roonmddmack room operations which
has the option of hiring specialized or cross-trained warkéJnder specific assumptions re-
garding the staffing costs of the different types of emplsyee seek a smallest-cost combina-
tion of cross-trained and specialized workers that sasisfimstraints on the expected customer
waiting time and expected number of workers in the back robnis problem is an extension
of the problem considered in Chapter 3. A logic-based BesidBrcomposition method is
proposed. In this method, both the master problem of idgntfthe lowest-cost staffing con-
figuration and the sub-problem of finding a feasible contllqy are modelled and solved
using constraint programming. Experimental results destrate the strong performance of
this approach across a wide variety of problem parametaranalysis of the contributions of

the main components of this method to its overall perforreaspresented.

In Chapter 5, we examine the structure of the optimal safuiathe staff mix problem of
the preceding chapter under various staffing cost assungptla particular, we prove that, in
four of the five cost cases, the optimal solution can be eaiytified, while in the remaining
case, a more complex approach is required for solving thHel@m As part of this examination,
we identify a weakness in the control policy formulationposed in previous work and suggest

a new policy formulation. We discuss the implications of plodicy definition on the structure
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of the optimal solution and show that the techniques andr@tsolutions for the problem
under the cost assumptions of the previous chapter rembdahwigh the new policy definition.

Chapter 6 concludes this dissertation by re-stating itswmantributions and suggesting
some areas for future work.

A list of symbols is included after Chapter 6, stating the bens of the pages on which the
first definition of a symbol can be found. Only the symbols tiratessential for the definition
of the presented problems or models are included. If the sgmbol is used in different
chapters with a slightly different interpretation, the pagimbers provided point to the first

page mentioning each definition.

1.3 Summary of Contributions
The contributions of the dissertation are as follows:

e Constraint programming is shown to be useful for solving eweping control optimiza-

tion problem.

e Several complete methods are proposed for a problem forhvdrily a heuristic method
existed previously. The best constraint programming ntetb@able to prove optimality
or find the best-known solution in many problem instances.yBrid approach, based
on a combination of the best constraint programming modetla@ existing heuristic, is
shown to find good-quality solutions in a substantially $&éiloamount of time than the

best pure CP model and to be just as effective in proving apiiyn

e We demonstrate that constraint programming can be usedv®agproblem which deals

with both optimal queue design and optimal queue control.

e We propose a realistic new problem based on existing workthEtmore, we provide

a complete constraint programming method for solving itisThethod performs well
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over a wide range of problem parameters, being able to findghmal solution for most

instances within a reasonable run-time.

e We provide proofs of the structure of the optimal solutiothiqueueing design and con-
trol problem of interest under various assumptions. Addgily, we identify a weakness
in the control policy formulation proposed in previous wakd suggest a new policy

formulation.

e By demonstrating that constraint programming can be a usefuroach for queueing
design and control problems, we make the first step towasdmtagration of constraint

programming and queueing theory.



Chapter 2

Literature Review

This chapter starts with a survey of three research areahwinhy, at first glance, appear unre-
lated: constraint programming, an alternative to the traial operations research methods for
solving optimization problems; optimal design and contotjueues, a class of optimization
problems based on queueing theory; and the area dealingssiibs related to cross-training
of workers. Following this survey, two problems are presdnthich are the main focus of this
dissertation. These problems deal with the optimal comtnal design of a queueing system in
a retail facility employing cross-trained workers, andw# used, in the following chapters, to
investigate the applicability of constraint programminggolving such queueing theory-based

optimization problems.

2.1 Constraint Programming

Although originally developed for solving problems in &dial intelligence and computer sci-
ence, constraint programming (CP) has been proven to beasafal approach for many prob-
lems in operations research, such as scheduling, routchgaantory planning [9, 27, 75, 92].
CP is both an expressive modelling language that does noireeitpe user to know all of the
intricate details of how the problem is going to be solved arstudy of algorithms that are

flexible enough to support such a modelling language.
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Problems that are of interest in constraint programmingcafied constraint satisfaction
problems (CSPs). A CSP is defined as a set of variables tageitinea set of domains which
contain values that are allowed to be assigned to theseéblesjand a set of constraints which
restrict the combinations of values that the variables e bn. More formally, a CSP is a
triple < X, D, C >, whereX is ann-tuple of variables< z1, s, ..., x, >, D is ann-tuple of
domains< Dy, D,, ..., D, >, such that the values that can be assigned to the varniabtame
from domainD;, andC'is a set of constraints< Cy, Cs, ..., C;, > [37]. EachC; € C'is a pair
< a,p >, whereo is the list of variables involved in this constraint, calkbe scope, angd is
the subset of the Cartesian product of their domains whiénegthe tuples that are allowed
by this constraint, called the constraint relation [82].eTrielation can be represented either
extensionally, by explicitly listing all of the satisfyingples, or intensionally, by providing a
mathematical expression that restricts the values thabeassigned to the variablesir}82].

A solution to a CSP is an assignment to each variaptd a value from its domain);, which
satisfies all of the constraints .

CP also deals with constraint satisfaction optimizatioobpgms (CSOPs), in which the
goal is to find a solution satisfying all constraints of thelem and minimizing or maximizing
some objective function [8]. Thus, a CSOP can be formallyngefias a CSP<{ X, D, C >)
that is combined with an objective functiofy,s), wheres is some subset of the variablesin
which maps every solution of the CSP to a numerical valueZg, 8

In the following sections, we discuss the general methodstwére used for solving and
modelling CSPs and CSOPs. Further on, we discuss how CP kaselstended for dealing

with problems involving uncertainty and change.

2.1.1 General Approach for Solving CSPs

CSPs and CSOPs are usually solved using complete methoutt are based on combining
systematic search with constraint propagation, or incetepmethods, such as local search

[72]. As all constraint programming models proposed in thgsertation are solved using a
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combination of systematic search and constraint propawggaitnis method is the focus of this
section. The reader is referred to Chapter 5 oftflamdbook of Constraint Programmir§0]

for a discussion of local search methods used in CP.

2.1.1.1 Constraint Propagation

Constraint propagation is the term used to describe theepsoaf reducing variable domains
by making inferences from the constraints of the problemotAar term used to describe the
action of reducing the domains of variables due to propagas “pruning”. In a constraint
programming solver, each type of constraint usually hassan@ated propagation algorithm.
The propagation algorithm aims to achieve a pre-specifiegl tff consistency, that is, a state
in which it will not be able to make any more domain reducti{8%.

A detailed discussion of the different kinds of consistecay be found in Chapter 3 of the
Handbook of Constraint Programmirj§6]. One of the most well-known types is called arc
consistency (AC). Assuming the existence of a binary caigtbetween a pair of variables
andy, the domain of: is said to be arc consistent if, for every valum the domain of, there
exists at least one valug,in the domain of; such that the assignment= a, y = b is allowed
by the constraint [54]. For example, suppose a particuld® B4 two variables; andy, each
with domain{2, 3}, and a constraint stating thatt y < 5. We see that the domain ofis arc
consistent because if we assign either 2 or 3,tave can find a value fog which will allow
the relationr + y < 5 to be satisfied. Similarly, the domain gfis arc consistent with respect
to the given constraint. Now, suppose the domains ehdy are actually{2,3,4}. An arc
consistency algorithm will recognize that if we assign thkue 4 tox, there is no value foy
which would ensure that + y < 5. Therefore, the algorithm would remove the value 4 from
the domain ofz. Similarly, there can be no solution to the given constrdigt = 4, and the
domain ofy would be reduced t¢2,3}. At this point, the given constraint is arc consistent
[16]. Most constraint solvers enforce arc consistency anesbut not all binary constraints

[82].



CHAPTER 2. LITERATURE REVIEW 10

The equivalent of arc consistency for non-binary constsaswusually referred to as gener-
alized arc consistency (GAC). Informally, a domdm of variablez; is said to be GAC (with
respect to a specific constraifif) if, for every value inD;, there exists an assignment of val-
ues to the remaining variablesdnope(C;) which allows the constraint to be satisfied. A more
formal definition of GAC is presented in the work of Bessiel8][ As an example, suppose a
CSP consists of three variablesy andz, where the domain of bothandy is {2, 3}, and the
domain ofz is {1, 2}. Suppose there is a constraint among the three variableg; + = < 5.

It can be seen that assigning 1:can lead to solutionr = 2,y = 2, z = 1 but assigning 2 to

z cannot lead to any assignment of batlandy that would satisfy the constraint. The value

2 is not consistent with the given constraint and can be rexhdrom the domain of. The
reduced domain of, {1}, is generalized arc consistent. In order to enforce GAC anains

of all variables involved in constraint+y + z < 5, all domains have to be examined. Looking
at the domain of;, we see that assigning= 2 can lead to solution = 2,y = 2,z = 1 and
assigningr = 3 cannot lead to any solution. The value 3 can therefore bevedifvom the
domain ofz. The domain ofr is now {2}, the domain ofy is {2, 3} and the domain of is

{1}. Examining the domain of, we see that the value 2 can lead to a solution but 3 cannot.
Pruning the domain of, we are left with singleton domains which are consistenhwich

other and constitute the only solution to the given constiaithis trivial CSP.

Although in this trivial example achieving GAC on all domsied to a unique solution, this
is not generally the case. In fact, enforcing GAC may leadrtglston domains (proving the
existence of a unique solution to the CSP), an empty domasuime variable (proving that no
solution for the CSP exists), or domains which are all nompgrand some of which have more
than one value left (in this case, the CSP may have many, one solutions). Additionally,
the example illustrates that the enforcement of GAC mayiredinecking a large number of
combinations of values and may take a long time in a compleklpm with many constraints.
Consequently, GAC is not usually enforced on non-binaryst@mts, except for a special

class of constraints, called global constraints, whichehspecialized effective propagation
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algorithms [82].

Global constraints are constraints representing a complationship among a non-fixed
number of variables [98]. One of the most well-known globahstraints is thllDifferent
constraint, which states that the values assigned to a setriables have to be distinct. It
can alternatively be represented by a set of binary inetyuatinstraints. ThelIDifferent
constraint possesses a very effective propagation digoritased on the problem of finding
the maximal matching in a bipartite graph [69, 16, 98]. Thgodathm allows a high level of
consistency to be achieved. Similarly, other global casts have algorithms associated with
them that allow a greater amount of propagation to be actlignan if a large number of simple
constraints were used to represent the same restrictions.

Although it may be possible to solve some problems using pnbpagation algorithms,
such an approach is likely to be very time-consuming. Tleegfpropagation is usually used
as a pre-processing step to achieve some target level abtemsy and then throughout search
when an assignment of a value to a variable implies that dusrave to be reduced further in

order to maintain this level.

2.1.1.2 Systematic Search

Search is performed by assigning a value to a particulaalkaj branching when several values
are possible for this variable. The order in which varialdes assigned (variable ordering
heuristic) and the order in which values are tried for eaaiabée (value ordering heuristic)
play an important role in the efficiency of the search procedt4]. Every time a value is
assigned to a variable, propagation can be performed im tréiminate values in the domains
of other variables which are inconsistent with this assignin If, at any time, all values in
a variable’s domain have been tried, or constraint propagaesults in an empty domain
for some variable, the search backtracks, un-assigningalue given to the variable at the
previous node in the search tree. The search then contiguegry a different value from this

variable’s domain (according to the value ordering heia)istr by trying to assign a different
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variable (according to the variable ordering heuristic)haf' a leaf node is reached, and all
variables are assigned values, search stops becauseiarsbhg been found [54, 82].

This is the general outline of how search is performed, aatkthre in fact very sophisti-
cated methods for backtracking and also for determiningitheunt of propagation that has to
be performed each time an assignment is made. An overviewobf techniques is presented
in the work of van Beek [95] and Prosser [67].

In order to solve a CSOP, a branch-and-bound approach is usq@hrticular, assuming
that the CSOP is a minimization problem, the objective fiamcf (z) is incorporated into the
model by placing a constraint of the forif{z) < f(s) every time a solutiors satisfying
the constraints is found (in a maximization problem, thest@int f(z) > f(s) is added).
This implies that all further solutions must have a bettgediive function value. Branch-
and-bound can prune sub-trees in the search tree basedIyainaie feasibility of a current
partial assignment but also on its objective function vaNhenever it is not possible to find
a solution satisfying all of the original problem consttaiand the constraint on the objective
function value, the last feasible solution found has beewg to be optimal [8]. This basic
approach, together with some more sophisticated techsiqugch are discussed below, will

be used in the following chapters.

2.1.1.3 Additional Inference Methods

In addition to a variety of propagation and search techrgginere are other inference methods
which are used in CP to reduce the size of the search spacesuchdechniques are based on

the ideas of dominance rules and shaving.

Dominance Rules A dominance rule, in an optimization problem, is a constréiat forbids
assignments of values to variables which are known to beogptimal. That is, it can be shown
that for any such assignment, a different solution exist&clwins of better or equal quality

[10, 81]. Excluding sub-optimal assignments reduces theusmof search necessary to find
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the optimal solution. For example, dominance rules are byefmith [80] for the problem
of designing an optical fibre network called SONET. The nekaensists of some number
of client nodes and some number of rings which join these sio@ibere are known demands
between pairs of nodes. Each node is installed on a ring asirgld-drop multiplexer (ADM),
and the objective is to minimize the total number of ADMs rieg. In this problem, installing
only one node on a ring is sub-optimal since the only reasdnsiall a node is to have it
comminicate with another one. However, solutions in whiok aode is placed on a ring are
in no way forbidden by the constraints of the problem. A daamice rule is therefore added in
order to ensure that each ring has at least two nodes placedTms results in the problem

being solved more efficiently [80, 82].

Shaving Shaving is a consistency-enforcing procedure for CSPs.dased on temporarily

adding constraints to the problem, performing propagadiod making inferences based on
the resulting state of the problem [27, 96]. For example,napte shaving procedure may
be based on the assignment of a valu® some variabler. If propagation following the

assignment results in an empty domain for some variableaggnment is inconsistent, and
the valuea can be removed from the domain ©f[27, 96]. In a more general case, both
the temporary constraint and the inferences made basedcan the more complex. Shaving
has been particularly useful in the job-shop schedulingalonwhere it is used to reduce the
domains of start and end times of operations [21, 57]. Foh swoblems, shaving is used
either as a domain reduction technique before search ocaesporated into branch-and-bound

search so that variable domains are shaved after eachatef24i].

2.1.2 Modelling

One of the advantages of constraint programming is its espreness as a modelling language,
which is a result of the lack of restrictions on the types ofalsles and constraints that can be

included in the model of a problem.
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In particular, the domains of the variables of a CSP can kegert binary, continuous, or

can consist of sets, strings or other pre-defined objectgJ8hstraints may be non-linear and
state complex relationships among variables. Moreoversttaints are declarative, meaning
that they specify a relationship among variables withoaiirsg the algorithm that will be used
to find values for these variables [8]. One example of suchnatcaint, which will be used in
further chapters, states an implication relationship eetwtwo variables; andzx;: z; = a —
x; = b (wherea andb are in the domains of; andz;, respectively) [81]. Another example is a
meta-constraint, which combines several constraintatitrg each one as a variable taking the
value 1 if it is satisfied, and the value O if it is not satisfi€dr example, the meta-constraint
(x; = k) < (z; = [) states that; can equak only if z; equals.

The flexibility of CP as a modelling language implies thatréhexist many different ways
to model a particular problem as a CSP or a CSOP. In fact, altéhature shows, the way
in which a problem is modelled may have a big influence on hdiwsiently it can be solved
[82, 80, 79, 48, 7]. This is the case with the problems we dis@u Chapters 3 and 4.

In [82] and [81], Barbara Smith provides an overview of thganateps that need to be
taken in order to model a problem as a CSP. The following $ist brief summary of these

major steps.

1. Choose a viewpoint.A viewpoint is determined by the set of variables and theireo
sponding domains that are chosen to represent a problese; tfage to be meaningful in
terms of the actual problem being modelled, and completgrasents of all variables
should include all possible solutions of the problem. D#f& viewpoints lead to differ-
ent models, and how a problem is modelled has a direct impelcdw quickly it will be

solved.

Naturally, there are usually several viewpoints for a gattr problem. The viewpoint
chosen for representing a problem should be the one thatsatlee use of constraints
which have effective propagation algorithms (e.g. glolmistraints) and which allow

for a concise statement of the problem. Combinations of pa@nts may also be used.
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2. Write the Constraints. Clearly, the constraints should be expressed in a way whilch w
ensure that solutions of the CSP are in fact solutions of thielem. However, additional
considerations have to be taken into account when contraie added to the model.
In particular, since the manner in which a constraint is egped determines how prop-
agation is going to be performed, it is important to choosermstraint representation
for which an effective propagation algorithm exists. Foamyple, theAllDifferent con-
straint could be alternatively formulated using a set ofbyi34 constraints. However, it
is known that th&lIDifferent constraint has an efficient propagation algorithm based on

the idea of maximum matchings in graphs [97] and is likelylib#er choice.

In order to express constraints more concisely, consgaiith the same scope may
be combined and variables may be eliminated by substitutsdng other constraints.
Global constraints, extensional constraints (which altbes user to explicitly state the

tuples allowed by the constraint) and meta-constraintkicso be used for this purpose.

3. Consider the Possibility of Adding Auxiliary Variables. Such variables are introduced
into the model either when it is difficult to express all of tbenstraints in terms of
existing variables, or in order to allow the constraints edxpressed in a form that
would allow more propagation. In both of these cases, addingliary variables will
lead to a more effective model. In order to determine whesteiliary variables may
be helpful, and how they should be defined, one usually needsrefully examine
the constraints of the model and also consider alternatex@points. One method that
allows auxiliary variables to be created is hidden varigtdasformation, which is used
to convert a non-binary CSP into a binary CSP. This lattelnrigpie is discussed by

Bacchus & van Beek [4].

It may seem initially unintuitive that adding more variabt®uld result in a better model.
However, one should always keep in mind that constraintiarogning reasons about

constraints and variable domains, and that relevant additvariables may lead to more



CHAPTER 2. LITERATURE REVIEW 16

domain reductions, and in turn, more effective methodsdbrisg the problem.

The use of auxiliary variables is demonstrated by Smith .e{&8], for example, who
address the Golomb ruler problem. This problem is known tbdrd and is part of the
CSPLib benchmark library (http://www.csplib.org) [83]. @olomb ruler is a ruler with
m marks which are set in such a way that the differences betaagrniwo of them
marks are distinct. The goal of the problem is to find a rulesrafllest length with a
specified number of marks. The problem can be modelled by af setriablesz; for

0 < i < m. Since the constraints of the problem restrict the diffeesnbetween two
variablesr; andz; for 0 < i < j < m, a set of auxiliary variables;; representing the
differencesr; — x; can be added. The experiments of Smith et al. [83] show thst th

addition results in more effective models.

4. Consider the Possibility of Adding Implied (Redundant) Corstraints. Constraints
which are implied by the existing constraints of the moded arhich, therefore, do
not change the solutions resulting from this model, can lskeddn order to increase
propagation and reduce the search effort. A necessarydvgufficient, condition for
an implied constraint to be useful is that it forbids somegasaent to the variables that

is not forbidden by the constraints of the model but that oabe part of any solution.

Implied constraints are used, for example, in the opticakfibetwork design problem
discussed by Smith [80] (also mentioned above in SectiorlB)L In this problem,

nodes have to be placed on rings of the network, and ringss@awve specified capacity.
Each node is “connected” to some other nodes. If some nodhsesconnected to a
greater number of nodes than the capacity of any single tireq it has to be placed
simultaneously on two rings. This is not taken into accountte original problem

constraints but has to be true in any solution. Thereforgligd constraints stating this

restriction can be added to the model.

It can also happen that an implied constraint is useful sirbptause a suitable global
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constraint has not been found. In fact, if a large humberroflar problems possesses
a structure that may benefit from the addition of redundanstaints, it is better to
implement a new global constraint. If the problem does ndéarigeto a large class of
problems, then one should look for good redundant consssaivhich should usually

involve only a small number of variables (be of small arity).

Work has been done by Hnich et al. [47] and Frisch et al. [38frging to create “au-

tomatic” ways of generating implied constraints. Howevuaplied constraints are often
developed (because search is taking an extremely long timexamining the search
tree in detail, finding assignments that are obviously wramd then writing constraints

that would eliminate these assignments from consideration

5. Consider Reformulating the CSP.After some models have been developed, one could
try looking at the problem from a different viewpoint eith®r using a standard transfor-
mation or by viewing the problem from a different angle. Skaml transformations in-
clude non-binary to binary translations with the use of kiddariables or the creation of
a dual in which original constraints are replaced by newaldes and binary constraints
relating these dual variables (for constraints which haweraempty intersection). Such

transformations are discussed by Bacchus et al. [4] andhSzhdl. [78].

In some problems, such as the permutation problems stugtiéthizh et al. [48], it is
possible to switch the roles of variables and values. Theltieg viewpoint is called
the dual viewpoint, and the new variables are referred taias\chriables [7, 82]. Note
that the termdual has two different meanings in constraint programming: andard
transformations of non-binary to binary problems, it isdusedescribe models in which
the roles of constraints and variables are switched; inratbetexts, it usually refers to
a switch of the roles of variables and values. Throughoutdékeof the dissertation, we
use the terndual to mean the switch between the roles of variables and val8ash

dual variables have been used to create more efficient mtuaelse problems addressed
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in the work of Smith [80, 79] and Hnich et al. [48].

6. Try Combining Viewpoints. One can create a model by combining two or more mu-
tually redundant viewpoints. This can yield two benefitsrstiy, some (but not all)
constraints may be easier to express in terms of one setiables than the other, pos-
sibly leading to a simpler model in spite of the increased Ineinof variables. Secondly,
some constraints may propagate better when expressedhria térone set of variables,
and others when expressed in terms of another one. Theretordbining several view-
points may allow each constraint to be expressed in a waybald lead to the greatest

amount of propagation.

In order to ensure that assigning values to the variablemefewpoint will result in

assignments of variables in other viewpoints, channetlomgstraints have to be included.
These constraints state relationships between the vasiabdifferent viewpoints. Thus,
although the total number of variables is increased, onlfy dfethese variables have
to actually be assigned during search—the rest will be aedigia propagation of the

channelling constraints.

As an example, consider the Golomb ruler problem (mentiaiexe in step 3). The
goal of the problem is to find a smallest-length ruler withmarks, such that the dif-
ferences between any two marks are distinct. The problentbeanodelled by a set of
variablesz;, for 1 < i < m, each representing the position of marn the ruler. The
necessary constraints gtg — z;| # |z, — x| for all pairs of variables;, z; andx;, zy,
andz; < z;,q foralli < m, andx; = 0 [83]. Alternatively, the problem can be modelled
using variablegl;;, which represent the distance between two marks on the ratéer
than the position of the marks. The constraints that need todtuded in order to model
the problem using this second viewpoint dg = d;; + d;;, for1 <i < j < k < m,
and anAllDifferent constraint on the set aof;; variables,vi,j € {0,1,...,m}. The

two viewpoints can be combined using the channelling camd8z; — z; = d;; for
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1 <i < j < ml[82]. As a result of these constraints, when values are asditp
the z; variables, thel;; variables also get assigned, and vice versa. Note that thlelmo
discussed in step 3 also uses both sets of variables, butaions are expressed only in

terms ofd,;s, which are considered to be auxiliary variables [82].

The choice of variables that will be used during search isygortant issue to consider
when several viewpoints are employed. One may choose torsaaing only one set of
variables, or several. The latter approach may be partigudffective when combined
with a dynamic variable ordering heuristic. When searchei$qymed, such a heuristic
chooses the next variable to assign based on the curremb$tlie domains. The heuris-
tic has more variables to choose from when viewpoints areébaroea, and therefore, has

more opportunities for making an effective choice [82].

7. Reduce Symmetry.Symmetry is introduced into a model when distinct variakled/or
values are used to represent indistinguishable entitigheoproblem being modelled
[82]. This implies that several different solutions of th8Zor CSOP may correspond
to the same solution to the problem and unnecessarily isesethe size of the search
space. Symmetry can often be avoided by choosing a differewpoint or by including

symmetry-breaking constraints [82, 77].

In the Golomb ruler problem [83], for example, reflection sgatry is present: revers-
ing the positions of the marks yields an essentially eqaiMasolution to the problem.
Consider an optimal Golomb ruler of length 6. This ruler haska at positions 0, 1, 4
and 6, or at positions 0, 2, 5, 6 [24]. The two rulers are edeitasince the difference
between marks 1 and 2 in the first is the same as the differezteeebn marks 3 and 4
in the second, the difference between marks 2 and 4 in thedfitisé same as the differ-
ence between marks 1 and 3 in the second, and the differert@sdn marks 1 and 4,
and 2 and 3, are the same in the two rulers. It can be seen thra¢ ibf these rulers is

found, then the other can be easily generated. Consequierghyving the problem, the
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symmetry-breaking constraifity — x| < |z, — -1

, Ordyy < dy—1,m, Can be used to

ensure that only one type of solution is found, reducing ibe of the search space [83].

This review of the major steps involved in modelling probgeas CSPs and CSOPs demon-
strates that in order to create an effective CP model, a dederstanding of the underlying
problem is necessary. Additionally, most questions disedsabove, such as the choice of
viewpoint or choice of search variables, can only be ansivafeer much experimentation
with the available options. However, the effort put into fimgla good model will likely pay

off in the form of an effective approach to solving a hard peotn.

2.1.3 Problems Involving Uncertainty and Change

In traditional constraint satisfaction, it is assumed #ilavariables, domains and constraints
are well-defined prior to an attempt at solving the problenowelver, in reality, problems
may arise in which the definition of the problem is somehoweutain or may be subject to
change over time. Such problems require a different set pfagehes and algorithms than
standard CSPs. An overview of these approaches is preser@dtipter 21 of thédandbook
of Constraint Programmin@l9] and in the survey paper of Verfaillie & Jussien [99].
Incorporating uncertainty and change has led to many neastyb CSPs, such dazzy
mixed uncertain probabilistic dynamig recurrent branchingandstochasticCSPs. Accord-
ing to Brown & Miguel [19], the first four of these may be cldsg=i as “Uncertain Problems”,
while the rest may be described as “Problems that Change” adpt this classification in

presenting brief descriptions of these different types $P€ below.

2.1.3.1 Uncertain Problems

In some cases, there may be inherent uncertainty presdrd definition of a problem. Firstly,
the problem may be imprecise, in the sense that it may allowtcaints to be partially satisfied,

totally satisfied or totally unsatisfied [19]. Such probleans usually referred to as fuzzy CSPs.
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Secondly, the problem may not be completely defined at the wimen it has to be solved. In
particular, one may not know the complete set of variableanconstraints, and variable
domains may not be completely specified [19]. Such problemsisually modelled as mixed

CSPs [32] or probabilistic CSPs [30].

Fuzzy CSPs A constraint in the classical definition of a CSP can be viea®d set of possi-

ble combinations of values that are allowed to be assign#tketeariables in the scope of this
constraint. In fuzzy CSPs, a constraint can be represestadiazzy set with a membership
function which associates a degree of satisfaction to eassilple assignment of values to vari-
ables from the corresponding domains. The degree of saimfas usually a value between 0
and 1, with O representing complete violation of the comstsaand 1 representing complete
satisfaction of the constraints [19, 58]. The goal of thebpgm is to find an assignment with
the maximum overall degree of satisfaction [19], which igally defined to be the minimum

over the satisfaction degrees of all constraints [28]. ldita@h to being able to deal with un-

certain parameters in constraints, the fuzzy CSP framealtoks one to represent the idea
that one solution may be preferable to another, and somedraorts may be more important

than others [28].

Mixed CSPs In a Mixed CSP, the variables of the problem can be dividealtiwb sets: ones
that can be assigned by the solver, and ones which are dedtitmy some external source,
such as a user or a random process [19, 32]. As stated by Fatgaé [32], the definition
of a solution to a mixed CSP is based on the assumptions mauié #ie initial problem
formulation. It is assumed that there is a deadline by whidolation to the problem has
to be found. It may happen that all of the initially-unknowriarmation about the problem
will be revealed prior to, possibly just before, the deaglli@onsequently, it is a good idea to
compute aonditionalsolution, one that states which values should be assigriaeé tecision
variables given a particular realization of the unconéiolé parameters. On the other hand, it

may be possible that no new information will be revealedmpoahe deadline. In this case, a
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pure solution is required. A pure solution should be a solutioone or more of the possible
realizations of the problem [19]. There is also the posgybilf observing the values of some
of the uncontrollable parameters prior to the deadlinalifeato a problem definition between

the two extremes.

Uncertain CSPs Uncertain CSPs have been created in order to handle prolabemisich

the coefficients in some or all of the constraints are untcertéhe goal in such problems is
to either find a set of solutions which would contain at least golution for each possible
realization of the uncertain parameters, or the most radmlation, which will be consistent in

the greatest number of realizations [19, 103].

Probabilistic CSPs In the first type of probabilistic CSPs, each constraint leasesprobabil-
ity of being active in a particular realization of the prabl¢l9, 30]. Such probabilistic CSPs
are closely related to the research area of soft constrawhish model desired properties, or
preferences, rather than being strict restrictions thanggbe violated [58]. This is because in
both cases, some of the constraints are allowed to be viblatder some conditions. In the
second type of probabilistic CSPs, the variables are divide® uncontrollable and control-
lable, as in mixed CSPs. However, unlike in mixed CSPs, tiseegeprobability distribution
associated with the uncontrollable parameters [31]. Iinlgpes of probabilistic CSPs, the
goal is to find an assignment of values to variables havindifleest probability of being a

solution to the actual realization of the problem.

2.1.3.2 Changing Problems

In many real-world applications, the definition of the pml may be revealed with time or
may change, and there may exist opportunities for reactiriige availability of new informa-
tion or the changes that have occurred [19]. Such problembeaepresented in a variety of

ways in constraint programming.
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Dynamic CSPs Dynamic CSPs are sequences of standard CSPs in which eddkrmrm
the sequence can be obtained from the previous one by ancadalitremoval of a constraint
[26, 19]. The goal of such problems may be to find robust sohgti which have the highest
probability of remaining solutions after the occurrencaahange, to minimize the cost of a
change if it is required, or to minimize the reaction time mdfng a new solution as quickly
as possible [19]. More details on such CSPs can be found guttorg the literature survey
of Verfaillie & Jussien [99].

Recurrent CSPs Recurrent CSPs are used to model problems in which changesither
temporary or recurring [19, 100]. Although it is assumed tiaknowledge about the changes
is known in advance, this knowledge may be learned in thegsoof solving the problem. The
reader is referred to the papers of Wallace & Freuder [10@jtdvh et al. [59] and Hebrard et

al. [43] for further information.

Branching CSPs In branching CSPs, it is assumed that the problem evolvéstimie, and,

in particular, new variables and constraints associated thiese variables are added to the
problem periodically [34, 19]. Which variables and constiwill be added to the problem
is unknown at the time when the problem is solved. Howeveés,assumed that some proba-
bilistic model of future additions is available. Each vatahas a utility associated with it, and
can be assigned a value when it arrives (be accepted), orechitlunassigned (be rejected).
In the first case, the utility of the variable is counted in ta¢culation of the overall utility of
the assignment. In the second case, the utility of the vigrignmot counted. A solution to a
branching CSP is a policy which states, for every possilij@sece of additions to the problem
that may occur, what actions should be taken (which varsadieuld be accepted or rejected).
In particular, the goal of branching CSPs is usually to finakcy which attains the maximum
overall utility and satisfies all of the constraints [34].aBching CSPs are very closely related
to Markov Decision Processes [33], since both model a psoagsch is defined by a set of

states and a set of probabilities of moving between statéshwdepend only on the current
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state and the action being taken [35].

Stochastic CSPs In stochastic CSPs, the variables are divided into two sedgt of decision
variables, which can be assigned values, and a set of stackiasables, which can only be
observed. Stochastic CSPs also usually include probt@bitisnstraints which are required
to be satisfied by only a fraction of solutions [90, 5]. Eachstaaint which involves some
stochastic variables is called a chance constraint andrhasssciated parameter which speci-
fies the percentage of scenarios in which it has to be satigfidd 90]. A scenario is defined
by the values assigned to the stochastic variables. Walslj find Balafoutis & Stergiou [5]
take a policy-based approach to such problems and extertcatfiBonal ideas of systematic
search to deal with stochastic variables. Manandhar e6al. gnd Tarim et al. [90] propose
an alternative approach based on the idea of decomposingabém into many scenarios.
Other papers on stochastic CSPs include those of BenoigtBb2deaux & Samulowitz [18]
and Tarim & Miguel [91].

2.2 Optimal Design and Control of Queues

Although constraint programming is able to deal with a vgr@ problems involving uncer-
tainty, as mentioned above, it has yet to build closer linkk wuch research areas as queueing
theory [19]. The main goal of this dissertation is to takeepdbwards creating this link by
demonstrating that constraint programming can be appédabqueueing control and design
problems. In this section, we discuss some of the major wortkis wide area of research
based on Chapter 6 of the boBkindamentals of Queueing Thed&?2] and the overview pa-
per of Tadj & Choudhury [87]. A detailed summary and bibliagny of the earlier work on
the design and control of queues is presented in a paper lyli@&izal. [25].

It should firstly be noted that much of queueuing theory hadtdeith the development
of descriptive models, that is, ones which are able to peowaldaracteristics of a particular

gueue, such as the expected length of the queue, the expeaitedy time of customers in the
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gueue, the proportion of lost customers if an upper boundhemeingth of the queue is placed
and others [42, 87]. However, queueing theory also givestdsmany natural optimization

guestions regarding the design and control of queues.

Both queueing design and control problems deal with findivegdptimal values for some
of the parameters of the queue, usually referred to asdh&ollableparameters [42]. These
parameters may be: the number of servers (channels) aeditalserving arriving customers,
the limit on the length of the queue(s) (system capacityg,afrival rate of customers to the
gueue(s), the service rates of the server(s), as well asanlination of these [42]. Queueing
design problems are static—once the optimal value of a clbeitte parameter is determined, it
becomes a fixed characteristic of the queue. Queueing ¢@ntfelems, on the other hand, are
dynamic—the goal in such problems is usually to determinepdimal action to take when the
gueue is in a particular state. The state can be defined inetyaf ways based on the current
characteristics of the queue such as the queue length owugltenaer arrival rate. It should
be noted that although most problems studied either dehla®itrol or design of a queueing
system, these two questions may, in reality, be interedland may not be solved separately
[25]. Examples of problems involving both the optimal desand the optimal control of a

gueue are discussed in Section 2.4 and Chapter 4.

In addition to being subdivided by the choice of the contiolé parameter, queue design
and control problems can be categorized according to thergsfons made about theén-
controllableparameters. Thus, problems may arise which deal with spexifival or service
time distributions, specific number of servers, or specifitzoin which customers are served.
The choice of controllable parameter(s) and the particassumptions made about the un-
controllable ones result in many possible variations ofugireg design and control problems.
For example, one may consider the queueing design probldmdihg the optimal number
of servers to employ in a service facility under the assuomptif Poisson arrivals, exponen-
tial service times and first-come, first-serve queue dis@plOne may then look at the related

gueueing control problem of determining when to increaskdmtrease the number of workers
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available to serve customers (e.g. workers may be switaload &nother type of job) depend-
ing on the length of the queue, under the same assumptionge #ssume that the order in
which customers are served does not follow the simple foste; first-serve discipline, while
the rest of the problem assumptions stay the same, two ndvepns arise. Similarly, if we
change our assumptions of the arrival or service time 8Oigiion, we will get a new queue
design problem and a new queue control problem. Queueingrdasd control problems may
therefore be classified according to many different catettie arrival distribution assumptions,
the service time distribution assumptions, the number vfess, the costs associated with the
operations of the queue, etc. We refer the reader to the ievepapers of Tadj & Choudhury
[87] and Crabill et al. [25] for more complete lists of varaats of design and control problems
involving queues.

In the following two sub-sections, we discuss the major warkqueue design and queue
control with different controllable variables, with the pfitcation that the same optimization
problems may arise when different assumptions are madediagathe queue’s (uncontrol-

lable) characteristics.

2.2.1 Optimal Design of Queues

One of the most fundamental papers in queueing design iofhdillier [46]. It discusses
gueueing design problems in the context of an industridingetvhere a balance between the
cost of service and the cost of waiting for that service hdasetéound. Three related problems
are examined. It is assumed that there is an infinite sourcasitbmers, that all arrivals will
join the queue and remain in it until they get served, thatel&no limit on the queue length
and that the queue is in a steady state. The models are generajh to be applicable regard-
less of the assumptions on the service and arrival distobsitand on the queue discipline.

In the first problem studied by Hillier [46], it is assumed ttth@th the service rate and
the arrival rate are fixed, and one needs to determine thenaptiumber of servers required

to minimize a linear cost function consisting of the totastcof service and the total cost of
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customer waiting time.

In the second problem, the decision variables are both thieuof servers and the arrival
rate. This problem may arise in the context of locating serfacilities throughout a popu-
lation. For example, one may need to determine the numberedical centers that need to
be placed throughout a particular area, the number of doettoeach medical center and the
proportion of the population that should be assigned to eacticular center (service facility).
Determining the latter quantity is essentially equivateriinding the arrival rate. The objective
is to minimize the expected total cost per unit serviced,iarsdassumed that the arrival rates
and number of servers at each facility are equal. Firstljiddiproves that one service facility
is optimal for the whole population. Secondly, it is obsertieat this result makes sense only
if customer travel time to the facility is not considered Imetmodel. Several models which
incorporate travel time are further presented.

In the third problem, the goal is to determine both the nunalbservers and the service rate
that would minimize the overall cost of service and customaiting time. Stidham [84] and
Morse [61] also concentrate on problems in which one needst&rmine the optimal service
rate and number of servers. These authors prove the ogiroélihe solution in which there
is only one server under different arrival and service tinséridbutions.

Other papers deal with systems which serve groups of custorather than single cus-
tomers [73], situations when the server may not be able i@sarstomers for periods of time
[51] and systems with impatient customers, who leave witlgetting served if they find the
server(s) busy [56]. For a detailed review of the work don@ptimal design of queues, the

reader is referred to the paper of Tadj & Choudhury [87].

2.2.2 Optimal Control of Queues

The termpolicyis used in queueing control literature to describe a ruletwprescribes, given
a particular queue state, the actions that should be takerder to control the situation in

the queue. Most of the research on the optimal control of gsidas focused on determining
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when a particular type of policy is optimal, rather than omlitrg the actual optimal values of
the controllable parameters which define the policy [42]teNibat the ternoptimal policyis
used in the literature to mean both the optilygle of policyand the optimaparameter values
for a given policy type. The distinction between the two igortant since showing that a
particular policy type is optimal is a theoretical questiaereas finding the optimal values
for a specific policy type is a computational one. The focuth dissertation is on the latter
guestion. Therefore, the teraptimal policyis used throughout the dissertation to refer to the

optimal numerical parameters for a pre-defined policy type.

The earliest papers in the area of queue control are thosem@Ri [70] and Moder &
Phillips [60], which both deal with controlling the numbdrservers based on the queue length.
Romani [70] considers a situation where the queue is nel@wved to grow beyond some
numberM. In particular, the number of channels (servers) is in@edsy one every time
gueue length becomes greater then and there is no upper bound on the possible number
of open channels. The channels are removed (“cancelledénwvitie queue becomes empty.
The work of Moder and Phillips [60] considers a policy thatlefined by two parameters,
and NV, with the interpretation that each time the number of custenin the queue reaches
N, the number of channels is increased by 1, and when the nushbastomers in the queue
drops tov and a service completion occurs, the number of channelsigeased by 1. There
are upper and lower bounds on the number of channels thatecapdrated at any time. Itis
assumed that workers who are not serving customers at aylarttime point are performing
some other tasks which are not directly dependent on theahptocess of customers. This
paper presents several derivations of steady-state gfiblestof having a particular number of
customers in the queue giveri@ N) policy as well as derivations of the quantities of interest

such as the expected waiting time.

The question of finding the optimal number of servers for esydtem state is also ad-
dressed by Hersh [44]. It is assumed that workers have t@ serstomers (perform “queue”

work) and also complete other tasks (“non-queue” work) clvlaire not dependent on customer
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arrivals. Costs are incurred due to the waiting time of austis, the uncompleted non-queue
work that has to be completed in overtime and the switchingarkers between the two types
of tasks. A policy is given by parametefs, N) so that when there are customers in the
system and one of them gets served, the worker who just coecpservice gets switched to
performing fixed non-queue work, and when the number of coste in some queue reaches

N, a worker gets switched to queue work, opening a new serhiaerel.

In the paper of Yadin and Naor [102], the controllable par@mes the service rate of a
single server. Given a feasible set of service capacitiesy, - .., ig, - - }, With g = 0
and .1 > g, the class of policies considered is defined by two integetore { R} =
{R1, R, ..., Rg,...}and{Sy} = {So, S1, ..., Sk, ... } With Rx11 > Ry, Sgsr1 > Sk, Rga1 >
S, andS, = 0. The interpretation given to these two vectors is that whenthe size of the
system reacheB, the service rate is increased from_; to u,, and whenever the size of the
system is reduced t8}, the service ratg,  ; is switched to service rajg,. The authors derive
some gquantities characterizing the queue if this policyssdy such as the expected system

size.

Problems involving control of arrivals into the system ameeistigated by Stidham [85]
and Rosenshine & Rue [71]. Serfozo & Lu [74] consider a probievolving a single-server
system, with both the arrival rate and the service rate bifieglecision variables. A finite set
of arrival and service rate pairs is given, and a policy isdatned by observing the queue
length at a particular decision epoch and choosing the apijate pair. The objective function
is based on switching costs, which are incurred every timeraice rate/arrival rate pair is
chosen at a decision epoch which is different form the pres/mervice/arrival rate pair, and
usage costs, which are based on chosen service rates anel lgngth. Two other papers

dealing with essentially the same type of policy are thos8eifhard [40] and Heyman [45].
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2.2.3 Methods for Solving Queueing Design and Control Proleims

It should be noted that much of the literature on queueingydeand control problems focuses
on modelling approaches and theoretical questions. Vevypigers discuss the development
of methods for finding the actual optimal values for the colidble parameters. We mention
some of these papers in this section.

In general, queueing design (numerical) optimization fgwis can be solved using differ-
ential calculus and linear, integer or non-linear prograngj42], as well as heuristics. One
example of work on numerical, rather than strictly theaadtiquestions is the paper by Grass-
mann et al. [41], in which the problem of optimizing the seeviate in a one-server queueing
system with exponential inter-arrival times is addressg&dgidifferentiation of various quan-
tities.

Queueing control optimization problems have usually bedwvesl via dynamic program-
ming and techniques used for Markov decision problems ssi¢falae or policy iteration [42].
For example, in the work of Nobel & Tijms [62], a problem withd heterogeneous servers is
considered, with one server being faster than the otherfadter server is always ‘on’ whereas
the slower server can be turned ‘on’ and ‘off’ depending aadlneue length. A specialized
policy iteration algorithm is presented for determiningamtihe slower server should be turned
on and off.

More recently, some papers have appeared which use lineguigomnming to solve queueing
control problems. Examples of such work are the papers by@faachowski & Feinberg [29]
and Berman & Sapna-Isotupa [14].

Berman & Sapna-Isotupa [14] consider a retail facility watback room and a front room.
Work in the front room is generated by the stochastic prooéssistomer arrivals who form
a queue if there are not enough workers to serve them. Thergmbiack room work is
correlated with the amount of work in the front room, withlefont room customer generating
one back room job. The problem is formulated as a linear pragiand some experimental

results are presented, highlighting the efficiency of treppsed method. This problem is very
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similar to the problems of interest in this dissertatiore(Section 2.4). The major difference
is that, in this dissertation, the amount of work in the baotim is assumed to be known,
whereas in the work of Berman & Sapna-Isotupa [14] back roarkvis assumed to be a
direct consequence of front room work. In Section 6.2.12mention a similar problem that
would be interesting to investigate in the future.

Fan-Orzechowski & Feinberg [29] study a queueing systerh witustomer types, expo-
nential service and inter-arrival timesservers and a capacity 6f. The goal of the problem
is to decide, every time a customer arrives, whether to daregeject this customer. A cost
is incurred every time a customer is rejected, and a rewagdireed every time a customer is
accepted. The objective is to maximize the average rewardrpetime subject to a constraint
requiring the average penalty cost for rejected custonzeb®tbounded from above. A lin-
ear programming approach is employed. Note the similafityis problem with Branching
CSPs discussed in Section 2.1.3.2. Exploring the simgarif these problems as well as of
approaches for solving them would be an interesting dwedtr further work.

Additionally, some queueing control problems are solvadgibeuristics. An example of
such a problem appears in the work of Berman & Larson [13]ctviis discussed in Section

6.2.2.2 as it is an extension of the problem of interest inp@da3.

2.3 Cross-training Literature

The two queueing optimization problems addressed in tesediation deal with a retail facility
which employs cross-trained workers. Questions relat@ddss-training, such as the optimal
number of cross-trained workers to hire, or the number dfsstiat workers should be cross-
trained in, have been addressed by many researchers.

Brusco & Johns [20] use integer linear programming in ordehelp evaluate different
cross-training options at a paper-mill. Each worker is assiito be able to perform several

types of jobs, and the number and types of jobs determinkériskill class. The solution of
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the integer program determines the number of employees &@articular skill clasg that
should be working on taskin planning period.

Integer programming is also used by Slomp et al. [76], whieeedabjective is to balance
the workloads of cross-trained workers in a manufacturigly é¢n particular, an integer pro-
gram is used to find out how to assign workers to machines dsawéb determine for which
tasks/machines particular workers should be trained.

Cezik & L'Ecuyer [22] and Chevalier & Tabordon [23] examin@ss-training issues of a
call center. In the work of Cezik & L'Ecuyer [22], a complex thed based on a combination
of simulation with linear programming, cut generation amrditistics is used. It is assumed
that call center agents are able to answer multiple typeskd,and the types of calls that
the agent is able to handle determines his/her type. Theajdhk problem is to determine
the number of agents of each type that should be scheduledrtoduring a particular time
period in order to minimize the operating costs of the catiteewhile meeting some service
level constraints. Chevalier & Tabordon [23] seek a staffigfiguration which minimizes the
proportion of customers who leave without getting served.afproximation for this quantity
is proposed and evaluated via simulation. Simulation ih&rrused to compare various staffing
configurations.

Pinker et al. [65] deal with evaluating the trade-offs beswespecialized and cross-trained
workers. It is stated that what is gained in efficiency whesssftrained workers are hired may
be lost in quality. Thus, their approach combines a stoahsstvice center model with models
of tenure-based and experience-based service qualitypdjer demonstrates that the optimal

staff mix depends both on the size of the system and the legarates of the workers.

2.4 Two Related Problems of Berman et al.

The work of Berman et al. [15] concerns retail facilities¢lsuas stores or banks, which have

back room and front room operations. In the front room, wskeve to serve arriving cus-
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tomers, and customers form a queue and wait to be served ihearkers are busy. In the
back room, on the other hand, work is less time-sensitivaayinclude such tasks as sorting
or processing paperwork. All workers in the facility are ssdrained and are assumed to be
able to perform back room tasks equally well and serve custemith the same service rate.
Therefore, it makes sense for the managers of the faciliyitch workers between the front
room and the back room depending both on the number of cussamthe front room and the
amount of work that has to be performed in the back room. Beretal. study two related
problems. In the first problem, the goal is to find a switchioligy that minimizes the expected
customer waiting time in the front room, subject to a constr@quiring the completion of all
work in the back room. In the second problem, the objectite fnd the smallest number of
cross-trained workers required in the facility in order éisfy a quality of service constraint
in the front room and a constraint requiring all of the baakmowork to be performed.

It can be seen that both of these problems fall into the clagae@ueing design and control
problems and attempt to answer similar questions to the ohiegerest in the cross-training
literature.

The first problem of Berman et al. and an extension of theiois@roblem are the focus
of this dissertation. In this section we therefore providketailed description of the work done

by Berman et al. [15].

2.4.1 Berman et al.’'s ProblemP,

Let V denote the number of workers in the facility, and $ebe the maximum total number
of customers allowed in the front room at any one timehis implies that when there are

customers present, arriving customers will be blocked feotering the front room. Customers
arrive according to a Poisson process with rateService times by workers in the front room
follow an exponential distribution with rate. In order to complete all the back room work,

there is a known minimum requiremem; , on the expected number of workers in the back

1The notation used by Berman et al. [15] is adopted througthisitlissertation.
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room. Only one worker is allowed to be switched at a time, aotth Iswitching time and
switching cost are assumed to be negligible.

The goal of problenP; is to find an optimal approach to switching workers between th
front room and the back room so as to minimize the expectemes waiting time, denoted
W, , while at the same time ensuring that the expected numbeod{ass in the back room is
at leastB;. Thus, a policy needs to be constructed that would specifyrhany workers should

be in the front room and back room at a particular time, andndvatches should occur.

24.1.1 Model

Berman et al. define a policy in terms of quantitigsfor i = 0,..., N. This policy states
that there should bé workers in the front room whenever there are betwkgn + 1 and

k; customers in the front room, far= 1,2,..., N. As an illustration, consider the policy
(ko, k1, ko, k3) = (0,2,3,6), with N = 3. This policy states that when there are+ 1 = 1

or k; = 2 customers in the front room, there is one worker in the frootm; when there are
3 customers, there areworkers; and when there ade 5, or 6 customers, alB workers are
employed in the front. Alternatively;, can be interpreted as an upper bound on the number of
customers that will be served bbyvorkers under the given policy. Yet another interpretatbn
this type of switching policy comes from noticing that asis@s the number of customers in
the frontroom is increased dyfrom some particular switching poiht, the number of workers
in the front room changes to+ 1. This definition of a policy forms the basis of the model
proposed by Berman et al., with the switching poitits = 0,..., N — 1, being the decision
variables of the problem, andy being fixed toS, the capacity of the system. In Berman et
al.'s work, an optimal policy is a set of values for the switchpoints,k;, which minimizes
the expected waiting time subject to the back room congtramother words, the paper of
Berman et al. [15] is not concerned with proving the optityadi the policy type specified by
thek;s, but rather with the determination of optimal numericadliea for the quantities. In the

following sections, the terraptimal policytherefore refers to the optimal set of values for the
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In order to determine the expected customer waiting timeeritont room and the expected

number of workers in the back room given a policy defined byipaar values of:;, Berman

et al. first define a set of probabilitieB( j), for j = ko, ko + 1,...,.S. EachP(j) denotes the

steady-state (long-run) probability of there being exagttustomers in the facility. Berman et

al. define a set of balance equations for the determinatitimese probabilities:

P(A = PG+ Dlp
PN = P(j+1)2u
P@)A = P(j+1)ip
P(A = P(+1)Np

j:ko,k0+1,...,]€1—1

j:]{fl,]{f1+1,...,]{32—1

J=ki—t,kia+1,.. ki —1

j:kN—ljkN—l_'_l,---,kN_l.

The probabilitiesP(j) also have to satisfy the equatidn;_, P(j) = 1.

2.1)

(2.2)

(2.3)

(2.4)

From these equations, Berman et al. derie following expressions for eadpy(j):

where

B

P(j)

—_

= B;P(ko),

it j = ko

if ki +1<j<k i=1,...

(2.5)

, N

(2.6)

2For details regarding these derivations, the reader isreféo Berman et al.’s paper [15].
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P(ky) can be calculated using the following equation, which isvéerby summing both sides

of Equation (2.5) over all values gf

S
P(ko) > B =1. (2.7)

=0
All quantities of interest can be expressed in terms of thababilities P(;j). Expected

number of workers in the front room is

k;

F = 2: > iP() (2.8)

Jj=ki—1+1

while the expected number of workers in the back room is

B = N-F. (2.9)

L = Y jPQ). (2.10)

Expected waiting time in the queue can be expressed as

L 1
W, = NPT (2.11)

This expression is derived using Little’'s Laws for a systeintapacityky = S. Given a
family of switching policieK = {K; K = {ko, k1, ..., ky_1, S}, k; integersk; — k;_1 > 1,
ko > 0,kny_1 < S}, the problem can formally be stated as:
minimizexexk Wy (2.12)
s.t. B Z Bl
equations (2.1) to (2.4)
Zf:ko P(j) =1

equations (2.8),(2.9), (2.10), (2.11).

It is important to note thaB3, ' and L are expected values and can be real-valued. Conse-

guently, the constrainB > B, states that the expected number of workers in the back room
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resulting from the realization of any policy should be geedahan or equal to the minimum
expected number of back room workers needed to completeod v the back room. At any

particular time point, there may, in fact, be fewer thiarworkers in the back room.

2.4.1.2 Berman et al.’s Heuristic

Berman et al. [15] propose a heuristic method for the sahuicthis problem. This method is
based on two corollaries and a theorem, which are statedrandgby the authors.

In particular, the major theorem from the paper of Berman.diL&] is presented below as
Theorem 2.4.1. For details and proof of this theorem, thdaes referred to Berman et al.'s

work [15].

Theorem 2.4.1 (Berman et al.’s Theorem 1)Consider two policie&” and K’ which are equal
in all but onek;. In particular, suppose that the value &f equalsk, — 1, for someJ from
the set{0,..., N — 1} such thatk;, — k,_; > 2, whilek] = k; for all i« # J. Then (a)
W,(K) = W,(K"), (b) F(K) < F(K"), () B(K) > B(K").

As a result of Theorem 2.4.1, it can be seen that two polickest &vhich have special

properties. Firstly, consider the policy
K={ko=0,ki=1,ks=2,....kn.1 =N —1,ky = S}.

This policy results in the largest possilfie and the smallest possible andWV,. Because this
policy yields the smallest possible expected waiting tiris, optimal if it is feasible. On the
other hand, the smallest possiiieand the largest possibl&, and B are obtained by applying

the policy
K={ky=S—Nki=S—N+1 . ky1=5—1ky=5}.

Therefore, if this policy is infeasible, the problem (2.12)nfeasible also.
Berman et al. propose the notions of eligible type 1 and type2ponents. Aeligible type

1 componenis a switching poink; satisfying the condition that; — k;_; > 1for0 <i < N
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or k; > 0 fori = 0. A switching pointk; is aneligible type 2 componerit ;. , — k; > 1 for

0 <i < N. More simply, an eligible type 1 component igavariable which, if decreased by

1, will still be greater thark;_;, while an eligible type 2 component iskavariable which, if

increased by, will remain smaller thark; ;. Eligible type 1 components and eligible type 2

components will further be referred to simply as type 1 aqety components, respectively.
Based on the definitions of policiés and K the notions of type 1 and 2 components,

and Theorem 2.4.1, Berman et al. [15] propose a heuristighwinas the same name as the

problem it used forp;:
1. Start withK = K :

2. If B(K) < By, the problem is infeasible. Otherwise, letb_WV, = W,(K) and
imb_K = K. SetJ = N.

3. Find the smallest* s.t.0 < 5* < J andk;- is a type 1 component. If no sugh exists,
go to 5. Otherwise, sét;- = kj« — 1. If B(K) < B, setJ = j* and goto 5. If
B(K) > B, goto 4.

4. If W, (K) < imb_W,, letimb_-W, = W,(K) andimb_K = K. Go to 3.

5. Find the smallest* s.t.0 < j* < J andk;- is a type 2 component. If no sugh exists,

go to 6. Otherwise, sdt;- = k;« + 1. If B(K) < By, repeat 5. IfB(K) > By, go to 4.
6. Stop and returimb_K as the best solution.

Limiting the choice ofj* to being between 0 and, and resetting every time an infeasible
policy is found, prevents the heuristic from entering amiibdi cycle. The heuristic guarantees
optimality only when the policy it returns i& or K

The ability of heuristicP; to find good switching policies is not explicitly evaluated i
Berman et al.'s paper [15]. In particular, it is not clear hclase the policies provided bk,

are to the optimal policies.
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2.4.1.3 Discussion

Problem P, is an example of a queue control problem that is very simianature to the
problems discussed by Moder & Phillips [60], Hersh [44], iYedfl Naor [102] and Serfozo &
Lu [74], which are mentioned in Section 2.2.2.

Moder & Phillips [60] assume that some workers are alwaydatva to serve the arriving
customers, while others are able to perform tasks which atréirectly related to the arrival
process. Using the terminology of Berman et al., it can bé &t some of the workers are
cross-trained and able both to serve arriving customerlarfront room and perform back
room work. It is important to note that in the Moder & Phillipaper, unlike in the work of
Berman et al. [15], there is no constraint on the amount o€Kb@om work” that has to be
performed, and some fixed number of workers are assumed &ysloe in the “front room”.
Moreover, the policies used in the two papers are quitereiffe although they are based on
the same idea of increasing and decreasing the number oévgarkthe front room when the
gueue length reaches some threshold value. The policy usdtbder & Phillips is stated
in terms of two parameters,and NV, so that the number of workers who serve customers is
increased by 1 every time the queue length reachesid decreased by 1 each time the queue
length falls belowv. The policy of Berman et al. is more flexible because it is egped in
terms of a larger number of parameters. It should also bedrtbeg the Moder and Phillips
paper derives a set of balance equations for calculatingribieability of having a particular
number of workers in the queue under the assumption{ef &) policy, which are very similar
to the balance equations (2.1)—(2.4). Although expresdmmquantities of interest such as the
mean length of the queue are derived, and some numericahtes are examined by Moder
& Phillips [60], no optimization problems are explicitlystiussed.

Hersh [44] also assumes that a service facility has two tgbegork, “queue” work and
“non-queue” work, which are the equivalent of Berman es &lont room and back room work.
However, instead of placing a constraint on the amount okwloait needs to be performed in

the back room, he assumes that a cost is incurred for all ohtimequeue work that is not
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completed during the work day. A procedure based on siniand dynamic programming

is proposed for evaluation of differeit, V) policies and the determination of the optimal one.

The paper of Serfozo and Lu [74], unlike that of Berman et Hb],[deals with a queueing
system which employs only one server. Moreover, it is camegwith the determination of
optimal service and arrival rates rather than the numbeeiess. However, we note that the
increase or decrease of workers in the front room consideitbeé work of Berman et al. [15] is
equivalent to an increase or decrease of the total servieeCansequently, using the approach
of Serfozo and Lu, we can describe the problem of Berman easathat of determining the
optimal service rate/arrival rate pair when there is a austoarrival. In particular, the arrival
rate can be held constant, whereas the values of the senteean be taken from the set
{0, i, 21, 3, ..., N} corresponding ta), 1,2, 3, ..., N workers being present in the front
room. The focus of the Serfozo paper is on the theoreticgeatees of their proposed policy

rather than on the determination of the numerical optimétpo

A similarity can be found between the policy type of Yadinlef&02] and that of Berman
et al. In particular, Yadin et al. use two vectors of queuglkg, one stating when the service
rate should be switched to a higher value, and the othengtathen it should be switched to
a lower value (see Section 2.2.2). In Berman et al.’s fortma one vector with the same

structure is used to serve both purposes.

Overall, it can be seen that the Berman et al. paper can bé&deoed as a logical extension
of the most fundamental work in queueing control theory. desv, it appears to be one of the
rare papers dealing with the numerical optimization of dipalar policy. Its assumption of a
constraint on the back room work appears as reasonable asghmption made by Hersh [44]
of a cost being incurred for back room work completed in awest The formulation of the
policy can be as easily used in practice as the siripl&/) policy of Moder and Phillips [60],
and provides almost as much flexibility and control as thécgaf Yadin & Naor [102] that is

based on two vectors rather than one.

Moreover, the problem as it is described in Berman et al. iprattical interest. Many
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examples of facilities which could make use of the policiegmed from solving this problem
exist in real life. For example, a grocery store employingkeos who can re-stock shelves
as well as serve customers at the check-out may be intergsfedling out how to switch
workers between the two tasks so as to minimize customeimgdiime. More importantly,
in a hospital, it may be necessary to determine how many swwtseuld be available to treat
arriving emergency patients and how many should be treatatignts who are already in the
hospital® Additionally, the problem could arise in computer scienpgl&@ations similar to

those described in the paper of Palmer & Mitrani [63].

2.4.2 Berman et al.’'s Problem?,

Berman et al. [15] present a second probldfn, The goal of this problem is to find the
minimum number of cross-trained workers, required in the retail facility subject to two
constraints which ensure that the expected waiting timeoismded from above and that all
work in the back room is performed.

Given a family of switching policieX = {K; K = {ko, k1,...,kn_1,5}, k; integers,

ki — ki1 > 1,k > 0,kn_1 < S}, the problemP, can be stated as:

minimizegek N (2.13)
st. W, < W,
B > By
equations (2.1) to (2.4)
Z}q:ko P(j) =1

equations (2.8),(2.9), (2.10), (2.11),

wherelV,, is the upper bound on the expected customer waiting timenBeret al. propose a

heuristic for solving problen®,. This heuristic, which is referred to as heurigtic enumerates

3This application of the back room/front room problem hastmeggested by Dr. J. Hirdes.
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N, starting at 1, and uses heuristrgc to try to find a feasible policy for the giveN. P, stops

as soon a$; is able to find a feasible policy2, can be stated as follows:
1. SetV =1.

2. Define policiesik and K. Let B, — B(K), Wyin = Wy(K), Bpas = B([%) and

Winae = Wy (K).

3. If Bue < ByorW,.., > W, no feasible policy exists for the current value/é+go to
step 5. IfB,,;, > B, andW,,,.., < W,, any policyK € K (includingf{ is optimal)—stop.

Otherwise, go to step 4.

4. Apply HeuristicP,. If Heuristic P, finds a policy, K°, such thatB(K°) > B, and

W,(K°) < W,, stop and returi&® and the current value a¥.*

5. SetN = N + 1. Go to Step 2.

A set of 54 instances was used by Berman et al. [15] to evalh&teerformance of
this heuristic. In all instancesS is fixed to 100, and values of are taken from the set
{10, 20, 30, 50,75,100}. Service rateg: are set to\/R, where the value ofR? is 10, 15 or
20. R can be interpreted as the ratio of the arrival rate over tleza@e service rateB; is
calculated as a product @t andh, whereh is set to 0.05, 0.1 or 0.2. The instances were
generated using these parameters in a way that would ensofgivial solutions. For details
regarding the instance generation procedure, see Bernahis @tork [15].

The performance oP, was evaluated by comparison with a complete enumeratiarepro
dure. A time limit of one hour was placed on the run-times ahbmethods. The complete
enumeration method was unable to find the optimal soluti@@iaut of the 54 instances within
the one-hour time limit. In the remaining 24 instances, thappsed heuristic was also able

to find the optimal solution. In fact, the run-time of the hetic, for each of the 54 instances

4In Berman et al.s paper [15], it is stated that tiNsis “optimal”. However, since heuristi®, may not be
able to find a feasible policy for a particular even if one exists, the value of returned by heuristi¢, may not
be optimal.
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tested, is smaller than 2 seconds. In a second experimewnt, th2 30 instances which the
complete enumeration procedure was unable to solve withénhmur were adjusted, by de-
creasing the value aB;, so that they could be solved within an hour by the completthatk
For these instances, the heuristic was able to find the epéiotal value ofV in all cases. The

run-times of the heuristic were at most 1 second for any cfdliestances.

2.4.2.1 Discussion

Problem P, is a both a queue design and a queue control problem. It isigndpsoblem
because one needs to determine the optimal value of a pamawlgth will then be fixed—the
total number of workers in the facility. It is a queue confpobblem because once the total
number of workers to be employed is determined, one needfettdieely manage them so as

to ensure that both types of work are completed at a satsfalevel.

In the design category, the problem is quite a bit differeorfthe ones typically appearing
in the literature. Namely, none of the papers discussedétid®e2.2.1 deal with determining
an optimal parameter of the queue that would depend on ati@uliproblem of finding a

satisfactory control policy.

Similarly, the problem?; is quite different from the cross-training literature seyed in
Section 2.3, mainly because it is based on very specific gasoms about both types of work
and allows an explicit statement of the balance equationdik&in the work of Brusco &
Johns [20], and Cezik & L'Ecuyer [22], the notion of time istxplicitly taken into account
in Berman et al.'s work. Moreover, Berman et al. assume thatakers are cross-trained,
whereas the papers of Slomp et al. [76], Chevalier & Tabo[@8h and Cezik & LEcuyer [22]
all assume the existence of several types of workers, soméofn may be able to perform
more than two tasks. Motivated by the cross-training litee, in Chapter 4 we relax the

assumption of Berman et al. that only cross-trained wordsremployed in the facility.
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2.5 Conclusion

ProblemsP; and P, of Berman et al. are problems of potential practical intedesling with
optimal design and control of a queue. Berman et al. havesde\gfficient heuristics for these
problems, which, however, do not guarantee optimalityatit,fthe quality of the solution these
methods provide is explictly evaluated by Berman et al. amya small set of instances and
only for problemp.

In Section 2.1, we introduced constraint programming, gr@gch that has been success-
fully used to solve many combinatorial problems [72]. Weogisesented a brief survey of
how constraint programming has been extended to solvegrabWhich involve uncertainty
and change. Although a variety of such extensions existiaitieof integration of constraint
programming with areas of operations research dealing stitbhastic or dynamic problems,
such as queueing theory, has been noted by Brown & Miguel [19]

In order to attempt to provide a link between constraint peagming and queueing theory,
in Chapter 3 we apply constraint programming to Berman &t @loblem P;,. We reinforce
this link by showing, in Chapter 4, that a CP-based method Ineaysed to solve an extension
of P, inspired by the cross-training literature. A secondaryl gdahis work is to propose

complete, rather than heuristic, methods for solving tipesblems.



Chapter 3

Constraint Programming for a Queue

Control Problem

As indicated in preceding chapter, the theory and methoaswo$traint programming have
been extended to solving problems involving uncertainty @mange. However, to our knowl-
edge, no one has attempted to apply CP to a stochastic qgecitrol problem. In this
chapter, we investigate whether CP can be successfully tassdlve a particular queueing

control problem, namely, proble®, of Berman et al., discussed in Section 2.4.

In the following section, three CP models for problétmare proposed. Sections 3.2 and
3.3 present methods for improving the efficiency of theseetgdocusing on dominance rules
and shaving procedures, respectively. Section 3.4 shopariexental results comparing the
proposed CP models and combinations of inference methotie. pérformance of the CP
techniques is contrasted with that of the heuristic methoBesman et al. Based on these
results, a hybrid method is proposed and evaluated in $e8tto In Section 3.6, a discussion

of the results is presented. Section 3.7 concludes thigehap

1A shorter version of this chapter appears as [93].

45
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3.1 Constraint Programming Models

Berman et al.’s problen®; concerns a retail facility of capacity which has back room and
front room operations and employscross-trained workers. The goal of the problem is to find
a policy which states how these workers should be switchéaddsn the two rooms. More
specifically, we seek a switching policy which minimizes éxpected customer waiting time,
W,, but ensures that the expected number of workers in the lwaok,rB, remains greater
than or equal to the minimum expected number of workBrsnecessary in the back room for
completion of all back room tasKsin the front room, customers arrive according to a Poisson
process with rate, and service times follow an exponential distribution wiike ;.

We investigate three CP models for this problem:
e Thelf-Thenmodel is a CP version of the formal definition of Berman et al.

e ThePSumanodel uses a slightly different set of variables, and moshefconstraints
are based on closed-form expressions derived from the radmtst that are used in the

If-Thenmodel.

e TheDual model includes a set of dual decision variables in additich¢ variables used
in thelf-ThenandPSumsnodels. Most of the constraints of this model are expregsed i

terms of these dual variables.

The proposed models have some similarities. Recall frontic@e2.4 that a policy is repre-
sented by the sek;,i = 0,1,..., N}, with the interpretation that whenever the number of
customers in the front room is betwegn; + 1 andk;, the number of workers in the front
room isi. Consequently, all three of the proposed models have a sd¢as$ion variables
ki,i=0,1,..., N, representing the switching policy. Eaghfrom this set has the domain

li,i+1,...,5 — N + ] and has to satisfy the constraint< k;., (since the number of work-

2Following Berman et al. [15], we assume only one potigye In this context, amptimal policyis a set of
numerical values for the parameters defining this policetyhich results in the lowest possililg, subject to
the back room constraint.
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ers in the front room;, increases only when the number of customgysincreases). Due to
the policy definition of Berman et alk,y is constrained to equal t©.

All models include variables and constraints for the regnégtion of the balance equations
(Equations (2.1)—(2.4)), and expressions fgrthe expected number of workers in the front
room, and, the expected number of customers in the front room. Howévese representa-
tions differ slightly depending on the model, as noted balo®ections 3.1.1, 3.1.2 and 3.1.3.
The equation foi#V, is exactly the same in all models and is stated as Equatidi, (8here
P(ky) is the probability of havingy, = S customers in the front room. This equation is taken
directly from the formulation of Berman et al. and has pregiyg been stated in Equation

(2.11).

L 1
YT TP -

A set of auxiliary variablegiSum(k;), for all i from 1 to N — 1, is included in each of
the models. These are necessary for representing Equatiyn\yhich relates these variables
to P(ko), a floating point variable with domaif..1] representing the probability of havirkg
customers in the facility. These auxiliary variables andstmint ensure that an assignment
of all decision variables leads to a unique solution of thiamee equations. We discuss the
formal definition of these auxiliary variables in Sectior.&.

The back room constrainB > B, is stated in all models a8 — ' > B,.

N
P(ko) > BSum(k;) = 1 (3.2)
=0

3.1.1 If-Then Model

The initial model is based directly on the formulation of Ban et al. and therefore includes
the variablesP(j) for j = ko, ko + 1,..., k1, k1 + 1,...,ky — 1, ky, each representing the

steady-state probability of there beirigcustomers in the front room. These floating point
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variables with domair0..1] have to satisfy a system of balance equations (Equatioh$—(2.

(2.4)) and are used to expresandF.

3.1.1.1 Balance Equation Constraints

In this model, balance equations are represented by a setha constraints. For example,
the first balance equatio®(j)A = P(j + 1)u for j = ko, ko + 1,..., k; — 1, is represented
by the constraintky < j < k;y — 1) — P(j)A = P(j + 1)u. Thus, somewhat inelegantly, an
if-then constraint of this kind has to be added for eadietween) and.S — 1 (inclusive) in
order to represent one balance equation. In order to ragrédserest of these equations, this
technique has to be applied for each pair of switching patpts;,; for : from0to NV — 1.

This results in a total oiV x S if-then constraints.

The probabilitiesP(;j) also have to satisfy the constra@f:k0 P(j) = 1. The difficulty
with this constraint is the fact that the sum startg at k,, wherek, is a variable. In order to
deal with this complication, we add the meta-constrairfe(reo Section 2.1.2 for a definition)
((j < ko) < (P(j) = 0)) for eachj from the se{0,1,...,S — N — 1}.2 This implies that all
values of P(j) with j less thark, will be 0 and allows us to express the sum-of-probabilities

constraint a$~7 | P(j) = 1.

The constraint necessary for ensuring a unique solutiohadalance equations once all
decision variables have been assigned, which is stateduatq (3.2), requires + 1 if-then
constraints. Each of these constraints has the followingfo
(ko = j) — P(j) ZfV:O BSum(k;) = 1 (refer to Section 3.1.4 for details regarding the calcu-
lation of SN | BSum(k;)).

3We do not need to add this constraint for afrom 0 to S because the upper bound of the domairkpfs
S — N.
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3.1.1.2 Expected Number of Workers Constraints

A set of if-then constraints also has to be included in ordeepresent Equation (3.3) (restate-
ment of Equation (2.8)) as a constraint in our model. Thisue tb the dependence of this

constraint on sums of variables between two switching goimhich are also variables.

N ki
F =

Y. iPG) (3.3)

i=1 j=k;_1+1

More specifically, we add a set of variablgsoduct(i, j) for representing the product of
and P(j) whenj is betweerk;_; + 1 andk;, and the constrainték; ; + 1 < j < k;) —
product(i, j) = iP(j) and(k;—y +1 > j || j > k;) — product(i,j) = 0 for all ; from 1 to
N and for allj from 0 to S. The total number of these if-then constraint8§(S + 1). F' can

then be simply stated as a sum over the indicasd; of variablesproduct(i, j).

3.1.1.3 Expected Number of Customers Constraint

L is defined according to Equation (2.10). Since the metatcains((;j < ko) < (P(j) =0))
has been added to the model in order to ensureftat = 0 for all j < k¢, the constraint for

L can be simply stated as the sum of the productsarfd P(;) over all j from 0 to.S:

L o= > iPG). (3.4)
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3.1.1.4 Overall Model

The completdf-Thenmodel can therefore be stated as:

minimize W,

50

subject to
ki < ki VZE{O,l,,N—l},
]{?N = S;
(ki<j<kin—-1) — PHI=PG+1)(+ 1y,
Vie {0,1,...,N —1},Vj €{0,1,...,5 —1};
5
Y PG) = 1
=0
N
(ko=3) — P()Y_ BSum(k;) =1,
i=0
V5 €{0,1,...,5};
S
L = Y jP()
5=0
(kisi+1<j<k) — product(i,j)=1iP(j),
Vie{l,2,..., N},Vj€{0,1,...,S};
(ki—l + 1 >j || ] > kl) - pT’OdUCt(’i,j) = 07
Vie{l,2,...,N},Vj€{0,1,...,5};
N S
F = ZZproduct(i,j);
i=1 j=0
L 1
W, = ——m—————;
! AL=P(ky)) n
N—-F > Byj;
auxiliary constraints,

whereauziliary constraints are constraints necessary for definingum(k;) and are dis-
cussed in Section 3.1.4.

This modelincludes atotal 8fV.S+2N+.S if-then constraints, which are highly inefficient
because propagation only occurs either when the left-h@aeds satisfied or when the right-
hand side becomes false. Consequently, the next model@t¢oavoid, as much as possible,

the use of such constraints.
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3.1.2 PSums Model

The second constraint programming model is based on cliesedexpressions that are de-
rived from the balance equations (Equations (2.1)—(2.®)e set ofP(j) variables from the
formulation of Berman et al. is replaced by a sePsfums(k;) variables fori =0, ..., N —1,
together with a set of probabilitieB(j) for j = ko, k1, ko, . . ., ky. Note thatP(j) is defined
for each switching point only, not for all values frofa, 1,...,S}. The PSums(k;) variable

represents the sum of all probabilities betwéeandk; ,; — 1.

3.1.2.1 Probability Constraints

Balance equations are not explicitly stated in this modelweler, expressions fdr(k;) and
PSums(k;) are derived in such a way that the balance equations aréiezhti$he technique
used for these derivations is similar to that used by Bermah £15] to simplify the calculation
of probabilities.

Consider the balance equatiét{j)\ = P(j + 1)iu, which is true forj = k;_1, ki1 +

1,...,k;—1andany: € {1,2..., N}. In particular, this subset of the balance equations is

P(ki-)A = P(ki-i + 1)ip

P(kiy+ D)X = Pk + 2)ip

Pk, — DA = P(k)ip.

These equations imply the following expressions:

P(Iz,’%/;m = Plki+1) (3.5)
P(ki—1 +1)A = Pk +2)
i -
P(k; —1)A Pk,

i
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ki—ki_1
Combining these together, we getk;) = ( A) P(k;_,) foralli from 1toN, or

i

kis1—k

Consequently, Equation (3.6) is a recursive formula for potimg P(k;.1). P(ko) can be
computed by using Equation (3.2). As in the other two modgbls,implementation of this
constraint requires the use of auxiliary variabléSum(k;), which are discussed in detail in
Section 3.1.4. However, unlike in the other two models, tuisstraint does not require any
if-then constraints since variabl&(k,) is explicitly defined.

Similarly, from Equation (3.5), we see thB{k; ; + 1) = %P(ki_l) for all ; from 1 to NV,
or

A
(t+ 1

Using Equation (3.7), an expression BSums(k;), the sum of probabilitie$(;) for j

P(k; +1) = P(k;), Vie{0,1,...,N}. (3.7)

betweenk; andk;,; — 1, can be derived as follows:

z+1 1

PSums(k;) = Z P(j

- P(k‘z) + P(ki+ 1)+ P(ki +2)+ -+ P(kip1 — 1)
e <z+1 )Zﬂk h
A ——

= P(k;) + P(k; )

= P(k) |1

4 ' |: )\ :|kz+1 k
1 |
P (k) —HE L if A A1

= L i on (3.8)

P(k;) (ki1 — ki) otherwise.
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The last step in the derivation is based on the observatamntitie expressiofil + ﬁ +

kip1—ki—1
A A - . . . .
((z’+1) ) +- <(2+1) ) | is a geometric series with the common r%. When

(2+1 is 1, the expression is simply a sumigf; — k; ones.

Additionally, the probabilities have to satisfy the comstt >~ ' PSums(k;) + P(ky) =

3.1.2.2 Expected Number of Workers Constraint

F can be expressed in termsBfk;) and PSums(k;) using the following sequence of steps:

ki
= > i[P(kict + 1)+ Plhiy +2) + - + P(ki — 1) + P(k;)]

= D ilPSums(kir) = Plhia) + P(k)] (3.9)

3.1.2.3 Expected Number of Customers Constraints

The equation fol, can be derived as in a similar manner:

kN
L = ) jP(j)
Jj=ko
ki1—1 ko—1 kn—1
= Y PG+ D _JPG) ++ D GP(G) +knP(ky)
Jj=ko Jj=k1 Jj=kn_1

= L(k;o) + L(ky) + -+ L(ky-1) + knP(ky)

= Z L(k;) + knP(ky) (3.10)
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where

L(ki) = kPk)+ ki+1)Pki+1)+ (ki+2)P(ki+2)+ -+ (ki1 — 1)P(kiy1 — 1)
= kP(k)+kP(k+1)+kPk+2)+- -+ kP(kiyn— 1)+ P(k;i + 1)
+ 2P(ki+2)+ -+ (kig1 — ki — 1)P(kis1 — 1)
= k[P(k) 4+ P(ki+1)+ Pk +2) + -+ Plkiyr — 1)) + P(k; + 1)

+ 2P(ki+2)+ -+ (kig1 — ki — 1)P(kis1 — 1)
- 2P(l<:i)< A )

(i+1p (i + 1
et (b — ks + )Pk ( - ﬁl)u)k”l_ki_l
= k;PSums(k;) + P(k;) = x |1+ 2(2, +A1)u + 3<(Z_ +A1)u)2 + ...
© (ki — ki — DP(k) (ﬁ)k_H]
= kiPSums(k) + (k) +A1),J ki_l n( - +A1>,J) "
~ kiPSums(l) + P(k) +)\1)M

A kiv1—ki—1 A\ kiv1—k;

A\ 2
(1 - (i+1)u>
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3.1.2.4 Overall Model

ThePSumsnodel can be summarized as follows:

minimize W,

subject to

PSums(k;)

W,
N —-F

auxiliary

v

kit Vie {0,1,...,N —1};
S;
A kiy1—k;
((H 1)#) P
Vie {0,1,...,N —1};
( ki+1_k3i
- [(' +A1) }
1 0 .
1+ 1p ’
\ P(k;)(kix1 — ki)  otherwise
Vie{1,2,...,N -1}
P(kn) = 1;
N
> BSum(k;) = 1;

=0

i[PSums(ki—1) — P(ki—1) + P(k;)];

M-

1

7

=2

L(k;) + knP(ky),

Il
o

%

(i +Dp
kit1—k;
(ki — ki) + (ﬁ) (ki1 —ki—1)+1

A 2 ’
(1~ =)

kiv1—k;—1
AT
(i+1)p

Vie {0,1,...,N —1};
L 1
M1 —P(ky) p
By;
constraints,

whereauziliary constraints are constraints necessary for calculating the valugsain(k;).
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These are discussed in Section 3.1.4.

3.1.3 Dual Model

The problem can be alternatively formulated using varigblg which represent the number
of workers in the front room when there ajecustomers present. The; variables can be
referred to as thdual variables because, compared to i&t® the roles of variables and values
are switched [48, 82].

In our Dual model, there are + 1 w; variables, each with domai®, 1, ..., N|. These
variables have to satisfy the following equations; = 0, wg = N andw; < w;;, for all j
from0to S — 1. Additionally, the complete set @f; variables is included in this model, since

some constraints are easier to express usingtather than the;s.

3.1.3.1 Probability Constraints

Given the set of dual variables, the balance equations cegsketed as
P(H)N = PG+ Dwjap, Yje{0,1,...,5 -1} (3.11)

This formulation of the balance equations avoids the inefliicif-then constraints. The rest
of the restrictions on the probability variables are stategrms of thek; variables, as in the
If-Thenmodel. In particular, the constrainEfzoP(j) =1, ((ko > j) < (P(j) = 0))
Vj € {0,...,8 — N — 1}, and(ky = j) — P(j) >N, BSum(k;) = 1Vj € {0,1,...,5}
(refer to Section 3.1.4 for details regarding the calcufab?fo\io BSum(k;)) are present in

this model.

3.1.3.2 Channelling Constraints

In order to use redundant variables, a set of channellingtcaints has to be added to the model

to ensure that an assignment of values to one set of variallldead to a unique assignment
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of variables in the other set. The following channelling stoaints are included:

wW; < Wjgr < ]ij =3 Vj € {0,1, oS = 1}, (312)
Wj = Wiy <7 kwj 7&] v] S {0717 .- '75_ 1}7 (313)

w;=i « k+1<j<k Vje{0,1,....8}, Vie{l,....N}. (3.14)

3.1.3.3 Expected Number of Workers Constraint

The expression for the expected number of workers in the fiom isF = Zfzo w;P(j).

3.1.3.4 Expected Number of Customers Constraint

The constraint used to exprekss identical to the one used in tihieThenmodel:

This equation is valid because &l ;) for j < kq are constrained to be 0.

4Constraints (3.12) and (3.13) are redundant given the @insty; < w; ;. However, such redundancy can
often lead to increased propagation [48]. One directiofiifure work is examining the effect that removing one
of these constraints may have on the performance of the gmagr
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3.1.3.5 Overall Model

The Dual model can be stated as:

minimize
subject to

w0:07

auxiliary

Auziliary constraints are necessary for calculatifthum(k;) and are discussed in the fol-

lowing section.

=

T 7T 1T 1 AIA

l

v

wg = N

Wj+1

ki

S;
kw, =J
kwj #J
kia+1<j<k

P(j+ Dwjyip
N

P(j) Y BSum(k;) =1,
i=0

(P(j) = 0),

N1—Plky)  p
By;

constraints.

Vie{l,2,...
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Vi€ {0,1,...,5—1);
Vie {0,1,..., N —1};
Vi€ {0,1,...,5—1);
vie{0,1,...,8 —1};
7N}7vj€{0717"'75};
vje{0,1,...,5 —1};
Vi€ {0,1,...,5);
Vi€ {0,1,...,8— N —1};
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3.1.4 Auxiliary Variables and Constraints

Berman et al. derive, from the balance equations, the exugiik;) ijko B; = 1 where

1 if j=ko
8= CY P X k1< sk =1 (3.15)
Iz i i i—1 Sy ko= 1,...,

and
i—1 1 kg—kg—1
X, = (—) , (X1=1),i=1,...,N. (3.16)

These expressions have to be included in each of the modelslén to ensure that the val-
ues assigned to the probability variabléX;j), or PSums(k;) and P(k;), constitute a unique

solution to the balance equations (2.1)—(2.4).

Consequently, in all models, there is a sef\of- 2 auxiliary expression; for all  from
3to N (X; and X, are always equal to 1). There are al$o+ 1 continuous auxiliary variables
BSum(k;) with domain[0. .. 1 +S(§> S] which represent sums ¢f fromj = k,_1+1toj =
k;. BSum(ko) is constrained to equal 1, while the rest of these variabkegefined according

to Equation (3.17). The validity of this equation is proventbe following derivation, which
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uses the formula for the sum of a finite geometric series itabtestep:

BSum(k;)

X

ki
> B

j kz 1+1

i— 1+1 k?() 1 7— 1+1 k‘L 1
G0
)\ 7— 1+2 k?O 1 k‘L 1+2 k‘L 1 )\ ki_kO 1 ki_kifl
- e _ - Xq,
(u) <Z> " (u) <Z>
A\ P ko+1 1
()6
1
. A1l N ( )2(1) N N ()\)lﬂ—ko—(kil—ko-l-l) (1)ki—ki1—1]
pio \p " 5
Y ki_1—ko+1 1 ki—ki_1—1
x,(2 L
(N) (2)

n=0

A ki—ki_1
)\ k‘ifl—k‘o"rl 1 1_(a) . N
() G|t & e
i (3.17)
ki—1—ko+1
X; (%) (%) (ki — ki—1) otherwise.

The sumz ., B; can then be expressed B3, 3Sum(k;). The requirement thal (ko) x

Z] %, B has to equal 1 is stated in tHeThenmodel and in théual model as a set of if-then

constraintg ko = j) — P(j) Zi:o pSum(k;) = 1forall j € {0,1,...,S5}. InthePSums

model, this requirement is stated directly/2g:,) > _o BSum(k;), because this model has an

explicit closed-form expression for the varialiték,).

In summary, thewuxiliary constraints that are present in each of the models are:
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;

A ki—ki—1
A\ Kimi—hotl g 1—(m> .
() G| by e
BSum(k;) = i

Y ki—1—ko+1 1
X, (—) (—) (ki — k1) otherwise.
] i
Vie{l,...,N};

3.1.5 Summary

Table 3.1 presents a summary of the number of variables amgtraints in each of the three
proposed models. It can be seen thatB&umsamodel has a smaller number of probability
variables and constraints but a slightly larger number oktmints for representing than the
other two models, and no if-then constraints. Thel model has a larger number of decision
variables than théf-Thenand PSumsamodels. This does not imply that the search space is
bigger in this model because the two sets of variables akedity channelling constraints
and so are assigned values via propagation. Din@ allows the simplest representations of
F and L, each requiring only one constraint. The number of proldglgbnstraints in the
Dual is smaller than or equal to the number of such constraintieiftThen model and
greater than in theSumsnodel. However, the actual representation of these contstiia the
most straightforward in th®ual since it neither requires if-then constraints nor closmunf
expressions. ThE-Thenmodel has, by far, the greatest number of constraints ih tegaonly
advantage over theSumsnodel is the significantly simpler representation.of

It is hard to determine, simply by looking at the statisticsgented in Table 3.1, which of
the models will be more efficient since, in CP, a larger nundf@onstraints and/or variables
may actually lead to more propagation and to a more effectioeel [82]. However, it is
known that if-then constraints do not propagate well, ant;esthe difference in the number
of these constraints between tA8umsnodel and both th#-Thenmodel and thé®ual model

is quite significant, one may expect tRSumanodel to have some advantage over the other
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Statistic/Model If-Then PSums Dual
# of decision variables N+1 N+1 | N+S5+2
# of probability variables S+1 2N +1 S+1

# of probability constraints N(S —1) +25+2 | 2N +1 |35 — N +2

# of constraints for 2N(S+1)+1 1 1
# of constraints fol, 1 N+1 1
# of if-then constraints 3NS +2N + S8 0 S+1

Table 3.1: Summary of the main characteristics of the threpgsed CP models.

two models.

In fact, preliminary experiments with all three models skdwoor performance (see Table
3.2). Due to the small number of constraints between detisoiables and the complexity of
constraints relating the decision variables to varial#esasenting probabilities, there was little
constraint propagation, and, essentially, search wasreztjto explore the entire branch-and-
bound tree. As a consequence, in the following two sectiansxamine dominance rules and
shaving, two stronger inference forms used in CP (introdugeSection 2.1.1.3). In Section
3.6, we investigate why the models without dominance rulesshaving need to search the
whole tree in order to prove optimality, and also discustedghces in the performance of the

models based on our experimental results.

3.2 Dominance Rules

A dominance rule is a constraint that forbids assignmentgabfes to variables which are
known to be sub-optimal. For this particular problem, a dwanice rule can be derived by first
noticing that any policy can be decomposed into two partg. firet part, which will be further
referred to as the “head” of the policy, is an ordered seqeiefk;s, starting fronk,, which are

assigned their smallest possible values. The second pasidered as the “tail” of the policy,
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contains all the rest of the switching points. The dominantethat can be added to any of the
proposed constraint programming models states that, givfeasible solutioni’, all further
solutions have to have at least one switching point in thet#e policy assigned a lower value
than the value assigned to it id. In other words, given two solutions and K7, if the I,
value resulting from policyx” is smaller than or equal to tH&’, value resulting from¥, then
there have to exist switching poimt$ andk; in the tail of K" and K, respectively, satisfying

the conditionk, < k;. The following theorem states the dominance rule more fiyma

Theorem 3.2.1 (Dominance Rule)Let K = (ko, ky,...,ky) and K’ = (k}, Kk}, ... k) be
two policies such thaty = k{, =0, ky = ki =1,...,k;1 = k), = J—1andk; # k)
(i.e. at least one ok, &/, is strictly greater thanJ) for someJ € {0,1,..., N — 1}. Let
W,(K) andW,(K’) denote the expected waiting times resulting from the twizieslXx” and
K', respectively. W, (K") < W,(K), then there existse {J,J+1,J+2,...,N — 1} for
whichk] < k;.

Proof: [By Contraposition] We prove the contrapositive of the esta¢nt in Theorem 3.2.1.
we assume that there does not exist{.J,J + 1,..., N — 1} such that < k; and

show that, given this assumptioii,,(K’) has to be greater than or equalig(K).

Assumena € {J,J +1,..., N — 1} exists for whichk, < k;. Then one of the
following is true:

@k, =k, forallne{JJ+1,...,N—1}, or

(b) there exists at least ories {J,J +1,..., N — 1} such tha&, > k;, and the values

of the rest of the switching points are the same in the twaocpesi
Case (a) implies thak” and K are the same policy, and $8,(K) = W, (K").

To prove (b), suppose there exists exactly gre{.J, J +1,J +2,..., N — 1} such
thatk; > k;, andk, = k), foralln € {J,..., N — 1} \ {j}. ThenK andK" are

different in the value of exactly one switching point. Comsently, by Theorem 2.4.1,
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W,(K'") > W,(K). Similarly, by applying Theorem 2.4.1 several times, treute

generalizes to cases when there exists more thayi saeh that); > k;.

Therefore, ifnoi € {J,J+1,..., N — 1} exists for whichk, < k;, it follows that
W,(K') > W,(K). In other words, ifiV,(K") < W,(K) then there exists
ie{J,J+1,...,N—1}forwhichk] < k;. n

This implies that, given a feasible poli¢y, 1, ...,k k7, ..., ky_;, S) where all switch-
ing points with index; or greater are in the tail of the policy, we know that a solutith
smallerV, has to satisfy the constraittk; < £7) || (kiv1 < k) || .. || (kbyvoa <
kx_1))- Therefore, in order to implement the dominance rule, wesaahth a constraint during
search every time a feasible policy is found, which shouédile a reduction in the size of
the search space. Section 3.4 presents experimentalsresgérding the usefulness of this

technique.

3.3 Shaving

Another inference method that is known to be useful in retyithe search space of a prob-
lem is shaving, which temporarily adds constraints to tledl@am, performs propagation and
reduces variable domains based on the resulting state pfotséem.

In a shaving procedure for our problem, we temporarily assigparticular value to a
switching point variable, while the rest of the variables assigned either their maximum
or their minimum possible values. Depending on whether é¢isalting policies are feasible or
infeasible, new bounds for the switching point variabley/ rha derived. An example using
the instance withV = 3, S = 6, A = 15, u© = 3, B, = 0.32 is used below for illustra-
tion purposes. This is the same example as used by Berman ¢t5lto illustrate their
heuristic. Policyk’, which always yields the smallest possibig [15], for this instance is
(ko, k1, ko, k3) = (0,1,2,6) and policyf{, which always yields the greatest possildlg [15],
is (3,4, 5,6). Thus, the initial domains of the switching points &e3], [1..4], [2..5] and[6]
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for ko, k1, ko andks, respectively. At any step, shaving may be able to reducddhsains of

one or more of these variables.

3.3.1 B-based Shaving Procedure

The initial shaving procedure consists of two cases in wigither the upper or the lower
bounds of variables may be modified.

In the first case, the constraibit = min(k;), wheremin(k;) is the smallest value from the
domain ofk;, is temporarily added to the problem for some particulaneaf: betweer) and
N. All other switching points are assigned their maximum gmes/alues using the function
gMax Given an array of variables, the functigiMax assigns the maximum possible values
to all of the variables that do not yet have a value, returtiing if the resulting assignment
is feasible, and false otherwise. The maximum possibleegafite not necessarily the upper
bound values in the domains of the corresponding variatadiser they are the highest values
in these domains that respect the condition that k,, 1, Vn € {0,..., N — 1}. In the above
example, ifk, is assigned the valug while the rest of the variables are unbougifiaxwould
result in policy(1, 2, 3, 6), which is infeasible, and thus false would be returned.

Recall that an assignment is infeasible when it yields walue which is smaller thar;.
When the policy resulting from the addition bf = min(k;) and the use ojMaxis infeasible,
andmin(k;) + 1 < max(k;), the constraink; > min(k;) can be added to the problem: if all
variables except; are set to their maximum values, and the problem is infeasibén in any
feasible policyk; must be greater thamin(k;). Such reasoning is valid since Theorem 2.4.1
states that increasing the value of a switching point widt@aseB. Note that if the solution is
feasible, it should be recorded as the best-so-far soliftitniV, value is smaller than thié/,
value of the previous best policy. For easier referencs,fhit of the shaving procedure will
be referred to as thgMaxcase.

In the second case, the constradint= max(k;) is added to the problem for sombetween

0 and N, wheremax(k;) is the maximum value from the domainiaf The rest of the variables
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are assigned the minimum values from their domains usinfuthetiongMin. These assign-
ments are made in a way that respects the constrigints k.1, Vn € {0,..., N — 1}. If the
resulting policy is feasible, then the constraipt< max(k;) can be permanently added to the
problem, assumingax(k;) — 1 > min(k;). Since all variables except are at their minimum
values already, ank; is at its maximum, it must be true, again by Theorem 2.4.1,ithany
better solution the value @f has to be smaller thanax(k;). This case will be further referred

to as thegMin case.

In both cases, if the inferred constraint violates the auregper or lower bound of &;,
then the best policy found up to that point is optimal. On tbetrary, whenever the domain
of a switching point is modified as a result of inferences ndaéng thegMax or gMin case,
all of the switching points need to be re-considered by tlavisiy procedure. If the domain
of one variable is reduced during a particular shaving fitena some of the temporary con-
straints added in the next round of shaving will be diffeffeotn the ones used previously, and,
consequently, new inferences may be possible. Thus, thenghprocedure terminates when

optimality is proven or when no more inferences may be made.

Consider now the example mentioned above. Suppose theraiomgt, = 0 is added
to the problem, and all the rest of the variables are assigmad maximum possible values
(usinggMaX. The resulting policy ik, k1, ko, k3) = (0,4,5,6). This policy yields aB
value 0f0.63171, which implies that this policy is feasible, and so no domaituctions can
be inferred. The constraity = 0 is then removed. Since the domain of has not been
modified, the procedure considers the next variable. Thesgonstraint; = 1 is added, and
all the other variables are again set to their maximum valtibe resulting policy i$0, 1, 5, 6),
which is also feasible since if$ value is0.508992. The constraink; = 1 is then removed and
ko = 2 is added. When all the other variables are set to their maxivalues, the resulting
policy is (0,1,2,6). This policy yields aB value of(0.1116577, which is smaller tha.32.
Thus, this policy is infeasible, and the constrdint> 2 is added to the problem. This changes

the domain of;, to [3..5]. Whenever the domain of a variable is reduced, the next spatep
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considers the same switching point, and so the next constoabe added ig, = 3.

Now, consider thgMin case and assume that all variables have their full initiah@ios.
Suppose the constrailg = 3 is added to the problem. All the rest of the variables areyassi
their smallest possible values consistent wkith= 3. Thus, the policy3, 4, 5, 6) is considered.
This policy has & value 0f0.648305 and is feasible (itis in facﬁ’, so if it were infeasible, the
problem would have been infeasible). The valuéin any better solution has to be smaller
than3, and so the domains of the variables becdie], [1..4], [2..5], and[6]. The constraint
ko = 3 is removed, and, since the domainigfhas been modified, the constraigt = 2 is
added next. The policy that is considered noW2s3, 4, 6). This policy is also feasible, and
so the domains become..1], [1..4], [2..5], [6]. The temporary constraitit, = 2 is removed,
and the next one added /g = 1. The corresponding policy assigned d¢lin is infeasible,
and no domain reductions are made. Since the additiég ef 1 did not result in any domain
reductions, there is no need to reconsider the varigblentil after all other switching points

have been looked at. Consequently, the next temporaryreamso be added i&; = 4.

In the completes;-based shaving procedure, we can start either witlg ke or thegMax
case. Since policies considered in tiidin case will generally have smaller waiting time than
ones considered in tlgMax case, it may be beneficial to start with thklin case. This is the

approach we take.

Our completeB;-based shaving algorithm is presented in Figure 3.1. ltss@®d in all of
the algorithms presented that the functions “addgtraint)” and “removetonstraint)” add

and removeonstraint to and from the model, respectively.

Upon the completion of this shaving procedure, the constié], < bestW,, wherebestV,
is the value of the best solution found up to that point, isead@’, < bestWV, rather than
W, < bestW, is added because of issues with testing equality of floatmigtphumbers).
However, although such a constraint rules out policies Wigiher1V, as infeasible, it results
in almost no propagation of the domains of the decision éegand does little to reduce the

size of the search tree. In order to remedy this problem hemahaving procedure, this time
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Algorithm 1: B;-based Shaving

Input: S, N, i, A\, B, (problem instance parametergystIV, (objective function value of the
best solution found so farpgstSolution (best solution found so far)

Output: bestW, andbestSolution with (possibly) modified domains of the variables or
bestW, andbestSolution with proof of their optimality

changed = true
while (changed)
changed = false
for all from0to N — 1
success fulShave = true
while (success fulShave)
success fulShave = false
add(k; = max(Domain(k;)) )
if (gMin)
if (W, < bestW,)
bestSolution = currentSolution
bestWy, = W,
if (max(Domain(k;)) —1 > min(Domain(k;)))
add(k; < max(Domain(k;)))
success ful Shave = true
changed = true
else
returnbestSolution, bestW,; stop, optimality has been proven
remove(k; = max(Domain(k;)))

success fulShave = true
while (success fulShave)
success fulShave = false
add(k; = min(Domain(k;)))
if (gMax)
if (W, < bestW,)
bestSolution = currentSolution
bestWy, = W,
else
if (min(Domain(k;))+ 1 < max(Domain(k;)))
add(k; > min(Domain(k;)))
success ful Shave = true
changed = true
else
returnbestSolution, bestW,; stop, optimality has been proven
remove(k; = min(Domain(k;)) )

Figure 3.1:B,-based shaving algorithm
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based on the constraifit, < bestW, is proposed in the next sub-section. The issue of the
lack of propagation of the domains kf from the addition of this constraint will be discussed

in more detail in Section 3.6.1.

3.3.2 W,-based Shaving Procedure

The W,-based shaving procedure makes inferences based stricttigeoconstrainl, <
bestW,. In fact, the constrainB > B, is removed prior to running this procedure in order
to eliminate the possibility of incorrect inferences. Sarly to the B,-based shaving proce-
dure, a constraint of the forrh; = max(k;), wheremax(k;) is the maximum value in the
domain ofk;, is added temporarily, and the functigiMlin is used to assign values to the rest
of the variables. As thé&, constraint has been removed, the only reason why the padialdc

be infeasible is because it haslg value greater than the bédf, that has been encountered
so far. Since all switching points excéptare assigned their smallest possible values, this im-
plies that in any solution with a smaller expected waitimgej the value ok; has to be strictly
smaller thanmax(k;). Note that this inference is correct regardless of whethemblicy is

feasible in terms oB3; or not. The complete procedure is stated in pseudo-codguréB.2.

3.3.3 Combination of Shaving Procedures

W,-based and;-based shaving will result in different domain reductiomes they are based
on two different constraints. Moreover, using the two tbgemay cause more domain modifi-
cations than when either is used by itself. For example, whgfbased shaving is successful,
the upper bounds of some of the variables are reduced. Asil, i€$3;-based shaving is used
after such a run of¥/,-based shaving, a completely new set of policies will be t@red by

the functiongMax possibly leading to new domain reductions. Similarlyhi# B;-based shav-
ing procedure finds a new best solutidii,-based shaving may be able to make new domain

reductions due to the new valueleftIV,. Therefore, it makes sense to run thebased and
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Algorithm 2: W,-based Shaving

Input: S, N, u, A\, B, (problem instance parametersystIV, (objective function value of the
best solution found so fardestSolution (best solution found so far)

Output: bestW, andbestSolution with (possibly) modified domains of the variables or
bestW, andbestSolution with proof of their optimality

changed = true
while (changed)
changed = false
for alli from0Oto N — 1
success ful Shave = true
while (success fulShave)
success fulShave = false
add(k; = max(Domain(k;)) )
if ("gMin)
if (max(Domain(k;)) —1 > min(Domain(k;)))
add(k; < max(Domain(k;)))
success ful Shave = true
changed = true

remove(k; = max(Domain(k;)))

Figure 3.2:W,-based shaving algorithm
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W,-based shaving procedures alternately (Withand B; constraints added and removed ap-
propriately) until no more domain pruning is possible. Saaombination of the two shaving

procedures will be referred to &dternatingShaving

The AlternatingShavingrocedure can be effectively combined with search in thievol
ing mannerAlternatingShavingan be run initially, until no further domain modificationga
possible. Search can then be performed until a better saligifound, at which poinélter-
natingShavingan be applied again. Subsequently, search and shavindteamate until one
of them proves optimality of the best solution found. Suchapproach may be successful
because if search finds a new best solution, a new constraiff,avill be added, and s&//,-
based shaving may be able to reduce the upper bounds of thehiswi point variables. As
stated previously, modifications of the upper bounds may kxad to further domain changes
resulting fromB,;-based shaving. This way of combining search and shavindo@ifurther

referred to ag\lternatingSearchAndShaving

One should note that other variations of shaving are passiblparticular, bothB,;-based
and W,-based shaving procedures can be extended to make inferaboet values of two
switching points. For example, one can assign maximum saioi@ pair of switching point
variables, while assigning minimum values to the rest. éfrigsulting policy is feasible, then a
constraint stating that at least one variable from thislpagrto be assigned a smaller value can
be added to the problem. Various combinations of shavinggahares based on one switching
point with ones based on two switching points are possibtavéver, preliminary experiments
indicated that shaving procedures based on two switchimggdo not, in general, result in
more effective models. This is because such procedurestdexpbcitly reduce the domains
of the switching point variables but rather add a set of qairsts to the model which do not
appear to significantly reduce the search space. One pesisibttion for future work may be

to further investigate these possible variations of st@avin
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3.4 Experimental Results

Several sets of experiments were performed in order to atathe efficiency of the proposed
models and the effectiveness of dominance rules and shavaugdures, as well as to com-
pare the performance of the best CP model with the perforenahbeuristicP; proposed by
Berman et al. [15] (see Section 2.4.1.2 for a descriptiotisfteuristic). All constraint pro-
gramming models were implemented in ILOG Solver ®vihile the heuristic of Berman et al.
was implemented using C++.

Recall that policyk” = {ko = 0,k = 1,ky = 2,... ,ky_y = N — 1, ky = S} yields the
smallest possiblé&l/, and B, and the policy[:( ={koy=S—Nk1=S—N+1,....ky_1 =
S — 1,ky = S} yields the greatest possiblg, and B. The information gained from these
two policies is explicitly used in the implementation of #iree models. In particular, the
feasibility off( is checked first. If this policy is infeasible, then the pramgrstops as there
is no feasible solution for that instance [15].f{f is feasible, the feasibility of< is checked
next. If K is feasible, then it is optimal [15]. The two cases wheris optimal andf( is
infeasible are therefore trivial and are solved easily ldotithe CP models and by Berman
et al.’s heuristicP,. Additionally, experiments with instances in Whi(fi‘l is optimal are not
presented. Although these are very hard to solve withoutishausing the elementark;-
based shaving procedure will always result in a (usually) fa®of of the optimality of this
policy. This case is also trivial for Berman et al.'s heucdstConsequently, the experimental

results presented here are based only on the instancesiftdr thie optimal is betweeA” and

~
~

K.

Preliminary experiments indicated that the valuéSdias a significant impact on the effi-
ciency of the programs since higher valuesSofesult in larger domains for thie variables
for all models and a higher number of variables for theDual model. As indicated in Table

3.1 in Section 3.1.55 also has a big impact on the number of constraints inftfienenand

SResults are quite sensitive to the level of precision thegisIn all models, we set the default Solver precision
to 0.000001.
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Dual models. Therefore, it was essential to consider instarmesaich value ob from the set
{10, 20,...,100} in order to gain an accurate understanding of the performahthe model
and the heuristic. Thirty instances were generated for éaichsuch a way as to ensure that
the instance is feasible and that the optimal policy is raxelﬂ‘l nor X% A 10-minute time limit
on the overall run-time of the program was enforced in theeggrpents. All experiments were
performed on a Dual Core AMD 270 CPU with 1 MB cache, 4 GB of nragmory, running
Red Hat Enterprise Linux 4.

In order to perform comparisons between the CP models, ameba the CP models and
Berman et al.’s heuristic, we look at mean run-times, the emof instances in which the
optimal solution was found, the number of instances in winigtimality was proven and the
mean relative error (MRE). MRE is a measure of solution dqualiat allows one to observe

how quickly a particular algorithm is able to find a good swint MRE is defined as

MRE(a, M) = - z\14| 3 C(“’”Zf(_ )C*(m) (3.18)

meM m
whereq is a particular algorithm that is used to solve the probléinjs the set of problem
instances on which the algorithm is being teste€d, m) is the cost of a solution found for
instancem by algorithma, andc¢*(m) is the best solution for instanee found during our

experiments.

3.4.1 Comparison of Constraint Programming Models and Techiques

Each CP model was tested with and without the use of shavishngaminance rules. A total of
30 CP-based methods for solving this problem were therefeakiated. In the following re-
sults, a model wittB;-based shaving is a model which runs fhebased shaving procedure un-
til no more domain changes are possible, adds a constrathearalue ofit, based on the best

solution found during the shaving procedure and runs sdar¢he rest of the time. Similarly,

8For most instances with greater than 100, neither our method nor Berman et al.'si$teuP; may be used
due to numerical instability. The maximum value$fised in the experiments of Berman et al. is also 100.
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models with\¥,-based shaving anditernatingShavingire models which run th#/,-based
shaving procedure and thAdternatingShavingrocedure, respectively, until it is no longer
possible to reduce the domains of the switching point véegladd a constraint requirindy,

to be less than the expected waiting time of the best soléitiond by the shaving procedure
and use search for the rest of the time. As described prdyjRlgernatingSearchAndShaving
alternates between search and AtiernatingShavingrocedure. In all models, search assigns
switching points in increasing index order. The smalletti@an the domain of each variable
is tried first. In future work, it may be worthwhile to expeemt with other variable and value

ordering heuristics to see if the performance of the modatshe improved.

3.4.1.1 Constraint Programming Models

Table 3.2 presents the number of instances, out of 300, fahahe optimal solution has been
found and proven by each of the 30 proposed CP-based mefhbdgable indicates that the
PSumamodel is the most effective of the three, proving optimaiitythe largest number of
instances regardless of the use of dominance rules andchghawith AlternatingSearchAnd-
ShavingPSumsroves optimality in the largest number of instances:913% of all instances,
or 238 out of 239 instances for which optimality has been @ndwy any model.

Observations from Table 3.2 can be further confirmed by logkit Figure 3.3. This figure
shows how MRE changes over the first 50 seconds of run-timé-fidtien PSumsandDual
models withAlternatingSearchAndShavingnd for Berman’s heuristic (we comment on the
performance of the heuristic in Section 3.4.2). It can be $lkeatPSumss, on average, able to
find better solutions than the other two models given the sam@unt of run-time.

In Table 3.3, additional statistics regarding the perfarogaof the three models withl-
ternatingSearchAndShavirggnd without dominance rules are presented (we comment on the
same statistics for the heuristic in Section 3.4.2). Inipaldr, for each model, the number
of instances in which it finds the best solution (out of 30B¢ humber of instances in which

it finds the optimal solution (out of all cases for which opaiity has been proven) and the
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No Shaving| Bj-based| W,-based| Alternating | AlternatingSearch
Shaving | Shaving Shaving AndShaving
D ND D ND| D |ND| D ND D ND
If-Then| 105| 105 | 192| 191| 105| 105| 219| 218 | 234 234
PSums| 126 | 126 | 202 | 201 | 126| 126 | 225| 225 | 238 238
Dual 105| 105 | 191|191|105| 105| 218| 218 | 232 232

Table 3.2: Number of instances for which optimality is fouswad proven within 10 CPU-
minutes out of a total of 300 problem instances (D - with daante rules, ND - without

dominance rules).
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Figure 3.3: Comparison of MRE of three CP models whtternatingSearchAndShavimgth

Berman’s Heuristid;.
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number of times it proves optimality are presented. It casd®n that all models find the op-
timal solution in the 239 instances for which it is known. Hewer, thePSumsanodel proves
optimality in 4 more instances than tHeThenmodel and in 6 more instances than theal.
PSumaalso finds the best-known solution of any algorithmdin6% of all the instances con-
sidered. A more detailed discussion of the differencesérpigrformance of the CP models is

presented in Section 3.6.2.

3.4.1.2 Shaving Procedures

From Table 3.2, it can be observed that without shaving arhk the IW,-based shaving pro-
cedure, the CP models prove optimality in the fewest numbeases. The similarity in per-
formance of models without shaving and with,-based shaving is not surprising because the
W,-based procedure is able to start pruning domains only whewvalue of the best policy
found up to that point is quite good. When tié&-based procedure is used alone, it only has
one solution to base its inferences on, naml%l.y Since all policies will result in a smaller
expected waiting time thafi’, this procedure by itself is useless.
Employing theB;-based shaving procedure substantially improves the jmegioce of all

models: without dominance rules, tifeThen the PSumsand theDual models prove opti-

mality in 86, 75 and 86 more instances, respectively, tharctrresponding models without

# best found (/300) # optimal found (/239) # optimal proved (/300
PSums 293 239 238
If-Then 282 239 234
Dual 279 239 232
P 282 238 0

Table 3.3: Comparison of three CP models (witlternatingSearchAndShaviregd without

dominance rules) with Berman'’s Heuristi;.
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Figure 3.4:PSumsnodel with various shaving techniques: average run-timesdch value of
S. Average run-times foPSumswvithout shaving are not shown in this graph since the resylti

curve would be indistinguishable from the one fo-based shaving.

shaving or with onlylV,-based shaving; with dominance rules, the situation isvedgmt.
These results imply that inferences made based oBtlwnstraint are effective in reducing
the domains of the decision variables.

Models with AlternatingShavingand AlternatingSearchAndShavimgerform even better
than models employing thB;-based shaving procedure. This leads to the observatibvthina
real power ofl¥,-based shaving only becomes apparent when it is combinddAwbased
shaving. This is becausB;-based shaving often finds a good solution and a good value of
bestW,, allowing theW,-based shaving procedure to infer more domain reductiomsi- S
larly, this observation explains whilternatingSearchAndShavimprforms even better than
AlternatingShaving In particular, inAlternatingSearchAndShavinthe IV,-based procedure

is used both after a new best solution is found during shaaimjafter one is found during
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search. Therefore, if a higher quality solution is foundidgirsearch, it will be used by the
W,-based procedure to further prune the domains of the swigghoint variables.

In Figure 3.4, the average run-times for each valug @éfom 10 to 100 are presented for
the four shaving procedures with tRSumsmodel! This graph shows that, for each value
of S, the AlternatingSearchAndShavimpgocedure gives the best performance. Additionally,
this graph shows that &sincreases, it becomes increasingly difficult to prove optity and
average run-time increases. As stated previously, thiseda larger domains of the switching
point variables. ThélternatingSearchAndShavipgocedure, however, is able to significantly
reduce the domains of thie variables and therefore provides an effective method f&taimces

with higher values of as well.

3.4.1.3 Dominance Rules

Table 3.2 indicates that there is rarely any difference enrthmber of instances solved to op-
timality between a model with dominance rules and a moddhaut dominance rules. No
difference at all is visible for any model without shavingtiwi¥ -based shaving andlter-
natingSearchAndShavindrecall that dominance rules are implemented by the additica
constraint on the values of the switching point variableésrad solution is found. Such a con-
straint will be more effective when more of the switching movariables are assigned their
minimum values in the current solution. Usually, such peBare also the ones which result
in a smaller expected waiting time. Similarly/,-based shaving is useful only when a solu-
tion with small expected waiting time is found. This leadgte conjecture that dominance
rules may be effective only for the same instances for whielit,-based shaving procedure
is effective. This conjecture is supported by the result$aifle 3.2. In particular, when the
W,-based shaving procedure is used by itself, it makes infexehased only on the polidij,

a solution that is generally of poorest quality for an ins&anThe method with a single run of

Since a run-time limit of 600 seconds was used throughougxiperiments, we assumed a run-time of 600
seconds for all instances for which optimality has not beergn within this limit. Therefore, the mean run-times
reported throughout this chapter are underestimates d¢fubeneans.
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W,-based shaving therefore heavily relies on search. Siraels¢akes a long time to find a
feasible solution of good quality, the effectiveness of dwnce rule-based constraints is also

not visible within the given time limit.

On the other hand, iAlternatingSearchAndShavinthe IW,-based procedure plays a key
role because it makes domain reductions based on highysalittions produced b3s,-based
shaving, and later, search. Dominance rules do not playeamdhis procedure since shaving
is used after every new solution found by search. Howeven édominance rule constraints
were explicitly incorporated in the procedure (i.e. if thegre added before each new run of
search), they would be redundant since they serve essgttimbame purpose as thé,-based

shaving procedure.

When shaving is not used, the results are equivalent to thoseved wheril,-based
shaving is employed. The explanation for the absence offardifce between models with
and without dominance rules is therefore also the same. riicphar, it takes a long time for
a solution to be found whose quality is such that it allows dbeninance rule constraint to
effectively reduce the size of the search tree. Given a lotige limit, it is possible that a

difference may have become visible.

When B;-based shaving anéliternatingShavingre used, dominance rules are sometimes
helpful. In both cases, this is because after these two sygriocedures, subsequent search
usually finds a good solution quickly, and, sindé-based shaving is not used again at that
point, the dominance rule constraint that is added can leetafé in reducing the size of the

search tree.

Overall, it can be observed that usiAdfernatingSearchAndShavingthout dominance
rules is more effective than using;-based shaving oAlternatingShavingvith dominance
rules. Therefore, in further comparisons, the focus is onlynodels with

AlternatingSearchAndShavimgthout dominance rules.
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3.4.2 Heuristic P, vs. Best Constraint Programming Approach

Empirical results regarding the performance of heurigli@are not presented in the paper of
Berman et al. [15], and so the ability @, to find good switching policies has not been
explicitly evaluated in previous work. We wanted to find ootshwell the heuristic actually
performs by comparing it to our CP methods, and in partictdeour best CP metho&@®Sums
model withAlternatingSearchAndShavimgd without dominance rules.

In Table 3.3, we present several measures of performandddahree proposed models
with AlternatingSearchAndShaviragnd for the heuristid’;,. It can be seen that the heuristic
performs well, finding the best-known solution in only eleewer instances than tiRSums
model, in three more instances than theal model and in the same number of instances as
the If-Thenmodel. Moreover, the heuristic finds, but, of course, cammove, the optimal
solution in 238 out of 239 instances for which the optimal im®kn. The three CP models
find the optimal solution in all 239 of these. It should alsonmded that the run-time of the
heuristic is negligible (close to 0 seconds), whereas thennmen-time of thd®Sumsnodel is
approximately 130 seconds (the mean run-times of the ott@imodels are slightly higher:
141 seconds for th-Thenmodel and 149 seconds for tBeial model).

Table 3.3 also shows that tiSumsamodel is able to find the best-known solution in 11
more instances than the heuristic. Closer examinatioratevbat there are 275 instances in
which both the®?Sumsnodel andP; find the best-known solution, 18 instances in which only
PSumss able to do so and 7 in which only the heuristic finds the oakim

From Figure 3.3, it can be observed that the heuristic aeBievvery small MRE in a
negligible amount of time. After about 50 seconds of runetithe MRE over 300 instances
resulting fromPSumswith AlternatingSearchAndShavirtigcomes comparable to that of the
heuristic MRE. In Figure 3.5, the MRE over 30 instances faheaalue ofS is presented for
the heuristic and foPSumswith AlternatingSearchAndShavirag 10, 150 and 500 seconds of
run-time. After 10 seconds, the performanceP&umss comparable to that of the heuristic

for values ofS smaller than or equal to 40, but the heuristic appears to ke guit better for
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higher values of5. At 150 seconds, the performanceR$Sumsgs comparable to that of the
heuristic except af values of 50 and 80. After 500 secon®Sumsas a smaller MRE over
the 300 instances and also a lower (or equal) MRE for eacle\adlti except 50 and 100.
Overall, these results indicate that the heuristic perfonall—its run-time is negligible, it
finds the optimal solution in all but one of the cases for whitcis known, and it finds the
best solution ir4% of all instances. Moreover, it results in very low MRE. Altlgh PSums
with AlternatingSearchAndShaving able to achieve slightly higher numbers in most of the
performance measures, it is clear that these improvementsraall given that th®Sumsun-

time is so much higher than the run-time of the heuristic.

3.5 PSums-P; Hybrid

Naturally, it is desirable to create a method that would He abfind a solution of high quality

in a very short amount of time, as does Berman’s heuristid, that would also have the
same high rate of being able to prove optimality within a oeable run-time as doddSums
with AlternatingSearchAndShavingt is therefore worthwhile to experiment withRSums

P, Hybrid, which starts off by running?, and then, assuming the instance is feasible, uses
the PSumsmodel with AlternatingSearchAndShavirtg find a better solution or prove the
optimality of the solution found by, (infeasibility of an instance is proven if the heuristic
determines that policf( is infeasible).

Since it was shown that heuristig is very fast, running it first incurs almost no overhead.
Throughout the analysis of experimental results, it was atsed that the performance of the
W,-based shaving procedure depends on the quality of thedlasbs found before it is used.
We have shown that the heuristic provides solutions of vagi Quality (in94% of instances
used in the experiments, it found the best solution). Tloeegfthe first iteration of théV, -
based procedure should be able to significantly prune theohenof switching point variables

because of the good-quality solution found by the heuri€mntinuing by alternating the two
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shaving techniques and search, which has also been showratodffective approach, should
result in at least as many instances for which optimality@gn as for thé Sumsnodel with

AlternatingSearchAndShaving

The proposed Hybrid algorithm was tested on the same s¥t0ahstances that was used
above. Results illustrating the performance of the Hybsigvall as the performance &f and
PSumswith AlternatingSearchAndShavirage presented in Table 3.4. The Hybrid was able to
find the best solution in all00 cases while finding the optimal solution and proving optitgal
in as many instances as tR&Sumsnodel. Thus, in spite of the good-quality solutions that are
discovered quickly because of the heuristic, the domaissvdthing points in some instances
are not reduced significantly enough to increase the nunmbeases in which optimality is
proven. The mean run-time for the Hybrid is essentially tabah to the mean run-time of

PSumswith AlternatingSearchAndShavipggualling approximately 130 seconds.

Thus, the Hybrid is the best choice for solving this problahfinds as good a solution
as the heuristic in as little time (close @cseconds), it is able to prove optimality in as many
instances as the best constraint programming method, dindstthe best-known solution in
all instances considered. Moreover, all these improvesarg achieved without an increase

in the average run-time over tiRSumsnodel.

# best found (/300) # optimal found (/239) # optimal proved (/300

PSums 293 239 238
P 282 238 0
PSumsP; Hybrid 300 239 238

Table 3.4: Comparison d?Sumsmodel with AlternatingSearchAndShavirajnd Berman et

al.'s HeuristicP; with the Hybrid model.
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3.6 Discussion

In this section, we examine some of the reasons for the patorpgance of the CP models

without shaving and suggest reasons for the observedeiifes among the CP models.

3.6.1 Lack of Back-Propagation

In our experiments, we have some instances for which eveR$uwensP; Hybrid with Alter-
natingSearchAndShaving unable to prove the optimality of the best solution fourithim
the 10-minute time limit. In fact, in many of these instances, theoant of time spent during
search is higher than the time spent on shaving, and themelimit is usually reached during
the search, rather than the shaving, phase. Further analydie algorithms’ behaviour sug-
gests that this poor performance of search can be explanétedack of back-propagation.
Back-propagation refers to the pruning of the domains ofdéeision variables due to the
addition of a constraint on the objective function: the chye constraint propagates “back”
to the decision variables, removing domain values and sacred search. In the CP models
presented above, there is very little back-propagation.

Consider a model without shaving. Throughout search, ifvalest solution is found, the
constraintlv, < bestW,, wherebestW, is the new objective value, is added to the model.
However, the domains of the switching point variables angallg not reduced in any way
after the addition of such a constraint. This can be illusttdby observing the amount of
propagation that occurs in tiRSumsnodel whenV/, is constrained.

For example, consider an instance of the problem With 6, N = 3, A\ = 15, u = 3, and
B, = 0.32 (this instance is used in Section 3.3 to illustrate the stgaprocedures). The initial
domains of the switching point variables gfe.3], [1..4], [2..5] and[6]. The initial domains
of the probability variables?(k;) for eachi, after the addition oV, bounds provided by<
and K are listed in Table 3.5. The initial domain f,, also determined by the objective

function values of” and K, is [0.22225..0.425225]. The initial domains ofL. and F, are
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[2.8175¢77..6] and|0..2.68], respectively. Upon the addition of the constrdiiif < 0.306323,
where0.306323 is the known optimal value for this instance, the domairfigf is reduced
to [0.22225..0.306323], the domain ofL becomeg1.68024..6] and the domain of’ remains
[0..2.68]. The domains oP(k;) after this addition are listed in Table 3.5. The domains @hbo
types of probability variables are reduced by the additibthe newll, constraint. However,
the domains of the switching point variables remain unckdngrherefore, even though all
policies with value ofi¥/, less thar0.306323 are infeasible, constrainind’, to be less than or
equal to this value does not result in any reduction of theckespace. It is still necessary to

search through all policies in order to show that no bettasifde solution exists.

One of the reasons for the lack of pruning of the domains ofitheariables due to the

W, constraint is likely the complexity of the expression 0}. In particular, recall thatV, is

expressed in all models &, = =5y — - In the example above, whé#j, is constrained
to be less than or equal to 0.306323, we get the constraing323 > m — 3, Which

implies that9.594845(1 — P(ky)) > L . This explains why the domains of bothand P (k)
change upon this addition to the model. The domains of theofeke P(k;) variables change
because of the relationships betwée(t;)s (Equation (3.6)) and because of the constraint that
the sum of all probability variables has to be 1. Similathg tomains of” Sums(k;) change
because these variables are expressed in terng/gj (Equation (3.8)). However, because
the actualk; variables mostly occur as exponents in expressiongfoums(k;), P(k;), and
L(k;), the minor changes in the domainsie$ums(k;), P(k;), or L(k;) that happen due to the
constraint ori¥, have no effect on the domains of the This analysis suggests that it may be
interesting to investigate a CP model based on log-proitiabitather than on the probabilities

themselves. Such a model may lead to stronger propagation.

Likewise, in thelf-ThenandDual models, the domains of the decision variables are not
reduced when a bound on the objective function value is gdaldtbugh the domains of all
probabilities,L and ' are modified. In both of these models, the constraints rgldfi, L and

the probability variables to the variablesare the balance equations, which are quite complex.
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Before addition ofV/, < 0.306323 After addition of IV, < 0.306323
J P(j) PSums(j) P(j) PSums(j)
ko | [4.40235¢76..0.979592] [0..1] 4.40235¢6..0.979592] [0..0.683666]
ky [1.76094e77..1] [0..1] 0.000929106..1] [0..0.683666]
s 2.8175¢78..0.6] [2.8175¢78..1] | [0.0362932..0.578224] | [0.0362932..0.71996]
ks [4.6958¢78..1] N/A 0.28004..0.963707] N/A

Table 3.5: Domains oP(j) and PSums(j) variables forj = ko, k1, ko, k3, before and after
the addition of the constraint’, < 0.306323.

The domains of probability variables do not seem to be rediammificantly enough due to the
new W, bound so as to result in the pruning/ofdomains because of these constraints.
These observations served as the motivation for the proEisering techniques. In partic-
ular, thelV,-based shaving procedure reduces the domains of switcling yariables when
it can be shown that these values will necessarily resultigherV, value than the best one
found up to that point. This makes up for some of the lack okb@opagation. However, even
when this procedure is used after each new best solutionfas inAlternatingSearchAnd-
Shaving it is not always able to prune enough values from the domafitise ;s so as to be
able to prove optimality within 10 minutes of run-time. Itrctherefore be seen that infer-
ences based on the valueldf, are very limited in their power and, therefore, if the donseaof
switching point variables are large after shaving, therilltrvat be possible to prove optimality

in a short period of time.

3.6.2 Differences in the Constraint Programming Models

Experimental results demonstrate that B®umsmodel is the best out of the three models
both with and without shaving. In order to understand theagaa behind such differences in

performance, we examine the mean number of choice poirttstgts for the models without
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21 Instances Solved ®BSumOnly | 105 Instances Solved by All Models
First Solution Total First Solution Total

If-Then 8234 137592 1201 37596

PSums 6415 464928 1064 36590

Dual 7528 102408 1132 36842

Table 3.6: Mean number of choice points explored before teedolution is found and mean
total number of choice points explored within 600 second#e three models without shaving
and without dominance rules. FBSumsthe latter statistic corresponds to the total number of

choice points needed to prove optimality.

shaving. The mean number of choice points, or, equivaletitty mean number of nodes in
the search tree, gives an indication of the size of the sesgpabe. In order to compare our
three models, we look at the mean number of choice pointdderesl before the first feasible
solution is found and the mean total number of choice poixpdoeed within 600 seconds of
run-time.

In Table 3.2, it is shown that, without shaving, tRSumamnodel proves optimality in 21
more instances than the other two models and that there &rend@nces in which all three
models prove optimality. In Table 3.6, we present the meanbar of choice points statistics
for all three models for both of these sets of instances.nttEaseen that the mean number of
choice points that need to be explored by B&imsnodel in order to find an initial solution is
smaller than for the other two models, both for the 105 instarthat are eventually solved to
optimality by all models and for the 21 instances that arg snlved to optimality byPSums
Because the same variable and value ordering heuristicsaden all models, this observation
seems to imply that more propagation occurs during searthei®PSumsmodel than in the
other two models. This claim is further supported by the fhat the mean total number of
choice points for the 105 instances that are solved by allatsad smaller foPSumghan for

the other two models.
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Table 3.6 also shows that, for the 21 instances that are ohlgd to optimality byPSums
the mean total number of choice points is the highest folBamamnodel. Sincé?Sumss
the only one out of the three models to solve these instatttiesmplies that propagation is
happening faster in this model. In fact, this observatiooosfirmed by the results from the
105 instances that are solved by all three models: for thestarices, th®ual explores an
average of 713 choice points per second,lthEhenmodel explores an average of 895 choice
points per second and tfSumsnodel explores an average of 1989 choice points per second.
In other words, it appears that propagation inBf&msnodel is more than twice as fast as in

the other two models.

Overall, this examination indicates that the superiorftthe PSumsnodel without shaving
is caused by its ability to remove more values (stronger ggafion) and, more importantly,

by the fact that propagation occurs faster in this model.

When shaving is employed, tiRSumsamodel also performs better than tbeial and the
If-Thenmodels, proving optimality in a greater number of instanse® Table 3.2) and also
finding good-quality solutions faster (see Figure 3.3). llmadels, the shaving procedures
make the same number of domain reductions because shavbagsésl on thél, and B,
constraints, which are present in all models. However, itihhe that each shaving iteration
takes is different in different models. Our empirical resshow that each iteration of shaving
takes a smaller amount of time with tRSumanodel than with the other two models. Thus,
with shaving, thePSumsmodel performs better than the other two both because ghavin

faster and because subsequent search, if it is necessastes

PSumsgs radically different from the other two models becauseoigginot include an ex-
plicit representation of the balance equations and hasth@if constraints. Moreove?Sums
has a smaller number of probability variables than the ativermodels 2NV + 1 compared
to S + 1 in the other two models — see Table 3.1), because it caleutates of probabilities
between two switching points rather than the probability atistomers being present in the

front room for allj from 0 to S. In addition, the probability variables included in this ded
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are more tightly linked by the closed-form expressions. slHaster propagation iIRSums
appears to be the result of the tighter links between vaglthe small number of probability

variables, and the lack of if-then constraints.

A comparison of théf-Thenmodel withAlternatingSearchAndShavimgth the Dual with
AlternatingSearchAndShavinging Figure 3.3 shows that thieThenmodel is usually able
to find good solutions in a smaller amount of time. Moreovershown in Table 3.3, thé-
Thenmodel withAlternatingSearchAndShavirfigds the best solution in three more instances,
and proves optimality in two more instances, than Eheal model with the same shaving
procedure. With other shaving procedures and without sigathe same statistics show almost
no difference in the performance of the two models. It waseetgd that thedual would
outperform thdf-Thenmodel because it uses a simpler representation of the leadmp@tions
and expressions faf and L, and has a smaller number of if-then constraints (therearel
such constraints in thBual, compared t8NS + 2N + S in the If-Thenmodel). Table 3.6
shows that th®ual has to explore a smaller number of choice points to find th@lsiolution.
In the 105 instances that both of these models solve, thieataber of choice points explored
by the Dual is also smaller, indicating that the search space is ussatlgller in theDual
model. However, thdéf-Then model is faster, exploring, on average, 895 choice points pe
second compared to the average of 713 choice points perdespiored by thédual. One
possible explanation for thBual being slower is the fact that it has to assign more variables
(via propagation) than the other models. In particular,riateo to represent a switching policy,
the Dual has to assigrb + 1 w; variables in addition taV + 1 k; variables, withS usually

being much larger tharw.

Overall, it can be said that tHé Thenand theDual models are comparable in their per-
formance and tha®Sumgs a more effective choice than either of them regardlesshatier

shaving is employed or not.
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3.7 Conclusions

In this chapter, a constraint programming approach is megdor the problem of finding the
optimal times to switch workers between the front room aredldack room of a retail facil-
ity under stochastic customer arrival and service timess iBthe first work of which we are
aware that examines solving such stochastic queueinggnsalising constraint programming.
The best pure CP method proposed is able to prove optimaléydrge proportion of instances
within a 10-minute time limit. Previously, there existedman-heuristic solution to this prob-
lem. As a result of our experiments, we hybridized the best @P model with the heuristic
proposed for this problem in the literature. This hybridnigique is able to achieve perfor-
mance that is equivalent to, or better than, that of eacheofrttlividual approaches alone: it
is able to find very good solutions in a negligible amount wigidue to the use of the existing
heuristic and to prove optimality in a large proportion af firoblem instances within 10 CPU
minutes due to the CP model.

This chapter demonstrates that constraint programmin@eangood approach for solving
a queueing control optimization problem. This illustratest for queueing problems for which
optimality is important or heuristics do not perform wellPGnay prove to be an effective

methodology.



Chapter 4

Finding the Optimal Staff Mix in a Retall

Facility

In the previous chapter, it was shown that constraint prognang can be used to solve a queue-
ing control problem. The main purpose of this chapter is tmsthat constraint programming

can also be used to solve a problem which deals with both qiesign and queue control.

Similarly to Chapter 3, we consider a retail facility withdikeroom and front room opera-
tions. We suppose that the retail facility has the optionihg cross-trained workers, who are
able to perform tasks in both rooms, or hiring specializedkers, who are able only to serve
customers or only to perform back room work. Cross-trainedkers give the facility more
flexibility since they may be switched between the back roaohthe front room depending on
the amount of work in the back room and the number of customéne front room. However,
cross-trained workers are usually more expensive thariajzed ones because they possess

more skills.

Managers of the facility are interested in finding the nundfesross-trained and special-
ized workers that have to be hired so as to minimize the tta#firsg costs while at the same
time ensuring that the expected waiting time of custometkenfront room is bounded from

above and that the expected number of workers in the back r®enfficient to complete all

91
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required work. If cross-trained workers are employed, rgamaalso need to know how to
switch these workers between the two rooms in order to gatisfback room and front room
constraints.

In this chapter, the problem is solved using a constrairgrammming (CP) method based on
Benders’ decompositioh.The chapter demonstrates the applicability of constraiogmm-
ming for solving queueing design and control problems aedgmts a complete method for an

extension of Berman et al.’s problef [15] (2 is discussed in Sections 2.4.2 and 4.1.1).

4.1 Problem Description

As in the previous chapter, &t denote the maximum number of customers allowed in the
front room at any one time. This implies that when there &reustomers present, arriving
customers will be blocked from joining the front room quetliee minimum expected number
of workers that is required to be present in the back roomdeioio complete all of the work is
assumed to be known and is denotedywherel stands for ‘lower bound'V,, denotes the
upper bound on the expected customer waiting tiffig, It is assumed that only one worker
is allowed to be switched at a time, and both switching time switching cost are negligible.
Customers arrive according to a Poisson process with\tagervice times by workers in the

front room follow an exponential distribution with rate

4.1.1 Berman et al.’s ProblempP,

In Berman et al.'s problen®, (see Section 2.4.2 for additional details), the goal is td fin
the minimum number of cross-trained workerg, required in the retail facility, subject to
constraints which ensure that the expected customer gditire is bounded from above and
that there are enough workers in the back room in order to tatmall of the back room work.

A switching policy, which would tell the managers how to sskitvorkers between the two

1A shorter version of this chapter will appear as [94].
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rooms, is defined in Berman et al’s work [15] in terms of quised k;, fori = 0,..., N.
A policy (ko, k1, ..., ky) states that there should bevorkers in the front room whenever
there are betweeh,_; + 1 andk; customers in the front room, far= 1,2,..., N. Given a
family of switching policiesK = {K; K = {ko, k1, ..., kn_1, S}, k; integersk; — k;_1 > 1,

ko > 0,kn_1 < S}, problemP; is formally stated in Berman'’s paper [15] as

minimizegek N (4.2)
st. W, < W,

B > By

4.1.2 An Extension of,

In a direct extension of problem®,, we suppose that the facility is able to hire specialized
front room workers and/or specialized back room workerglulitéon to the cross-trained ones.
Because of the skill differences, each type of worker mayeladifferent staffing cost. The
goal of this problem is therefore to find the lowest-cost coration of specialized and cross-
trained workers so as to ensure that the expected waiting dincustomers does not exceed
W, and that there are enough workers in the back room to ensaralttback room work is
completed.

Let f be the number of specialized front room workérghe number of specialized back
room workers, and the number of cross-trained workers in the facility. It isawed that the
service rate of a worker in the front room is equalteegardless of whether this worker is
specialized or cross-trained. Similarly, cross-trained specialized employees working in the
back room are assumed to be able to perform back room taskfi\egell.

Denote the staffing costs as c, andc,, respectively for front room, back room and cross-
trained workers. We assume that> c¢; > 0, ¢, > ¢, > 0 andc, < cy+¢,. Such assumptions

are reasonable given that in many situations a cross-ttauoeker is more expensive than a
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specialist. Moreover, under other cost assumptions, tbel@m may be easier to solve. For
example, if we assume that > c¢; + ¢, it can be noted that there should be no cross-trained
workers in the optimal staffing configuration, since hiringgér of specialized workers instead
of one cross-trained worker always leads to equivalent allemstaffing cost. A detailed
discussion of the problem under different cost assumptiansde found in Chapter 5.

Given particular values of, f andb, and a policy specifying when cross-trained workers
are to be switched between the two rooms, one can calculatexipected customer waiting
time, W,, and the expected number of workers in the back roBm(See below for the def-
inition of a switching policy and expressions for the ca#tidn of B andW,). Since we are
required to find both the optimal staff mix and a satisfyingtsking policy, this problem is
both a queueing design and a queueing control problem.

The problem of finding the optimal staff mix given front roomdaback room constraints

can be stated as

minimize cyf + cpb + cxx (4.2)
st. W, < W,

B > By

4.2 Benders’ Decomposition Approach

4.2.1 Background

Benders’ decomposition was originally developed for swivimixed-integer programming
problems [11]. More generally, the method can be appliedhtoproblem in which the vari-

ables and constraints can be separated into a master prabléra sub-problem, which are
solved in an alternating fashion until an optimality crider is satisfied. Each time the sub-

problem is solved, a constraint which eliminates at leastdirrent solution is added to the
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master problem. This ensures that all further solutiorteeeitesult in better objective function
values or are closer to being feasible for the overall probl&’he master problem and the
sub-problem may be modelled and solved using linear or @mtpgpgramming [11], or CP, as

in logic-based Benders’ decomposition [49, 91].

4.2.2 Benders’ Decomposition for Optimal Staff Mix

Given the work in Chapter 3, it is natural to decompose oubler into the master problem
of finding a combination of cross-trained and specializedkers (a queueing design problem)
and the sub-problem of finding a switching policy that sassthe back room and front room
service level constraints given an employee configurataqueueing control problem).

Our approach is to, firstly, derive a set of constraints orviees ofr, f andb by solving
problem (4.2) withe = 0. These constraints are then used to form the master probleict is
solved in order to identify a cost-optimal, but possiblyeasible, combination of cross-trained
and specialized workers, say= 2/, f = f’ andb = V. If a feasible sub-problem solution can
be found, then the master solution is optimal. Otherwisegctht ¢ > 2/ || f > f' || b > V) is
added to the master problenThe master problem and the sub-problem are then re-solved in

order to determine if a feasible policy exists for the new t@agroblem solution.

4.2.3 The “Specialized-Only” Solution

Whenz = 0, the number of workers required for the back room is indepahdf the number of
workers required for the front room. Thus, to find the minimaoast specialized-only solution,
one can independently determifg;,;, the smallest number of specialized front room workers
sufficient to satisfy the waiting time constraint, aBd,.;, the smallest number of specialized

back room workers needed to satisfy the back room constraint

2The symbol 1|” represents a “logical or”. In other words, the cut states #t least one of, f, b has to be
assigned a greater value than its current one in order tewefeasibility of the sub-problem.
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In order to findF}...;, W, is calculated for each value ¢f> 1 using the equation

1= i—1_ i
_PoEz-zl(ﬁ) 1D(z‘) 1

- _— 4.3
Lol - (G)SPpg)  # (4-3)
where
: i ifi<
o) = [[do).  aw=9{ " =7 (4.4
j=1 f otherwise
and
i=S AN
P0:1+Z<;) B (4.5)

until the constraint¥, < W, is satisfied for some value gf. We derived this equation from
Equation (4.14) using the fact that, when only specializedkers are considered, the front
room is a queue with exponential inter-arrival and servioees, f servers and a capacity of

S (an M/M/f1S queue), in which the probabilities are definedrag) = [(i)j/(j!)} P, for

m
1<j< fandP(j) = [(%)j/(f!fj—f)} Ryfor f <j < 5[42].

By 1s simply [ B;| because, when there are no cross-trained workers, this mhllest
possible number of back room workers required to complétaf #he back room work.

By definition of F};,; and B, there have to be at leakt,;,; cross-trained and front room
workers in the facility in order for the constraint ¥, to be satisfied, and at leaB},,; cross-
trained and back room workers in order for the back room camdtto be satisfied. Thus,
constraintsf + = > Fi, andb + x > B, are valid for problem (4.2). In addition, in any
feasible solution, the number of specialized front roomkegos does not ever have to exceed
Fiia, @and the number of specialized back room workers does nothewe to exceed; ;.
because these values already satisfy the constraintsiméspective rooms, and having more
workers would only incur additional cost. Thereforte,;,, — 1 is an upper bound fof and
Byt — 1is an upper bound far. Fj.;. + Bty — 1 1S @an upper bound for, since employing
a greater number of cross-trained workers will result inlatgan of greater cost than the cost
of the solution with only specialized workers.

Additionally, since one needs at ledst,,; workers in the facility in order to satisfy the
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front room constraint, and at least;,; workers in the facility in order to satisfy the back
room constraint, it is clear that at leastx( Fi,q1, Biotar) WOrkers need to be hired. The lower
bound onz is 1 since the best solution with= 0 has already been found.

The cost of the specialized-only solution is an upper boumdhe cost of the optimal
solution. The lower bound on the optimal cost is the maxim#i@y 6;,,,; andc, By, SiNce at
least the maximum ofF},;,; Or B;.:o; WOrkers will have to be employed in the facility, and the
cost of a cross-trained worker is assumed to be greater thegual to the cost of either of the

specialized workers.

4.2.4 Master Problem

Given the constraints derived from the specialized-onlytgmn, the master problem can be

stated as

minimize cost = cyf + cpb + c,x (4.6)
st. f+x2> Fio
b+ 2z > Biotal
0<f< Fiota—1
0 <0< Biotar — 1
1 <2 < Fiotar + Biotar — 1
f+b+ x> max(Fa, Biotal)
max(cgFiotal, CoBiotar) < cost < cpFiorar + o Biotai

cuts,

wherecuts are constraints that are added to the master problem eaehlhersub-problem is
not able to find a feasible solution. Initiallyyts is the empty set. Further on, the constraints
in this set remove the current optimal solution of the masteblem because it does not result

in a feasible policy. The master problem is re-solved eade @ new cut is added, and the
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resulting values of, b andx define the sub-problem. We solve the master problem with a CP
model identical to (4.6). As it is a simple minimization pleim with three integer variables,

finding a solution is trivial.

4.2.5 Solving the Sub-Problem

Given values forf, b andx, the goal of the sub-problem is to find a poli&y such that the
constraintd¥, < W, andB > B, are satisfied. The sub-problem is very similar to Berman et
al.'s problemP;. Therefore, the method we use for solving the sub-problemrmsdification of
thePSumsP; Hybrid method proposed in Chapter 3, which combines a CP matdeBerman

et al.’s heuristic. More specifically, in order to solve thidgroblem, we run a modified version
of Berman et al.’s heuristi®’ followed by a combination of shaving and search.

In this section, we firstly discuss several possible switglmiolicy formulations and provide
details regarding the one that is chosen. Further, we prédserequivalents of Berman et al.’s
expressions for calculating the quantities of interestgithat there may be specialized workers
in facility. These expressions are used throughout a madiiegsion of Berman’s heuristic,
which is presented in Section 4.2.5.2. We then present a GRelInnbthe sub-problem, to which
we refer alPSumsSubproblerand the details of shaving procedures used in conjunctitin w

this model.

4.2.5.1 Switching Policy

A switching policy for this problem can be defined in the sanag as in the work of Berman et
al.: a set of switching points fori = 0, 1, ..., x so that the number of cross-trained workers in
the front room is whenever there are betwekn ; + 1 andk; customers present in the facility.
However, due to the assumption that specialized front roankers can be hired, some of the
expressions of Berman et al. have to be adjusted. For exathpl®alance equations have to
be divided into two sets: one for calculating the probalbsiof having; customers in the front

room whenj < f, and another for calculating these probabilities when f (i.e. when some
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number of cross-trained workers may be present in the fiaorn). This would make the CP
model of the sub-problem more complicated than the modeld fs Berman et al.’s problem
Py in Chapter 3.

Another possibility is to use the set of dual variables defimeSection 3.1.3, letting;
represent the total number of (specialized and crossetiqiworkers in the front room when
there arej customers in the front room. Constraints of haal model that are expressed
in terms ofw; variables could then be used in a model for the sub-probletn vary little

modification. For example, the balance equations can stiithted as
P(jHix = P+ Dwjap Vje{0,1,...,5—1}. 4.7)

However, theDual model of Section 3.1.3 also includes constraints that goeessed in terms
of the k; variables. If we use thg&; policy definition proposed above, these constraints will
have to be changed in order to take into account the spessaliorkers. Additionally, in the
experiments of Section 3.4, it was observed thatDhal model with shaving is less efficient
for problemP; than thePSumsnodel with shaving. One of the likely reasons for this défece
in performance is that each iteration of shaving takes adoagiount of time with th®ual
model due to a larger number of variables that have to berassig

Consequently, the policy formulation that we adopt for thb-problem is different from
the two discussed above. It requires very few changes toxihressions of th® Sumsanodel
and those used in Berman et al.’s heuristic in order to maé&mthpplicable to the problem
involving specialized workers. In particular, we define diggoas a sequence of “switching
points,”k; fori = 0,1,...,x + f, with the interpretation that the number of “busy” workers
(ones who are currently serving a customer) in the front ra@iwhenever the number of
customers in the front room is betwegn; + 1 andk;. Switching points with index < f
state that as another customer arrives to the front roormuher of specialized workers who
are busy increases; switching points with index f specify when to switch cross-trained
workers between the front room and the back room. Switchwmigtg,. ; is a constant and

is equal toS. Thus, a policy is vector of;s, (ko, k1, ..., ks+s), such thatk; < k4, for
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i=0,1,...,04+f—1,kyry=S,ki=iVi< fandk; > iVi> f.

For example, iff = 2, x = 1 andS = 6, the policy(0, 1, 3, 6) states that whenever the
number of customers is 1, there is 1 busy worker in the fromtrrand whenever the number of
customersis 2 or 3, there are 2 busy workers in the front rahen the number of customers
becomes:, + 1 = 4, a cross-trained worker is switched to the front room. Therpretation
that when there are 4 customers in the room, there are 3 budiergp remains valid, even
though one of the workers present is cross-trained.

This policy formulation can be seen as a special case of Beanal.'s policy formulation
with the first f switching points always being fixed to their minimum possizhlues. There-

fore, the equivalent of Theorem 2.4.1, stated below as Emear.2.1, holds for this problem.

Theorem 4.2.1 (Equivalent of Berman et al.'s Theorem 1)Consider two policieg( and K’
which are equal in all but ong;. In particular, suppose that the value ©of equalsk; — 1, for
some/ fromthese{f,...,x+ f — 1}, k; — k;_1 > 2, whilek] = k; for all i £ J. Then (a)
Wy(K) = Wo(K7), (b) F(K) < F(K'), (¢) B(K) = B(K').

In fact, the set from whicly is chosen could b¢0, ...,z + f — 1} since none of the firsf
components will ever satisfy the conditién — k;_; > 2. Therefore, the only change needed
to transform Theorem 2.4.1 into Theorem 4.2.1 is the reph&ce of V by x + f. The proof of
Theorem 4.2.1 is the same as that of Theorem 2.4.1, with eamyrrence ofV in the proof
replaced by + f.

As a result of Theorem 4.2.1, we can define the equivalenteofhBn et al.’s policied
and[:{. In particular, for the problem involving three types of Wwers, the policy yielding the

greatest possible values bf, and B is
f{ = {]{70 = 0, ey /{Zf_l = f—l, /{Zf = S—JI, kf—i—l = S—l’—i—l, ey km—i—f—l = S—l, km+f = S}
The policy which results in the smallest possible valued/pand B is

A

K={ko=0ki=1ko=2,..  kyrp1=a+f—1kr=15}



CHAPTER 4. HNDING THE OPTIMAL STAFF MIX IN A RETAIL FACILITY 101

The notions of type 1 component and type 2 component can beedédfi a manner similar
to Berman et al’s (see Chapter 2). t¢pe 1 componens a k; with the smallest index
satisfying the conditiot; — k; 1 > 1 for f <i < x+ f — 1. A type 2 componeris ak;
having the smallest index and satisfying the condifion — k; > 1,for f <i <z + f — 1.

For the remainder of the chapter, we refer to a policy satigfyhe constrainB > B, as
B-feasible, and a policy satisfying the constrdiif < W, asW,-feasible. Similarly, policies

violating these constraints are call8dinfeasible andV-infeasible, respectively.

4.2.5.2 Modified Berman et al. Heuristic

Given the above policy formulation, the sub-problem can bel@ied analogously to the way
Berman et al. model proble,. In particular, in order to calculate the quantities of et
(e.g. W,), a set of probabilitiesP(j) for j between 0 and, has to be defined. Eadh(j)
denotes the steady-state probability of there begiogstomers in the front room. These values

have to satisfy the set of balance equations
PiAN=PG+1Vip j=k_1,kia+1,....kk—1 i=1,....c+f  (4.8)

Consequently, as stated in Section 2.4.1.1, each protyataln be calculated using the follow-

ing expressions:

P(j) = B;P(ko), (4.9)
where

1 if 5=k

i~k -
(A)J 0(;)g—kHXZ- if ki +1<j<k i=1,....0+f

m i

i—1 1 kg—kg_1
X, = (—) (4.10)
iy

(Xi=1),i=1,....,x+ f
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and

Mm

P(ko) Y B;=1. (4.11)

7=0
The expected number of cross-trained workers in the framm ..., iS

z+f ki

Feross = Z Z ZP(j)a (412)

i=f+1j=k;_1+1

where the only changes from Equation (2.8) occur in the laamer upper bounds of the sum:
the lower bound of is changed tg° + 1 and the upper bound @¥ is changed ta: + f. Since
there is the possibility of hiring specialized back room kess, the expression for the total
expected number of workers in the back rodmjsb + = — Fi,oss.

The expected number of customers in the front room is exélcdysame as in Equation

(2.10):
L = Y jP(), (4.13)
and the expression for the expected waiting time in the qiseabnost identical to Equation

(2.11);

L 1
NI = Plhory) 0

Based on the above equations, Theorem 4.2.1 and the definitiés and &, the equivalent

W, = (4.14)

of heuristicP; for this problem, which will be further referred to as hetids?;, can be stated

as:

1. Start withK = K .

2. If B(K) < By, the problem is infeasible. Otherwise, letb_ WV, = W,(K) and
imb.K = K. SetJ =z + f.

3. Find the smallesj* s.t. f < 7 < J andk;- is a type 1 component. If no sucti
exists, go to 5. Otherwise, skef- = k;- — 1. If B(K) < By, setJ = j* and goto 5. If
B(K) > B, goto 4.
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4. If Wy (K) < imb_W,, letimb_-W, = W,(K) andimb_K = K. Go to 3.

5. Find the smallest* s.t. f < j* < J andk;- is a type 2 component. If no sugh exists,

go to 6. Otherwise, sét. = k;« + 1. If B(K) < By, repeat 5. Otherwise, go to 4.
6. Stop and returimb_K as the best solution.

This heuristic alternates between trying to reach a poliiti wmalleriV, and a policy with
higher B. Each time a policy which is infeasible for the back room ¢omast is found, the set
of switching points that can be increased or decreased aequbnt steps is reduced in order
to prevent cycling. The heuristic stops when it is unablend iny more switching points to
decrease or increase, in which case it returnsikeasible policy with the best value oF,
that it has been able to find.

As stated above, we use a method similar tadRBeimsP; Hybrid to solve the sub-problem.
In this method, we run heuristi; first. If the I, value returned by’; is smaller thariV,,
(the policy isW,-feasible), then the current sub-problem is feasibded the current master
solution is optimal. Otherwise, the CP method based orPtBemsSubproblemodel and

shaving is applied.

4.2.5.3 ThePSumsSubproblem Model

The PSumsSubproblemodel has, as its decision variables, the sét;pf = 0,1,...,z + f,
each with an initial domain 0f0..S]. Additionally, it has two types of probability variables:
PSums(k;)fori=0,...,x+ f — 1,andP(j) for j = ko, k1, ka, ..., k,+ s, which are necessary
for the calculation o#V, and B given a switching policy. We relate these three types of-vari
ables via a set of constraints which ensure that the prababdiues satisfy the steady-state
conditions of the front room queue. We also include constsdior expressingl, and B in

terms of the variablek;, PSums(k;) and P(k;). These constraints are analogous to ones used

3There may exist other feasible solutions for the sub-probleossibly with a smalletV, than that of the
heuristic solution.
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in thePSumsnodel for problemP,; (see Section 3.1.2.4).

PSums(k;) represents the probability of there being betwéeandk; ; — 1 customers
(inclusive) in the front room and is defined in Equation (4.15quation (4.16) is a recursive
formula for computingP(k;1), the probability of having:; ., customers in the facility, where

P(ko) = (X 8Sum(k;))~! and3Sum(k;), Vi, is defined in Equation (4.17).

k’i+1—1

PSums(k;) = Y P(j)

J=k;
(

A kir1—k;
o (=]
P (k) —LE L if A A1

(i+1

= SR (4.15)

P(k;)(kiz1 — ki) otherwise

A kit1—k;
Pl =[] P (4.16)
ki
BSum(k) = > B
Jj=ki—1+1
” 1 A\ Fikie
A ki—1—ko+1 1 - m
¥ (2 LA UL B
_ it (4.17)
ki—1—ko+1
Xz<é) (1) (l{il—kz_l) otherwise.
\ 1% ?

The expected total number of cross-trained workers in et floom is

xT

Fuross = Y i[PSums(kisy_1) = P(kipr—1) + Plkisy)]. (4.18)

=1
The expected number of workers in the back rodéimis defined as + x — F,,,ss.

The expected number of customers in the front rodms defined as

z+f—1

L= ZO L(k;) + kos g Pk p) (4.19)
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where

A
(t+ 1

A ki+1—ki—1 \ ki+1_ki
(w) (k= kiv) + () G — k= ) +1

A 2
(1 - (i+_1)u>

Expected customer waiting time is defined as in Equatior{4 The derivations of equations

(4.15)—(4.19) are not presented in this section as theylaresaidentical to the derivations of
the equivalent expressions in tR&umsnodel, Equations (3.6), (3.8)—(3.10) and (3.17).
The equations defining’Sums(k;), P(k;), L, B andW,, together withi¥, < W, and
B > B, are the major constraints of the CP model of the sub-probfaditionally, the set of
constraints necessary for the definition of a policy (présgm Section 4.2.5.1) is included in

this model.

4.2.5.4 Shaving

As stated in Sections 2.1.1.3 and 3.3, shaving is a consistmforcing procedure for con-
straint programs based on temporarily adding constrairtse problem, performing propaga-
tion and making inferences according to the resulting stéttee problem [27, 96]. We use two
shaving procedures3;Shaving, which makes inferences based on the feasibility of pdicie
with respect to thd3; constraint, andV,,Shaving, which makes inferences based on feasibil-
ity with respect to théV,, constraint. These are similar to ti-based andll/,-based shaving
procedures used for solving problefa, which are presented in Chapter 3 as Algorithms 1
(Figure 3.1) and 2 (Figure 3.2).

Let min(k;) andmax(k;) be, respectively, the smallest and largest values in thesicur
domain of variable;;, and suppose that the constraifif < W, is temporarily removed. At
each step of thé3,Shaving proceduref; = min(k;) or k; = max(k;) is temporarily added
to the model for: € {0,...,z + f — 1}. If k; = min(k;) is added, then all other switching

points are assigned the maximum possible values subjebietadndition that, < k.1,
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Vn € {0,..,z + f — 1}. This is done using the functiogMax, which, given an array of
variables, assigns the maximum possible values to all ofdin@bles that do not yet have a
value, returning true if the resulting assignmenBideasible, and false otherwise. gMax
returns false anehin(k;) + 1 < max(k;), the constraink; > min(k;) can be permanently
added: if all variables except are set to their maximum values, and the problem is infeasibl
with respect to the3; constraint, then, by Theorem 4.2.1, in any feasible palicynust be
greater thamin(k;). If gMaxreturns false anchin(k;) + 1 > max(k;), there can be n®-
feasible policy, and the sub-problem is proven to be infdasi Otherwise, ifgMax returns
true, we check if the policy i8V/,-feasible, in which case the procedure stops since fedgibil

of the sub-problem has been proved.

If k; = max(k;) is added, the rest of the variables are assigned the mininalumes from
their domains using the functiggMin. These assignments are made in a way that respects the
constraintst,, < k41, Vn € {0,...,x + f — 1}. If the resulting policy isB-feasible bufi/,-
infeasible, the constrairkt; < max(k;) can be permanently added, assumimgk(k;) — 1 >
min(k;). Since all variables except are at their minimum values already, ahdis at its
maximum, it must be true, again by Theorem 4.2.1, that in ahytion with smallerlV/, the
value ofk; has to be smaller thamax(k;). If max(k;) — 1 < min(k;), there can be no policy
with a betterlV, than anyB-feasible policy encountered so far during the procedurd,the
sub-problem is proved to be infeasible. On the other harttigipolicy obtained by applying
gMin is both B-feasible andV,-feasible, the procedure stops, and the current masterndmnd s
problem solutions are optimal for our staff mix problem. ToenpleteB;Shaving algorithm

is presented in Figure 4.1.

The W, Shaving procedure makes inferences based strictly on the constigin< W,,.
The constraintB > B; is removed prior to running this procedure. A constrainthef form
k; = max(k;) is added, and the smallest possible values are assigneslriestiof the variables
using the functiogMin. As the B; constraint has been removed, the only reason why the

policy could be infeasible is because it hadl/a value greater thaf/,. Since all switching
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Algorithm 3: B;Shaving

Input: S, u, A, B;, W, (instance parameters); f, b (current master problem solution)
Output: W, policy (satisfying policy and its objective value), or (possihtydpdified domains
of the variableg:;, or proof that sub-problem is infeasible

changed = true
while (changed)
changed = false

for allifromOtox + f — 1

success fulShave = true
while (success ful Shave)
success fulShave = false
add(k; = max(Domain(k;)) )
if (gMin)
it (W, < W)
returnpolicy, W,; stop, sub-problem solution found
if (max(Domain(k;)) —1 > min(Domain(k;)))
add(k; < max(Domain(k;)))
success ful Shave = true
changed = true
else
stop, no policy with a bettdlV/, value exists; sub-problem is infeasible
remove(k; = max(Domain(k;)))

success fulShave = true
while (success ful Shave)
success fulShave = false
add(k; = min(Domain(k;)) )
if (gMax
it (W, < W7,
returnpolicy, W,; stop, sub-problem solution found
else
if (min(Domain(k;)) + 1 < max(Domain(k;)))
add(k; > min(Domain(k;)))
success ful Shave = true
changed = true
else
stop, no policy with a bettdlV/, value exists; sub-problem is infeasible
remove(k; = min(Domain(k;)) )

Figure 4.1:B;Shaving algorithm
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Algorithm 2: W, Shaving

Input: S, u, A, B, W, (instance parameters); f, b (current master problem solution)
Output: (possibly) modified domains of the variables or proof that sub-problem is infeasi-
ble

changed = true
while (changed)
changed = false
for alli fromOtox + f — 1
success fulShave = true
while (success ful Shave)
success ful Shave = false
add(k; = max(Domain(k;)))
if ("gMin)
if (max(Domain(k;)) —1 > min(Domain(k;)))
add(k; < max(Domain(k;)))
success ful Shave = true
changed = true
else
stop, no policy with a bettdlV/, value exists; sub-problem is infeasible
remove(k; = max(Domain(k;)))

Figure 4.2:W,Shaving algorithm
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points except; are assigned their smallest possible values, this imgtasih any solution
with a better expected waiting time, the valuekphas to be strictly smaller thanax(k;). If
max(k;) —1 < min(k;), infeasibility of the sub-problemis proven. THE, Shaving algorithm
is stated in Figure 4.2.

In order to solve the sub-problem, we riShaving andW, Shaving in an alternating
fashion because the domain reductions inferred during ooeegure may lead to further in-
ferences being made by the other. This method stops whericy patisfying both constraints
is found, when a constraint is inferred that violates theentrupper or lower bound of/g, or
when no further inferences can be made. In the final casejatdCP search is performed to

determine whether a feasible policy exists.

4.2.6 Summary

Recall that we take a Benders’ decomposition approach tpminlem of finding the optimal
staffing configuration. The master problem is presented astitm (4.6). As it is a simple
minimization problem, it can be easily solved by CP. Once atarasolution is obtained, it is
used to define the sub-problem, where the aim is to find a pttalywould simultaneously
satisfy the constraint8 > B, andW, < W,. Every time it is proven that no such policy exists
for the current master solution,= 2/, f = f"andb =¥, thecut ¢ > 2/ || f > f' || b > V) is
added to the master problem, and it is re-solved. The aliembetween the master problem
and the sub-problem continues until a policy is found in thlk-problem which is botlB-
feasible andV,-feasible, implying that the current master problem soluts optimal.

The sub-problem is solved by first applying heurigtic If no B-feasible policy exists, the
heuristic is able to recognize this, proving the infeadipibf the current master solution. On
the contrary, if the heuristic finds a policy which satisfies back room constraint, two cases
may occur. Firstly, the policy may also bg,-feasible, in which case the current master solu-
tion is proven to be optimal. Secondly, the policy may not ble o satisfy théV, constraint.

In this case, there is no guarantee that the sub-problenfieigsible, and we therefore use the
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PSumsSubproblemodel with shaving and search. Shaving is composed of twoeplres,
B;Shaving andW,Shaving, which are run iteratively until either feasibilityr infeasibility
of the current master solution is proven, or no more domailictons are possible. In the
latter case, standard CP search is applied to search fos#lieaolution or show that none

exists.

4.3 Experimental Results and Analysis |

Since our problem has not been previously solved, our fitsbkexperiments focuses on
determining some of the reasons for the CPU times requirsdlt@ various problem instances
and on evaluating the effect of different parameter valuethe efficiency of our method. Our
approach was implemented in ILOG Solver 6.2, and all expamisiwere performed on a Dual
Core AMD 270 CPU with 1 MB cache, 4 GB of main memory, runningiR&at Enterprise

Linux 4.

4.3.1 Problem Size

Recall thatS is the maximum total number of customers allowed in the systeany one time
and therefore is the prime determinant of problem size. hficst experiment, we use a set of
300 instances, 30 for each value®from {10, 20, ..., 90, 10p, with costsc, = 32, ¢; = 31
andc, = 30. The values of the rest of the parameters are taken from phexiexents of Chapter
3, for which they were generated in such a way as to ensurérivied-solutions for Berman'’s
problemP;. The bestV, values found in those experiments were used althealues for our
instances. Sincé; is similar to our sub-problem, it was expected that usingehgarameters
would give us instances of various difficulty.

Our method solved all but one instance fabf 80) within 10 CPU minutes. In Table 4.1,

the mean CPU time, mean number of times the sub-problemvedgdhumber of iterations)

4Recall that the first master solution that is proven to beiféass optimal.
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Statistic/Value| 10 20 30 40 | 50 | 60 | 70 80 90 100
of §

CPU Time 0.04 | 0.70| 2.59 | 0.28| 0.72| 0.55| 0.33| 93.27| 5.25 | 6.43

(seconds)

# of Iterations| 4.57 | 7.77| 16.07| 6.13 | 8.00| 7.23| 8.23| 34.73| 27.60| 23.83

Total # of 4.07 | 6.33| 9.17 | 4.80| 5.40| 5.60| 5.27| 15.33| 8.83 | 8.93

Workers

% Difference | 15.40| 4.17| 0.48 | 5.21| 5.54| 1.28| 2.91| 0.09 0 0
Compared to

Spec.-only

% Difference | 2.11 | 2.95| 3.71 | 4.43| 4.08| 5.72| 6.10| 5.73 | 5.90 | 6.00

Compared to

Cross.-only

Table 4.1: Mean CPU time (seconds), mean number of itestioean total number of work-
ers in the optimal solution, and mean percentage diffesebeéwveen the cost of the optimal

solution and the two ‘naive’ solutions for each valuesof
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and the mean total number of workers in the optimal solutier 80 instances for each value
of S are presentedlFor the unsolved instance $it= 80, we assume, in these calculations, that
the run-time is 600 seconds, the number of iterations is timeter that was completed within
the time limit and the optimal configuration consistsff;, front room workers ands; ;.
back room workers (this solution is determined in all casea negligible amount of time).
Therefore, our mean run-time and mean number of iterati@tisscs are slight underestimates
of the true values fof of 80. The total number of workers in the optimal solutiortistec may

be exact if the optimal solution in the unsolved instancadeed the specialized-only solution;
otherwise, it is a slight overestimate. Similarly, the getage differences may be exact if the

optimal configuration of this instance does not consist gf@aoss-trained workers.

The mean run-times show a significant peals'at 80 and are approximately correlated
with both the total number of workers and the number of iteret. This is not surprising:
the more workers are needed in the facility, the more stafilmoations usually need to be
examined. An increase in the total number of employees imgtienal solution also leads to
higher run-times for each sub-problem. This is becauseitifeehthe total number of workers
in the facility, the larger the size of the policies, and theder shaving and search will take to
prove feasibility or infeasibility. In our problem set, wh& = 80, there are several instances
which have both a large number of iterations (a maximum of) ktl difficult sub-problems

(the maximum CPU time required to solve a sub-problem is@pprately 82.84 seconds).

Although higher values aof lead to larger domain sizes for thes, and consequently, may
result in higher run-times, Table 4.1 shows tlaits not the main parameter determining the
difficulty of a problem instance. In particular, higher vaduof S do not necessarily lead to
higher run-times: the mean CPU timesof 30 is higher than those atof 40, 50, 60 and 70,

and the mean CPU times &tof 90 and 100 are substantially lower than that atf 80.

SResults are quite sensitive to the level of precision thaets For example, with a different precision level,
the number of iterations and the mean run-time, as well asfitimal staffing configuration, may be different for
a particular instance. We set the default Solver preci®dh@00001 for all of our experiments.
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A 10 15 20

(AW.)/ By 55.83| 21.87| 6.15 | 38.34| 10.84| 3.55 | 28.56| 8.12 | 2.37

CPU Time 0.01 | 12.34| 12.10| 0.01 | 7.91 | 38.46| 39.92| 58.25| 91.28

(seconds)

# of Iterations| 1.00 | 3.20 | 11.30| 1.00 | 5.70 | 22.58| 3.20 | 14.10]| 36.50

Total # of 11.00| 11.60| 12.70| 16.00| 17.00| 18.82| 21.60| 22.80| 25.10

Workers

% Difference | 5.27 | 1.42 | 0.75 | 3.69 | 341 | 1.03 | 0.75| 0.34 | 1.44
Compared to

Spec.-only

% Difference | 61.46| 55.22| 46.85| 67.92| 59.35| 48.36| 68.01| 60.26| 47.61
Compared to

Cross.-only

Table 4.2: Mean CPU time (seconds), number of iteratiorta) tumber of workers in the
optimal solution, and percentage differences betweendbkeaf the optimal solution and the

two ‘naive’ solutions for each value é%
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4.3.2 Cost Combinations

Using the above instances, five different cost combinationscy, ¢,), are examined. When
the costs are (32, 1, 31), (32, 31, 1) and (32, 24, 24), all B8@&nces are solved, with a mean
run-time of under 1 second. For cost combinations (32, 30,a8# (32, 32, 32), 298 and
295 instances, respectively, are solved in each set, andehe run-times are 8.16 and 20.84
seconds, respectively. These results indicate that asffaeedce between the cost of a cross-
trained worker and the sum of the costs of specialized werkmreases, the time needed to
solve the instance increases. In these cases, the madagrprns likely to consider solutions
with a larger number of cross-trained workers, which implerger domains for thg;s and
longer shaving and search times. The general pattern in #a&GPU times for eachi seen

in Table 4.1 also occurs under these five cost combinatiodg;ating that problem difficulty

is a function of more than just the cost assumptions.

4.3.3 Other Parameters

In order to examine the effect of the rest of the problem patars, we use a set of instances
with the S, A, p, B, andW,, values from the 54 instances used in the work of Berman et al.
[15] (see Section 2.4.2 for more details regarding this $ehsiances). Ten different cost
combinations which satisfy our cost assumptions are useidggus 540 instancesAlthough

the values of the parameters vary, these instances can bpegranto 9 types according to

the value ofxg“, which is an indication of how difficult it will be to satisfyne W,, and B,
constraints simultaneously, adjusted by the arrival r&ealler values of this ratio lead to
tighter problem instances. In addition, each triple outhafse 9 types has an equal value of
A/, which is a representation of the workload of the facility.

All 540 instances were solved within 10 minutes. From Tab® # can be seen that as

5The cost combinationg:;, ¢y, ¢;) used in this experiment are (32, 5, 30), (32, 15, 25), (32305, (32, 25,
15), (32, 25, 25), (32, 25, 30), (32, 30, 5), (32, 30, 15), @2,25) and (32, 30, 30). In several instances, the
value of A or ; had to be rounded from the value used by Berman et al. due temcathinstability.
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A/ increases, mean CPU times increase. This happens simutslpevith an increase in
the mean number of iterations and an increase in the totabauof workers in the optimal
solution, confirming the observations made from our expenimvith differentS values. As
the value of% decreases, whil®/ . is held constant, mean CPU times, number of iterations
and total number of workers in the optimal solution increabkerefore, as the workload of
the facility increases and/or the expected waiting timengobecomes tighter, the problem

becomes harder to solve.

4.3.4 Cost of the Optimal Solution

Both Table 4.1 and 4.2 present the mean percentage difielsrteveen the cost of the optimal
solution, and the costs of the specialized-only solutiahthe cross-trained-only solutibfi.e.

with f = b = 0). We calculate the difference between each pair of solstama percentage
of the cost of the optimal solution. In most cases, there israzero difference between the
costs of the optimal solution and the two ‘naive’ solutiomslicating that our approach may

be valuable in practical applications.

4.4 Experimental Results and Analysis Il

The sub-problem of our Benders’ decomposition method,rdeesatin Section 4.2.5, has three
main components: the heuristic, the alternating shavinggaure and standard CP search. In
this section, we investigate the influence that each of tbesgwonents has on the effectiveness

of our method. To do this, we consider three approaches venemodifications of our original

"The cross-trained-only staffing configuration is a solutiorBerman’s problenP, (described in Sections
2.4.2 and 4.1.1). In order to obtain the cross-trained-solytion, we modified our method by changing the
upper bound of to S and the upper bound on the costdox ¢, in the master problem (Equation 4.6) and ran
it with costsc, = 1, ¢y = 100, ¢, = 100. However, our method was unable to solve 19 out of the 30@utsts
discussed in Section 4.3.1 within 600 seconds. In these caseassume that the best cross-trained-only solution
consists off},;q; + Biota; Cross-trained workers. Thus, the percentage differereteggen the cost of the optimal
solution and the cost of the cross-trained-only solutiagspnted in Table 4.1 may be either slight overestimates
or slight underestimates. The percentages presented la #dbare accurate since our modified program was
able to find the cross-trained-only solution for all instasvithin a negligible run-time.
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method:

e heuristicOnly in which the solution to the sub-problem can be found onlyreyheuris-

tic (shaving and search are removed),

e noShavingin which the sub-problem can be solved by either the hecostsearch (the

alternating shaving procedure is removed),

e noSearchin which either the heuristic or shaving can solve the sudilem (search is

removed).

The heuristicOnlymethod is a complete method only if, on every iteration inchkhihe
heuristic is unable to find a feasible sub-problem solutiba,sub-problem is truly infeasible.
In particular, the heuristic can guarantee infeasibilityh@ sub-problem only if the policf(
violates the back room constraint, or the poli€yiolates the front room constraint.

Similarly, thenoSearchmethod is complete only when either the heuristic or therzdting
shaving procedure is able to guarantee infeasibility omyateration in which they cannot find
a feasible solution. This may happen either wheéris infeasible with respect to the front
room constraint, of{ is infeasible for the back room constraint, or shaving aptisnio make
a domain reduction that violates the current upper or loveembl of ak;. If shaving makes
some domain reductions but is unable to either find a feapiiey or prove infeasibility, the
sub-problem is considered infeasible. Hence, in such ¢hsesSearcimethod is incomplete.

ThenoShavingnethod is complete (given enough run-time) because on éezafion in
which K is feasible for the front room constraint aﬁ’dis feasible for the back room constraint,
but the heuristic is unable to find a feasible policy, seasaim in order to prove the feasibility
or infeasibility of the sub-problem. However, if this methtakes longer than the allowed
run-time limit, we assume that the solution it returns is $pecialized-only solution (since
this solution is always found within a negligible run-timeqo to the execution of the master

problem). In these cases, there is no guarantee that thismsois optimal.
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We compare théeuristicOnly the noSearchand thenoShavingmethods to our original
method (which employs a combination of heuristic, shavimgj search as discussed in Section

4.2.6) on the set of 540 instances from Section 4.3.3.

4.4.1 Solution Quality

Experiments with our set of 540 instances indicate thathigristicOnlymethod finds the
optimal-cost solution in 442 instances, or in 69.8% of instances for whiehoptimal is not
the specialized-only solution. TheSearchmethod is able to find the optimal-cost solution
in 516 instances, or in 92.6% of instances for which the ogitiis not the specialized-only
solution. ThenoShavingnethod finds the optimal-cost solution in 389 instances 306% of
cases for which the optimal staffing configuration is not {ecgalized-only one. The original
technique employing the heuristic, shaving and searchdae optimal-cost staff mix in all
540 instances.

In Table 4.3, the percentage difference between the costeobptimal solution (found
by our original method) and the costs of the solutions foupdhe other three methods is
presented. It can be observed that the heuristic perforrisbue that there exist instances in
which it is unable to find the optimal solution. In fact, thelaindicates that thieuristicOnly
method finds the optimal-cost solution in a greater numbenstnces than theoShaving
method. This observation can be explained by the fact tleatdShavingnethod takes a long
time to prove the infeasibility of each infeasible sub-peoiy, reaches the time limit without
having solved the problem in many instances (see the highimas of thenoShavingnethod
presented in Table 4.4) and, thus, returns the speciatingdsolution in many cases in which
this solution is not optimal. TheoSearchmethod performs better than either of the other two
methods, finding the optimal-cost solution in all cases pkedien the ratio oAV, and B, is

21.87.

8The actual staffing configuration found by this method mayifferént from the one provided by our original
method.
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A 10 15 20
e 55.83| 21.87| 6.15| 38.34| 10.84| 3.55| 28.56| 8.12| 2.37

heuristic 0 074 1024 O 0 |0.05| 0.22 | 0.05| 0.10

noSearch 0 0.24 0 0 0 0 0 0 0

noShaving O 142 |0.75| O 2201103 O 0.34] 1.44

Table 4.3: Mean percentage difference between the cos¢aitlution provided by thieuris-
ticOnly, thenoSearchand thenoShavingnethods, and the cost of the optimal solution found

by our original method for each value &f™.

Based on these observations, we can conclude that, in nmeest,¢he optimal-cost solution
in our original method is found by either the heuristic or $having procedure, indicating that

both are essential components of our overall approach.

4.4.2 Mean Run-time

Table 4.4 presents the mean run-times forhbaristicOnly thenoSearchand thenoShaving
methods, and our original method. The only method out ofetiesr that is unable to solve
some instances within 600 seconds is tleShavingmethod (in fact, it does not solve 242
instances). In the calculation of the mean run-times fa théthod, we assume that the run-
time of instances that are not solved is 600 seconds, and:tibaanean run-time figures for
thenoShavingnethod presented in the table are under-estimates of theneans.

We can, firstly, observe that the mean run-times of our oaigimethod most closely resem-
ble those of thanoSearchmethod. Secondly, it can be seen that hle@rristicOnlymethod is
much faster than the rest, with mean run-times being belaws®eonds for all values é%
This is not surprising, since the original heuristic of Barmmet al. has been shown in Section
3.4.2 to be extremely fast in our experiments with probiém

Thirdly, the longest run-times result from ti@Shavingnethod, since search has to be



CHAPTER 4. HNDING THE OPTIMAL STAFF MIX IN A RETAIL FACILITY 119

A 10 15 20
% 55.83| 21.87 | 6.15 | 38.34| 10.84 | 3.55 | 28.56 | 8.12 | 2.37

heuristic | 0.01 | 0.07 | 0.26 | 0.01| 0.18 | 0.82 | 0.05 | 0.60 | 1.78

noSearch| 0.01 | 8.12 | 12.07 | 0.01 | 7.94 | 38.49 | 39.84 | 58.11 | 91.45

noShaving| 0.01 | 249.87| 421.81| 0.01 | 358.97| 500.00| 193.04| 430.02| 540.00

original 0.01| 12.34| 1210 | 0.01 | 791 | 38.46 | 39.92 | 58.25| 91.28

Table 4.4: Mean run-times fdreuristicOnly noSearchnoShavingnd our original method for

each value o%.

used in all cases for which the heuristic is unable to guamtfeasibility and also unable
to find a feasible solution. In Section 3.6.1, we stated that @ossible reason for tiESums
model without shaving being unable to prove optimality imsoinstances of problerR; is
that there is very little propagation from the constrdirif < bestW, (wherebestW, is the
best value of the expected waiting time found up to that gaitiie search). ThBSumsnodel
served as the basis of the sub-problem model, and the twanaitaran structure. Therefore,
we can conjecture that one of the reasons for the searchgtakiang time to prove or dis-
prove the feasibility of the sub-problem in some instansdabé lack of propagation from the

constraintV, < W,,.

These observations indicate that a majority of problemsessolved by using the heuristic
and shaving, and that, in such cases, most of the run-timeradr@inal method is spent in the
shaving stage. More importantly, it is clear that the usénaf/;ig greatly reduces the run-times
needed by our original method to guarantee optimality. Weatso conjecture that, in general,
one of the reasons why there exist instances in which oumalighethod is unable to solve the
problem within 600 seconds (i.e. some instanceS at 80 in experiments of Sections 4.3.1
and 4.3.2) is the fact that shaving is unable to prove thaldgi&s or infeasibility of the last

master problem solution considered and search needs aihoadga do so.
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A 10 15 20

(A\W,)/B; | 55.83| 21.87| 6.15 | 38.34| 10.84| 3.55 | 28.56| 8.12 | 2.37

heuristicOnly| 1.00 | 4.50 | 12.20| 1.00 | 5.70 | 22.93| 3.90 | 14.60| 38.00

noSearch 1.00 | 3.60 | 11.30| 1.00 | 5.70 | 22.58| 3.20 | 14.10| 36.50

noShaving 1.00| 3.20 | 3.60 | 1.00 | 2.70 | 4.37 | 3.20 | 3.60 | 6.20

original 1.00 | 3.20 | 11.30| 1.00 | 5.70 | 22.58| 3.20 | 14.10| 36.50

Table 4.5: Mean number of iterations foeuristicOnly noSearchnoShavingand our original

method for each value GYE%.

4.4.3 Mean Number of Iterations

In Table 4.5, we see that the mean number of iterations faualbne value 0%“ is the same

for our original method and theoSearchmethod, which is not surprising given the similarity
in the mean run-times between the two. The slight differdmetsveen the two methods for
% = 21.87 is due to the fact that, as shown in Section 4.4.1, this suifdastances is the
only one for which themoSearchmethod is unable to find the optimal solution in some cases. In
particular, for such instances shaving is not able to preesibility of the sub-problem given
the optimal master solution, it is (incorrectly) assumedat the sub-problem is infeasible, and
the next master solution is considered (increasing the euwofhterations). On the other hand,

in our original method, search is able to recognize the lbgégiof the sub-problem in these
cases, resulting in a smaller number of iterations.

We should also note that theoShavingmethod has a smaller or equivalent number of
iterations compared to the other methods. This is due taaittdtiat using search to solve each
sub-problem often results in overall run-times of great@nt600 seconds after only a small
number of iterations.

TheheuristicOnlymethod has the largest number of iterations out of the fouhaus for

all values of)\ /. This is because the heuristic misses some feasible saugiod, as a result,
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has to consider more master solutions, increasing thertataber of iterations.

4.4.4 Summary

Overall, these results indicate, firstly, that the alteéntpshaving procedure is an essential part
of our method, as it significantly reduces the run-time resglito prove the infeasibility of
each infeasible sub-problem, and, therefore, decreases/érall run-times of our method. In
fact, without shaving, our method would not have been absotee a large proportion of our
problem instances to optimality. Additionally, shavingyraso find a feasible solution in a
short amount of time if the heuristic is unable to do so.

Secondly, we see that the heuristic is a helpful componentipimethod, since, in most
instances, it allows us to quickly guarantee the feasybdlftthe sub-problem when the master
problem solution is optimal.

Search is also a useful component of our method, since theraaes when the heuristic
and shaving are unable to find a feasible policy for the odtimeester solution. However, since
the noSearchmethod is able to guarantee optimality in most cases (sele %aB), search is
seldom used. Whenitis needed for guaranteeing completghesually results in the instance
not being solved within 600 seconds.

In order to summarize these observations, we can say thatdseimportant component
of our method is the alternating shaving procedure, buttieabther two components also play

a significant role in some instances.

4.5 Conclusions

In this chapter, a Benders’ decomposition-based constpaogramming method is proposed
for the problem of determining the optimal mix of cross+ed and specialized workers in a
retail facility given specific assumptions regarding theffsig costs of these workers (other

cost assumptions are discussed in the following chaptenjs method is shown to perform
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well over a wide range of problem parameters. In many cakes;dst of the optimal solution
is shown to deviate from both the solution in which all woskare specialized and the solu-
tion in which all workers are cross-trained. An examinatidrihe method used to solve the
sub-problem indicates that all three of its components [(gngristic, the alternating shaving
procedure and the search) are important, but that the isffeetss of our method is primarily
due to the shaving procedure’s ability to prove the infaligitof each infeasible sub-problem
quickly.

Since the problem discussed is a queueing design and cprmokdem, this chapter demon-

strates that constraint programming may be a useful apprfoasolving such problems.



Chapter 5

An Analysis of Cost Cases in the Optimal

Staff Mix Problem

In Chapter 4, the problem of finding the optimal staffing comfadion in a retail facility is
discussed under the assumption that the cost of a crosedraiorker is less than or equal to
the sum of the costs of specialized workers, but greaterdghagual to each of the specialized
worker costs individually. In this chapter, other possitenbinations of costs are analyzed. A
major issue which arises in this analysis is the formulatiba switching policy. We therefore
start with a discussion of two possible policy formulatigmsth for Berman et al.’s problet#,
and for the optimal staff mix problem. We then state the icgilons of these formulations on
the solution of the latter problem under different cost agstions. It is shown that the work

presented in Chapter 4 remains valid with the new policy tdation.

5.1 Policy Definitions for Berman et al.’s ProblempP,

In the second problem addressed by Berman et al. [Bh]the goal is to find the smallest
number of cross-trained workerd], and a switching policy which would state how to assign

these workers to the front and back rooms of a retail faciktith capacity.S. Recall that

123
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Berman et al. define a switching policy in terms of quantitiggor: = 0, ..., NV, so that there
are: workers in the front room whenever there are between + 1 andk; customers in the
front room, fori = 1,2,..., N. See Section 2.4.2 for details regarding problem Given a
family of switching policieK = {K; K = {ko, k1, ..., ky_1, S}, k; integersk; — k;_1 > 1,

ko > 0,kny_1 < S}, the problem can formally be stated as:

minimizegek N (5.1)
st. Wy < W,

B > B,

where IV, is the expected customer waiting timié;, is the upper bound on the expected
customer waiting timep is the expected number of workers in the back room, Bnib the
minimum expected number of workers in the back room thatqsired in order for all work
to be completed. The values BfandWW, are calculated from a particular switching policy as
shown in Equations (2.9) and (2.11), respectively, in Cérapt

Berman et al. state that, because minimiZifigand maximizingB are conflicting goals,
it may not be possible to find a numbé¥, of workers that would allow both constraints to be
satisfied. This happens because of the back room constaint B;. In other words, there
exists some value a¥ for which even the policf( ={ko=5—-N,k; =S—N+1,....kn_1 =
S —1,kyx = S}, which results in the greatest possible value$igfand B, is feasible for the
front room constraint but infeasible for the back room coaist. Adding more workers further
reduces the expected waiting time, but only marginallyeases thés value of the resulting
I:( policy. Since the size of a poliéys NV and the size of the domain of eathis S — N + 1,
Berman’s policy formulation cannot be used to define pdieigth N > S. Therefore, if it
happens that, whei = S, the policyf( is infeasible, then there is no feasible solution for

this instance of the problem.

1The size of a policy is the number of switching points.
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N| W, B

22| 1.29406 | 0.362632

23| 1.19391 | 0.385196

24| 1.10209 | 0.408486

25| 1.01761 | 0.432537

26 | 0.939606 | 0.457384

27| 0.86737 | 0.483067

40| 0.255857| 0.915678

49 | 0.0209997| 1.38034

50 - 1.44473

Table 5.1: Values ofV, and B for policy K for various values ofV for the policy K. The
value of W, could not be calculated exactly whéh = S = 50 due to precision issues in the

ILOG Solver program used to do so.
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As an example, consider an instance of the problem Wwith 50, A = 80, u = 1, B; =
1.92, W, = 1.35. In Table 5.1, values oB and ¥, for various values ofV (up to S) are
presented. It can be seen that\asncreases, the value OF, decreases, even after it becomes
lower thanlV,, at N = 22. The value ofB increases withV, but only marginally, and is not

feasible whenV = S.

In practical applications, the infeasibility of this prebh does not make sense—cleaNy~=
S + [ B,] should allow both constraints to be simultaneously satisiice every customer
will be served immediately, and there will be a sufficient f@mof workers in the back room.
The reason for this inconsistency is the definition of a gwtg policy. In particular, a policy
as it is defined above assumes that all of the cross-trainekievgowill be switched at some
point in time. This definition does not allow a worker to berpanently assigned to the back
room and not switch. One may say that assigning a crossttairorker to only one type of
work contradicts the original idea of hiring cross-traivearkers. However, if the facility has
a policy of hiring cross-trained workers only, the decisiopermanently assign some of them
to the back room may be necessary in order to ensure that theafork in the back room is

completed.

An alternative policy definition could be used in order toalgs this inconsistency. Given
N cross-trained workers, a policy can be represented by & tupk, b* >, whereK is a
switching policy as defined in Berman et al. (stated abovd)ars a non-negative integer that
represents the number of workers that are always assigrimtkoroom work. The size of the
policy K is thereforeN — b* + 1. In the above example, the polieyf(, 2>with N =24is

feasible.

This new policy formulation is more realistic but also inzses the search space of the
problem. In particular, in order to find a feasible value/df one would have to devise an
effective method of searching through tuplesk, b* > in which b* < [B;], so as not to

enumerate all of them.
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5.2 Policy Definitions for the Optimal Staff Mix Problem

Now, consider the extension of Problem (5.1) that was dssaign Chapter 4: the optimal staff
mix problem. In this problem, we suppose that the facility b&re specialized front room and
specialized back room workers in addition to cross-traioieels, and that each type of worker
has a different cost.

As in Chapter 4, we let: denote the number of cross-trained workefghe number of
front room workers, and the number of back room workers hired by the retail facility,
cy and¢, denote the costs of a front room worker, a back room workeraaotbss-trained
worker, respectivelyF;,, is the smallest number of workers needed in the front roorndero
to achieve the desired quality of service, whitg,,; is the smallest number of workers needed
in the back room in order to complete all of the necessary work

The goal of the problem is to find the lowest-cost combinatbmorkers which would
ensure that the expected number of workers in the back ro@uffisient to complete all of
the necessary work and that the expected customer waitiregis bounded from above. The
formal definition of this problem has been stated as Equddd?) and is repeated here for

convenience in Equation (5.2).

minimize cyf + cpb + cxx (5.2)
st. Wy < W,

B > B,.

Given a particular switching policyz andW, can be calculated using Equations (4.12) and
(4.14), respectively. For a more detailed description of pmoblem, and a complete listing of
constraints, the reader is referred to Chapter 4.

A policy is defined as a vector df;s, (ko, k1, ..., k.+r), such thatk; < k; iy for i =
0,1,....,24+ f =1, kyyy =5,k =1 Vi < fandk; > ¢ Vi > f, with the interpretation that

the number of “busy” workers (ones who are currently senargustomer) in the front room
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is 7 whenever the number of customers in the front room is betwgent 1 andk;. We will
further refer to this policy definition as thé™policy” definition. As shown in Chapter 4, this
formulation implies that the poIicf( ={ko=0,ki=1,.. k1 =f-1kr=5—x ks =
S—x+1,.. kyrpg1 =9 —1k,p = S} yields the greatest possible valuesitf and B,
while the policy X = {ko = 0,k = 1, ko =2, ... ky = fr oo kpys1 =24+ f — 1, kpyy = S}

results in the smallest possible valuedidf and B.

Due to its similarity with the policy definition of Berman et aused for Problem (5.1),
this type of policy does not allow cross-trained workerségbBrmanently assigned to the back
room. This implies, firstly, that a “cross-trained-only”lgton, in which f = 0 andb = 0,
may not always exist for this problem. Secondly, this me&as any reasoning based on the
assumption that, given a staff configuration in which the hamof front room workers is
sufficient for the satisfaction of the front room constraif,,,; cross-trained workers will be
sufficient to satisfy the back room constraint, is invalidck an assumption holds in practical
situations, since, if we know that employiis},;,; specialized back room workers is enough
to complete all tasks, and if cross-trained and specialivadkers are assumed to be equally
skilled at performing back room work, then havii,, cross-trained workers should lead
to the satisfaction of the back room constraint as well. bleotto deal with this discrepancy
between a realistic assumption and the consequences df@ufsrmolicy formulation, we can
alternatively define a policy as a tupte K, b* >, whereK is specified according to th&-
policy definition, and* is a non-negative integer that represents the number o$-tramed
workers that are always assigned to back room work. We wilrr® this formulation as the
“< K,b* >-policy” definition. Under this formulation, the policy f(, [B;] > results in
the greatest possiblé’, and B, and the policy< K,0 > results in the smallest possiblg,
and B. Note thatW,(< K,[B,] >) > W,(K) and thatB(< K,[B,] >) > B(K), but
W,(< K,0>)=W,(K)andB(< K,0 >) = B(K).

Regardless of the policy definition, we will refer to both dippsatisfying the constraint

B > B, and a staffing configuration for which it is possible to findtsagolicy asB,-feasible.
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A policy satisfying the constrainti’, < W, and a staffing configuration for which such a

policy can be found will be further calldd’,-feasible.

5.3 Five Cost Cases

The difficulty of solving Problem (5.2) depends on the assiong that are made about the

costs of the different workers. These assumptions can leedivnto five cost cases:
1. ¢y > ¢, > ¢y,
2. ¢cp>cp >y,
3. ¢; > ¢+,
4. ¢, < cyande, < ¢,
5. ¢, <+ cpande, > cr, ¢ > .

In the next section, we discuss these cases assuming thigtpiodicy definition is used. In
Section 5.5, the changes to these five cost cases resutimgfie use of the: K, b* >-policy

are presented.

5.4 Cost Cases with the<-Policy Definition

In this section, we analyze the five cost cases under the ggisumthat the/-policy definition
is used. For each cost case, we state what the optimal soluiiidook like based on the cost

assumptions, provide a proof of its optimality, and deschibw it may be found.

5.4.1 CostCase 1, > ¢, > ¢y

If we ignore the feasibility issues discussed above, itescthat, given these cost assumptions,

the optimal solution should only have cross-trained andtfroom workers. Taking feasibility
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issues into account, we know that this is not necessarilycése, since having,,;,, Cross-
trained workers may not result in arfy;-feasible policies. We can say, however, that if the
policy K with B,,,,; cross-trained workers iB;-feasible, then the optimal solution will have

the formx = Bioar, [ < Fiota, b = 0. The following claim states this more formally.

Proposition 5.4.11f ¢, > ¢, > ¢, and the solutiont = By, f = 0,0 = 0 is B;-feasible,
then the optimal solution is always of the form= B;,., f = f',0 = 0, wheref' < Fj

and f’ is the smallest integer that makes this solution feasible.

Proof: We start with solution: = 0, f = Fiua, b = Bioar, Which is feasible by definition,
and try to construct a smaller-cost feasible solution. &ipc> ¢,, substituting each of
the B,.;,; back room workers by cross-trained ones will result in loa@st. The
resulting solution is stillV,-feasible since’ = F},;, and still B;-feasible since, by

assumption, there existsia-feasible policy withB,,;,; cross-trained workers.

Since some of thé,;,; cross-trained workers may help to satisfy the front room
constraint, the cost of the resulting solution may be furtbduced by decreasing the
number of front room workers. We therefore redifcentil the smallest possible value,
f', that makes the solution= B, f = f’,b = 0 feasible. It is not possible to
modify this solution further in order to reduce its cost atilllietain its feasibility: x
cannot be decreased because of the constraint > B,,;, f cannot be decreased
becausg’ is the smallest value fof that makes this solution feasible, andannot be

increased to replace some specialized front room workeauser, > c;.

Thus, the solution: = By.i01, f = f, b = 0 is always optimal under the given cost
assumptions and the assumption thai deasible policy exists witl3;;,; cross-trained

workers. -

If we remove the assumption thafz-feasible policy exists witlB,,;,; cross-trained work-

ers, then the claim is not true, and the optimal solution mayhe specialized-only solution
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(i.e. in whichz = 0), or a solution with some number of cross-trained and sonmeten of
specialized workers. In particular, if we start with the gpézed-only solutiong = 0, f =
Fioal, b = Byiotar, We may be able to substituseme but not all, of theB,,;,; back room work-
ers by cross-trained ones and find a smaller-cost feasihit@n However, it may also happen
that no feasible solution of smaller cost exists With B, ;,;.

Consequently, under the given cost assumptions, the pnotd@@ be solved by first check-
ing whether the policw:( with By, cross-trained workers (and no specialized workers) is
B-feasible. If itis, the above claim is true, and the problean be solved quite easily by first
constrainingr to equalB;.;, b to equal 0, and then decreasing the valug o$tarting from
Fioar, until it is not possible to find a feasible policy for the régwg combination of workers.
The last value off for which a feasible policy exists will be the required opgimalue, /. If
f( with B, cross-trained workers is not feasible, then the methodgs®gin Chapter 4 can
be applied, with slight modifications. Firstly, the consitar < F}.;,; + Biotat — 1 has to be
substituted by the constraint< S, since there may exist a feasible solution with more than
Fiota + Biotay — 1 cross-trained workers that will give smaller cost than thecsalized-only
solution. Secondly, the cut:(> B || b > 0) can be added to the master problem before

the first iteration.

5.4.2 CostCase 2¢r > ¢, > ¢

Because a cross-trained worker is less expensive than tarfom one, intuitively, the opti-
mal solution should have = F,.,, f = 0 andb < B,,. Recall that policyf{ (defined in
Section 5.2) withF,,,; front room workers is exactly the same as polIinyith F, 101 Cross-
trained workers, since in both cases, an additional semeosrbes busy as a customer arrival
occurs. The only difference between the two cases is thhe#d workers are cross-trained,
they are switched from the back room to the front room, wheiethey are specialized, they
are “switched” from being idle to being busy. Hence, the twliqes yield the samél/, val-

ues. Since employing..; front room workers yields d policy which is W,,-feasible (by
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definition of F},;,;), employing the same number of cross-trained workers artgsiwg them
according tak” will also lead to the satisfaction of thH&, constraint. Due to these properties,
specialized front room and cross-trained workers can bstguted for each other without vi-
olating thelV,-feasibility of a particular staffing configuration, whicbads to the following

proposition.

Proposition 5.4.21f ¢; > ¢, > ¢, then the optimal solution is always of the form=
Fiwar, f = 0,0 = U, whereb < By, andt’ is the smallest integer that makes this solution

feasible.

Proof: We start with solution: = 0, f = Fiua, b = Bioar, Which is feasible by definition,
and try to construct a smaller-cost feasible solution. &inc> c,, substituting each of
the F}.;,; front room workers by cross-trained ones leads to lower. ddst resulting
configuration remaing/, -feasible since policyA( with x = F} ., IS equivalent to policy

K with f = Fiua. Itis also still B;-feasible since the value éfhas not been changed.

Since some of thé},,,; cross-trained workers may help to satisfy the back room
constraint, the cost of the resulting solution may be furtbduced by reducing the
number of back room workers. We therefore redoatil the smallest possible value,
b, that makes the solutian= F},.;, f = 0,b = U/ feasible. It is not possible to modify
this solution further in order to reduce its cost and stiiaine its feasibility:z cannot be
decreased because of the constrdintz > F},.;, b cannot be decreased becatiss
the smallest value fdr that makes this solution feasible, andannot be increased to

replace some specialized back room workers becausec,,.
Thus, the solution: = Fi..;, f = 0,b = V' is always optimal under the given cost

assumptions. n

The problem of finding the optimal staff configuration givératic; > ¢, > ¢, can be

solved quite easily by first constrainingo equalF;.;.;, f to equal 0, and then decreasing the
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value ofb, starting frombB;;,;, until it is not possible to find a feasible policy for the résg
combination of workers. The last value bffor which a feasible policy exists will be the

required optimal valuéy.

5.4.3 CostCase 3¢, > ¢y + ¢

In the case when the costs satisfy the assumption c; + ¢;, there is no incentive to hire any
cross-trained workers, since doing so will always lead ghai-cost configurations. In partic-
ular, we know that in any feasible solution, a cross-tramedker can always be substituted by
a pair of specialized workers, one for the front room and oné¢hfe back room, without violat-
ing feasibility. Since such a pair of specialized workellgss expensive than one cross-trained
worker, the specialized-only solution,= 0, f = Fiya, b = Byotal, 1S Optimal. The following

claim and proof state these ideas more formally.

Proposition 5.4.3If ¢, > ¢; + ¢, then the optimal solution is always= 0, f = Fiya,b =

Btotal .

Proof: Suppose there exists a solution of smaller cost than theo€gstution
=0, f = Fiotar, b = Biotar- ANy such solution will have the form
x=12f = Fia — [',b = Bt — . There are three cases which may resultin a

smaller-cost solution:
1.2 < f
This will be infeasible becausé + (Fioia — f) < Fiotal®:

2.7 <V

This will be infeasible becausé + (Bt — V') < Biotar-

3.2/ > flandx’ > ¥V

°The constraints + f > Fyoiq andz + b > By are discussed in Section 4.2.3.
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The cost of this solution will bes(Fiotar) + ¢ (Brotar) + (') — ¢ (f") — ep(),

which is greater than or equal @( Fiota1) + c»(Biota) beCaUse
Ca(@') = ¢ (f') = (V) Z cola’) — cp(2) — ep(a) = 2(ca —cp =) 2 0
where the last inequality follows from the assumption that c; + c,.

Therefore, there is no solution of better cost and 0, f = F},0, b = Bioiw 1S Optimal

(if ¢, = ¢y + o, then there may be alternative optimal solutions). [ ]

Given these cost assumptions, the problem can be solveddigdithe values of},;,; and
Biotal- Frotar Can be found by calculating the value1df, for each value off starting from 1
until the constraint?, < W, is satisfied. The expression f@r, given f front room workers is
simply that of the expected waiting time in an M/f5 queue [42], or can be calculated using

Equation (4.3).

5.44 CostCasede, < crandc, < ¢

In the fourth cost case, we assume< ¢; andc, < ¢,. Under these cost assumptions, every
specialized worker in a given staffing configuration can Hesstuted by a cross-trained one
without increasing the total cost of that configuration, gy that the cross-trained-only so-
lution should be optimal. However, similarly to Cost Cas¢hg, form of the optimal solution

is dependent on whether poliaf\j with solutionz = By, f = 0,b = 0 is B;-feasible. If this

is so, then the optimal solution will consist of cross-tedrworkers only.

Proposition 5.4.41If ¢, < ¢; andc, < ¢, and the solutionr = By, f = 0,b = 0 is
B;-feasible, then the optimal solution is always of the farm= 2/, f = 0,6 = 0, where
Fiotar+ Biotar > ¢’ > max(Fyoa1, Biota) @nda’ is the smallest number of cross-trained workers

that are needed in the facility in order to satisfy both coaisits.
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Proof: We start with solutiorr = 0, f = Foia, b = Biotar, Which is feasible by definition,
and try to construct a smaller-cost feasible solution. &inc< ¢, substituting each of
the F},;,; front room workers by cross-trained ones will result in a¢owost (feasible)
solution. Feasibility is guaranteed because the pdﬁoyith F, a1 Cross-trained

workers is equivalent to the poIiQ‘}( with F}.;, specialized front room workers.

Sincec, < ¢, and we assume that the solutier= B;..;, f = 0,b = 0 is B,-feasible,
we can substitute alB,;,; back room workers by cross-trained ones, giving us the

SOIUt'OnZE = Ftotal + Btotala f = O7 b = 0

Due to the possibility of switching these workers betweentito rooms, we may be
able to reduce the value ofuntil 2/, the smallest number of cross-trained workers for

which a policy that is bottB;-feasible andV,-feasible can be found.

It is then not possible to find a smaller-cost feasible sotutor two reasons. Firstly,
substituting any of the cross-trained workers by spe@dlianes will necessarily result
in higher cost due to the cost assumptions. Secondly, danged will result in
infeasibility, sincer’ is the smallest number of cross-trained workers for which a

feasible policy can be found.

Thus, the solution = 2/, f = 0,b = 0 is always optimal under the given cost

assumptions and the assumption that B;..;, f = 0,b = 0 is B;-feasible. [

If the assumption of the feasibility of solution = By, f = 0,b = 0 with respect to
the back room constraint is violated, then the optimal sofutvill consist of at least; ;.
cross-trained workers, no specialized front room ones asdiply some number of back room
workers. Following the structure of the proof of the abow&rol, suppose we are given the
specialized-only (feasible) solution = 0, f = Fita,b = Biota- We can substitute all of
the front room workers by cross-trained ones without vintateasibility. After this, we may
not be able to find a smaller-cost feasible solution by irsireathe number of cross-trained

workers and decreasing the number of back room workerse sirere may not exist a value
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of x that results in &,-feasible policy. In this case, the optimal solution wilvea: > F;.;,
f=0,and0 < b < Bya-

Consequently, it, < ¢; andc, < ¢, the problem may be solved by first checking the
feasibility of solutionz = B;,.., f = 0,b = 0 with respect to the3, constraint. Given this
configuration, if policy[:( is B,-feasible, then we can constrafrandb to be 0 and enumerate
the possible values aof starting at 1 until a policy can be found for somevhich satisfies
both constraints. In other words, we have to solve Berman.'etpaoblem P,. Otherwise,
the method presented in Chapter 4 can be applied, with th&reamts < B + Fiota — 1
substituted byr < S, since it is possible for the optimal solution to consist afrenthan

Fiotal + Biotar Cross-trained workers.

5.45 CostCase5¢, < c¢,+crandc, > cf, ¢, > ¢

Consider now the cost case that was extensively studiedapi€h4. Clearly, under the given
cost assumptions, hiring a cross-trained worker will be kespensive than hiring a pair of
specialized ones. However, if, in order to satisfy both t@msts, we need more than one
cross-trained worker, it may be cheaper to hire some nunilfesrdt and back room workers
instead. For example, if, = 7, ¢; = 5 and¢, = 4, hiring a cross-trained worker is less
expensive than hiring a pair of specialized ones, but hi@rfigont room workers and 1 back
room worker is less expensive than hiring 3 cross-trainexdkers. Therefore, in this case, it is
not clear what the optimal solution will look like. In factrfthese cost assumptions, there are

5 possibilities for the optimal solution:

1. z =2, f =0,b=0 (only cross-trained workers),< z/ < §
For example, this will happen if is smaller thar¥;,;,; + By @nd there is no feasible
lower-cost solutionr = 2/ — 2", f = f', b = ¥ with 2” < '+ V' (i.e. when hiring
more workers cannot result in a feasible smaller-cost swiutvhich could happen in the

above example with costs = 7, ¢; = 5 andc, = 4).
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2. £ =0, f = Fiota, b = Biotr (Only specialized workers)

This will happen when all solutions of smaller cost witk: b’ are infeasible.

3. z=2a,f=fb=0(noback roomworkers)’ < Fu, 2’ >0
For example, this will happen if the expected number of neglback room workers is
fractional, and both constraints can be satisfied by hirorgesnumber of cross-trained

workers rather than by hiring pairs of specialized back r@mu front room workers.

4. x =2/, f =0,b =1 (no front room workersYy < By, ' > 0
For example, if, given some number of back room workers etimexeds to be a worker
in the front room and another one in the back room for only etioa of the time, then

it may be reasonable to hire a cross-trained worker instéagair of specialized ones.

5. .T:l’/,f:f/,b:b/, b/ < Btotal)f/ < Ftotalux/ >0
A solution of this kind may be optimal if the expected numblworkers required in the

back room and front room is fractional.

Because the optimal solution in this case may take any of Weefdrms listed, it is also
harder to find than in the other cost cases. A detailed digmus$ a method for solving this

problem has been presented in Chapter 4.

5.5 Cost Cases with the< K, b* >-Policy Formulation

The alternative policy definition provided in Section 5.2ires that a cross-trained-only fea-
sible solution always exists. We can find such a solution lyrearating the value af starting
from z = 1 until the smallest possible value ofis found that results in a feasible K, b* >
policy. This value will be further referred to a§,.:,;, and any solution witlf = 0 andb = 0

will be called the “cross-trained-only” solution. The moaportant consequence of the change
in the policy formulation is thak;.;,; becomes a lower bound on the total number of workers

in the facility, as stated in the following theorem.
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Theorem 5.5.1 (Lower Bound on the Total Number of Workers) In any (cost-) optimal so-

lution to Problem (5.2)f + b+ = > Xiota-

Proof: [By Contradiction] Assume we have a solution to Problem)@:RBere
f=f b=V, z=2andf +b + 2’ < Xy (f', V/, 2’ are non-negative integers). In
particular, assume thdt + o’ + ©' = X;,;y — 1. Thus, in this solution, there ané
cross-trained workers that are switched between the back emd the front room
according to some switching poligy K, b* >. This solution can be transformed into
an identical solution (in terms of the number of workers)@kivs. Assume we have
Xiotar — 1 cross-trained workers: constrafhof those workers to always be in the front
room, constrai’ 4+ bv* of those workers to always be in the back room, and switch
2’ — b* of those workers according to polidy. We now have a solution to (5.2) in
whichz = X,y — 1, f = 0andb = 0. Recall thatr = X;,;;, f = 0,b = 0 is the
lowest-cost cross-trained-only solution. Since the cbat@oss-trained worker is
greater than 0, we have a contradiction: our new solutiondvesr cost than that the
lowest-cost cross-trained-only solution. Therefore,dpgmal solution to problem
(5.2) without specialized workers,= X;..;, f = 0,b = 0 provides a lower bound on

the total number of workers required. [ ]

Three of the cost cases are unaffected by the change in dmliciwo are. Below, we

discuss the implications of the policy change on each of tis¢ cases in turn.

5.5.1 Cost Cases Affected by the Policy Change

Given the< K, b* > policy definition, it is always possible to replace some namif back

room workers in a feasible configuration by the same numberads-trained workers and
retain this configuration’s feasibility. This results iretfollowing claims for Cost Cases 1 and
4. In both cases, the cost of the optimal solution will be senahan, or equal to, the cost

of the optimal solution with thé(-policy formulation. This is true becausg < ¢, and the
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number of cross-trained workers will, consequently, bé&rgn the optimal solution under the

< K, b* >-policy definition than under th& -policy definition.

5.5.1.1 CostCase 1¢, > ¢, > ¢

Proposition 5.5.11f ¢, > ¢, > ¢y, then the optimal solution is always of the form=
Bioar, f = f',0 =0, wheref’ < F,,;,; and f’ is the smallest integer that makes this solution

feasible.

Proof: We start with solutiorr = 0, f = Foia, b = Biotar, Which is feasible by definition,
and try to construct a smaller-cost feasible solution. &ipc> ¢, substituting each of
the B,.;,; back room workers by cross-trained ones will result in a leeaest (feasible)
solution. Since some of thB,,;,; cross-trained workers may help to satisfy the front
room constraint, the cost of the resulting solution can loéhér decreased by reducing
the number of front room workers. We therefore redgiamtil the smallest possible
value, f’, that makes the solutian= B;.;, f = f',b = 0 feasible for both constraints.
It is not possible to modify this solution further in orderltover its cost and still retain
its feasibility: z cannot be decreased because of the constraint > B;.;,;, / cannot
be decreased becaugéds the smallest value fof that makes this solution feasible, and

x cannot be increased to replace some specialized front ramkevs because, > c;.

Thus, the solutiom: = By, f = f', b = 0 is always optimal under the given cost

assumptions. [ ]

This problem can be solved quite easily by first constraining equalB;,;.;, b to equal O,
and then decreasing the valuefgfstarting fromf,;,;, until it is not possible to find a feasible
policy for the resulting combination of workers. The laslingof f for which a feasible policy
exists will be the required optimal valug,

It can be seen that, in one way, the problem is easier to solgerthese cost assumptions

when the new policy formulation is used. However, the seapate of each sub-problem is
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now larger because policies with various valueg*diave to be examined.

55.1.2 CostCase 4, <cyandc, < ¢

Proposition 5.5.2If ¢, < ¢; andc, < ¢, thenz = X, f = 0,b = 0 is always optimal.

Proof: Suppose there exists a solution with better cost than theofgslution
x = Xiotat, [ = 0,b = 0. This lower-cost solution will have the form
r = Xtotal - x/’ f = flu b= b/- Since.l’ + f + b Z Xtotal) Xtotal - JZ‘, + f/ + b, Z Xtotal)

which implies that, in any feasible solutioff,+ &’ > «’. The cost of the new solution is
C:(:(Xtotal — x/) + Cf(f/) + Cb(b/)

= ¢o(Xtotat) — Cr(x/> + Cf(f/> + Cb(b/)
Z Cm<Xtotal)

because

cr(f) 4+ (V) = cal@’) Z ¢ (f) + (V) — ca(f" + V) = ['cy — a) + (o — ca),
which is> 0 due to the cost assumptions. (When equality holds, it isiedghat there

may be other solutions with the same cost.)

Thus,z = X, f = 0,b = 0 is optimal for these cost assumptions. [

With assumptions, < c¢; andc, < ¢, the problem can therefore be solved by finding the

value of X, (in other words, by solving Berman et al.'s proble).

5.5.2 Cost Cases Unaffected by the Policy Change

Three of the cost cases are unaffected by the policy change: ¢, > ¢, (Cost Case 2),
¢ > cr + ¢, (Cost Case 3), and, < ¢, + ¢4, ¢, > ¢y, ¢ > ¢, (Cost Case 5). This happens
because in all of them;, > ¢, orc, > ¢, is true, and so permanently assigning cross-trained

workers to the back room will never decrease the cost of a garaiion. As a resulth* is
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always 0 in the optimal solution, and the problem reducestirig a feasible policy<. An
important consequence of this observation is that the ndgpnoposed in Chapter 4 remains

valid with the more realistic policy definition.

5.6 Conclusions

In this chapter, we discuss the fact that the policy formoaiabf Berman et al. is not able to
represent a set of solutions that appear reasonable inqaradn alternative policy formulation
is presented which takes these solutions into accountshas/n that the cost assumptions for
the problem of finding the optimal staffing configuration inedail facility with back room
and front room operations can be broken up into five categoFer each cost case, we prove
that the optimal solution will be of a particular form and gian idea of how this optimal
solution may be found. The form of the optimal solution in wfdhe five cost cases is directly
affected by the policy definition used, while for the remagithree cases, the problem is
always reduced to finding a feasible policy as it was origyndéfined in Chapter 4. Since
Cost Case 5 is one of the cases unaffected by the policy derfindil of the material presented

in Chapter 4 remains valid for the more realistic policy di¢ifim.



Chapter 6

Conclusions and Future Work

In this final chapter, we summarize the work presented inipusvchapters, re-state the major

contributions of this dissertation and present some plesdibections for future work.

6.1 Summary and Contributions

6.1.1 Investigation of a Queueing Control Problem

In Chapter 3, we examined a queueing control problem whicitems a retail facility em-
ploying cross-trained workers. The retail facility has anfrroom, where customers arrive
according to a stochastic process, and a back room, whernbant of work is known in
advance. The goal of the problem is to determine a policydpetifies how to switch workers
between the two rooms so as to minimize expected customéngéime while ensuring that
the expected number of workers in the back room is sufficecbmplete all required tasks.

In previous work, this problem has only been solved hegasi;.

6.1.1.1 Complete Methods for a Problem Previously Solved OnHeuristically

This dissertation presented several complete methodseliang the optimal switching policy

problem, all of which are based on constraint programmirge Best pure constraint program-

142
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ming model is based on closed-form expressions of the piiieedthat are necessary for the
calculation of the expected waiting time and the expectedbar of workers in the back room.
When combined with shaving, an inference method from theitePature, this model was
able to prove optimality in 79.3% of instances that we experited with. It also found the
best-known solution in 97.6% of all these instances. Thp@sed hybrid approach, based on a
combination of the best constraint programming model ardh#uristic presented in the work
of Berman et al. [15], was shown to be just as effective in prgwptimality as the best pure
CP method and to find good-quality solutions in a substdptsdorter amount of time than

any of the pure CP methods.

6.1.1.2 Constraint Programming for a Queueing Control Prollem

To our knowledge, no previous work exists which attemptspjolyaconstraint programming
to queueing control optimization problems. In Chapter 3, finstly, proposed three con-
straint programming models for our queueing control probte interest. By doing so, we
demonstrated that CP modelling techniques, such as thefuk&bvariables and redundant
constraints, are suitable for modelling queueing contptinoization problems. Secondly, we
applied two specialized CP inference methods to our proptam of which was shown to
be particularly effective. Thirdly, we experimentally denstrated that our CP-based meth-
ods are able to find the optimal solution and prove its opiijmal many problem instances
within a reasonable amount of time. Implementation of teethods used only the predefined
constraints available in standard CP solvers. Overallp@hme illustrated that constraint pro-
gramming may be used to model and solve optimization probkemsing in the field of queue

control.
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6.1.2 Investigation of a Queueing Design and Control Probla
6.1.2.1 Extension of an Existing Problem and Its Analysis

In Chapter 4, we presented a realistic extension of an agigjueueing design and control
problem. In particular, we considered a retail facilityttban hire specialized, in addition to
cross-trained, workers. The goal of the problem is to detegrthe number of cross-trained
and specialized workers that should be hired so that thedtattiing costs are minimized yet
service level constraints in both rooms are satisfied.

We provided, in Chapter 5, an analysis of the structure obfitamal solution to this prob-
lem under different assumptions regarding the staffingscosspecialized and cross-trained
workers. More specifically, we proved that, in four of the fp@ssible cost cases, the optimal
solution has a special form and can be found easily, whilerdieroto solve instances in the
fifth case, a more sophisticated approach is necessary.tidwllly, as part of this analysis,
we identified a weakness in the policy formulation proposegrevious work and suggested a
new policy formulation. We included a discussion of the iicgtions of the policy definition

on the structure of the optimal solution to the problem.

6.1.2.2 Constraint Programming for a Queueing Design and Qarol Problem

We presented a method which uses logic-based Benders’ g@siinon and constraint pro-
gramming for solving the optimal staff mix queueing desigd aontrol problem. The master
problem is a queueing design problem of identifying the Ist@ost staffing configuration,
and the sub-problem is a queueing control problem of findifegaible control policy. In our
logic-based Benders’ decomposition approach, both aresheadand solved using constraint
programming. In our experiments, this method performed axadr a wide range of problem
parameters, being able to find the optimal solution for mstiainces within a reasonable run-
time. Therefore, we demonstrated that constraint progragoan be used to solve a problem

which deals with both optimal queue design and optimal quenérol.
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6.1.3 Integration of Constraint Programming and Queueing Theory

By showing that constraint programming can be a useful amgbrdor queueing design and
control problems, we created a link between existing medlogies of constraint programming
and queueing theory. We also helped to broaden the scopeblepts that can be solved
by constraint programming as well as extended the range tiiads available for solving

gueueing-based problems. More generally, we contribatétetrecent work on the integration

of constraint programming and operations research teaksiq

6.2 Future Work

Possible directions for future work include exploring edi®ns of the problems addressed in
the preceding chapters, investigating applications o$tramt programming to other queueing
design and control problems from the literature, as welldeBe@ssing more general problems
which may be solved using combinations of methods from camdtprogramming and queue-

ing theory.

6.2.1 Further Work on Problems of Chapters 3 and 4

The first direction for further work is to continue the exaation of our two problems of inter-
est. Such work may focus either on investigation of ideasrttey help remedy the drawbacks

of our methods or on direct extensions of our problems.

6.2.1.1 Possible Improvements

In Chapter 3, we presented three constraint programmingefaddr the problem of finding
the optimal times to switch cross-trained workers betweentasks (problen®;). However,
none of our methods were able to prove optimality in all ost testances. Thus, it would be
interesting to see whether these methods could be impradwegarticular, in Section 3.6.1,

we observed that the reason for the lack of back-propagatitme PSumanodel may be the



CHAPTER 6. CONCLUSIONS ANDFUTURE WORK 146

complexity of the expression fdr, or, more specifically, the fact that this expression corgtai
decision variables in exponents. We could therefore censitkating a model based on the
logarithms of probabilities rather than the probabilitikemselves. Such a model may allow
for more back-propagation and result in search being aldiaddetter solutions or prove that

none exist faster.

One may also attempt to reformulate the expressions fogthen(k;) variables in the
Dual model in terms of thev; variables. If this is possible, one could consider removing
the k; variables from theDual model, which would require a substitute for the constraint
P(ko) 3N, BSum(k;) = 1 to be derived. Since it appears that the reason for the velgpti
poor performance of thBual is the large number of variables that have to be assignedtht ea
step of shaving, removing thie variables in an effective manner may lead to a better model.
We could also evaluate the effect of the redundant chamgetionstraint in théual on this

model’s effectiveness.

Furthermore, one could experiment with various variabkaaiue ordering heuristics. As
noted in the work of Smith [82], these may have a significamidant on the run-times of search.
A detailed examination of shaving procedures based oniaddf constraints on the values
of two switching points as well as of possible combinatiohthese procedures with the ones

discussed in Section 3.3 could also be interesting.

Any improvements of the methods used to solve probigmesulting from the investigation
of these ideas would translate almost directly to the metlsadi for solving the sub-problem
of the problem of finding the optimal staff mix (discussed iha@ter 4). In order to try to
improve the performance of the overall Benders’ decommrsinethod for that problem, one
could attempt to derive stronger cuts (which would removeentfeasible staff configurations
from consideration in the master problem and therefore evdetrease the overall number of
iterations) or to include some sort of a relaxation of the-grdiblem in the master problem
(which would allow the master problem to find solutions thatmore likely to lead to feasible

policies in the sub-problem).
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6.2.1.2 Extensions

Future work may also focus on a variety of extensions of bia¢hproblem?”; and the optimal

staff mix problem.

Variable Arrival or Service Rates One way to extend problerh; is to consider the possi-
bility of controlling parameters of the queue which are eatly assumed to be fixed, such as
the mean service ratg, or the mean arrival rate,.

Firstly, suppose thai depends on the amount of training the workers receive ariditba
training cost incurred by the facility per unit increaseucan be estimated. We may then be
interested in finding the value afwhich minimizes the expected training costs of the facility
subject to constraints requiring a policy to exist whichwees that all work in the back room
is performed and the customer waiting time is bounded froaveb

Secondly, we can assume that we have some control over tha @nocess. For example,
customers may have to pay money for service or in order ta éméefacility. In this case,
setting the fee that the customer should be charged forcggevitrance is equivalent to con-
trolling the arrival rate into the system. Given a functiohi@h relates the arrival rate and the
fee charged, it would be interesting to determine the optameount that the customers have to
pay so that the facility’s profit is maximized, and the seeMievel constraints in both the back
room and the front room are met.

The structure of both of these problems appears to be wigdlesto a Benders’ decomposi-
tion approach, such as the one proposed in Chapter 4: thempasblem could determine the
service ratey, or the arrival rate), while the sub-problem could determine whether a satisfy-
ing switching policy exists withV cross-trained workers having service rateand assuming
an average arrival rate of

We may, similarly, consider an extension of the optimalfstak problem in which we

have control over the service rates of specialized and ¢ragsed workers or over the arrival

The idea of considering variable arrival and/or servicesatas initially suggested by Dr. A. Azaron.
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rate. Other extensions involving the control of servicerowval rates may arise if our general
problem of switching servers between two job types is placethother context (e.g. similar
problems can be found in computer science applicationsh@srsby the work of Palmer &

Mitrani [63] for example).

Switching Costs In problem Py, it is assumed that switches of workers between the two
rooms occur instantaneously and do not result in additionats for the facility. In reality,
however, switches may take time (e.g. workers may reqguire to re-adjust to the new type of
work) or may incur cost (e.g. customers may be lost while acdws occurring), depending on
the particular environment in which the problem arisessHspect of the problem is important,
since, for example, frequent switches that take a long tirag immply that the waiting time of
customers is greater than estimated, or that significams$ eos incurred due to lost customers.
The problems considered in this dissertation could theeeli@ extended by the addition of
switching cost (or switching time).

One way to incorporate this aspect into the problems is terdehe the frequency of
switches from the steady-state probabilities [13]. Reball a switching policyko, k1, . . ., kn)
is defined in terms of switching points, i = 0, ..., IV, so that there aréworkers in the front
room whenever there are betwekn; + 1 andk; customers in the front room. Given this
definition, it can be seen that switches to the front room pedwen there aré; customers
in the front room, and an additional customer arrives. Sirhji] switches to the back room
occur when there ark + 1 customers, and a customer gets served and leaves. Thetbfore
expected frequency of switches is the product of the lomgproportion of time when the sys-
tem is in a state when a switch is possible, and the rate atwariovals (or departures) occur
when the system is in such a state. Ifgt,,; represent the expected frequency of switches to
the front room and;,.. represent the expected frequency of switches to the back.rbbese

guantities can then be expressed as

N-1

N-1
Frromt = AP(ki) =AY P(k;)
1=0 =0
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and
N-1 N-1
fbackIZ(l—i-l)quJrl :uZerl (ki+1).
1=0 =0

In the long-run, the expected frequency of switches to thek baom and the expected fre-
guency of switches to the front room should be equal. Thuswilldurther denote the ex-
pected frequency by and assume that it is calculated using the formulaffes,; (using the
formula for f,... should yield equivalent results).

Given this calculation of expected switching frequencypastraint may be added to the
problem requiring it to be smaller than some upper boundy#hee of which will depend on
the particular environment being modelled. Alternatiyelye may be able to estimate the cost
incurred per switch (either monetary or in terms of timey, §aand place a constraint on the
expected cost of switching,x ¢, or incorporate this expected cost into the objective fiomctit
should not be difficult to incorporate switching costs into oonstraint programming models
since only a new constraint or a new term in the objective ioncwould be added. If a
new constraint is added, it would have to be temporarily needqorior to the use of shaving
procedures so as to ensure that these procedures would ketang incorrect inferences.
Other modifications to the shaving algorithms may also beseary.

The problem of finding the optimal number of cross-trainedksos (Berman et al.'$%)
and the problem of finding the optimal staff mix could also keerded by the incorporation of
switching costs. In the optimal staff configuration probjems could lead to more instances
having the specialized-only solution as optimal, sincecgdieed workers cannot incur any

switching cost.

Minimization of Blocking Probability = The system being modelled in problem has a
fixed capacity,S, which means that customers who arrive when there are gligadstomers
in the front room leave without getting served. The numbecugtomers turned away may,
in fact, be an even more important measure of the servicetgohithe facility than expected

customer waiting time, since, if a large number of custonetsirned away, the reputation
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of the facility will drop, and it will be much less successfullhus, it may be interesting to
investigate the problem of minimizing the probability obbking subject to back room and
front room constraints. Alternatively, a constraint cobtlincluded in the problem bounding
this probability. Such a constraint could also be addedéastib-problem of the optimal staff

mix problem.

Other Policies Clearly, the formulation of problen®; is based on a particular policy defini-
tion. Other policy types, such as one that is defined by twéovecone stating when to switch
workers to the front room and one stating when to switch thethé back room, are possible.
An important direction for future work is to determine, thetically, the optimal policy type
for this problem [15] and then to create a model for optingzine parameters of this policy.
Of particular interest is the question of whether constraiogramming would be able to solve
the problem given a different (optimal or sub-optimal) ppliype.

Considering a different policy formulation in the optim#d configuration problem would
change the structure of the sub-problem and, possibly, &yamwhich the sub-problem would
be solved. However, the idea of Benders’ decompositiondtwirsg the overall problem would
still be applicable. A different policy formulation coulcale an effect on the optimal staff
mix, however, since the existence of a feasible policy in paeicular policy class does not
guarantee the existence of a policy respecting both back ea front room constraints in a

different one.

Stochastic Back Room Work Another direct extension of problem; is to suppose that
back room work is also generated by a stochastic proc@éscould then consider minimizing
the expected waiting time of customers in the front roomeciitjo a constraint ensuring that
the expected “waiting time” of requests or the expected tifmmpletion of tasks in the back

room is bounded from above. Alternatively, one may want toimize the latter quantity while

°These ideas have been suggested by Dr. S. A. Tarim.
3This idea has been suggested by Dr. K. N. Brown.
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satisfying a constraint on the expected customer waitimg in the front room. Note that the
resulting problem would be similar to the problem considebg Berman & Sapna-Isotupa
[14], where the amount of work in the back room is assumed tmbelated with the amount
of work in the front room.

In the case of the staff mix problem, stochastic back roonkwould be taken into account
in the sub-problem by replacing the back room constrairtt witonstraint requiring expected

waiting time of back room requests to be bounded from above.

Different Service Rates One of the main assumptions in the problem of finding the ogitim
staff mix is that all workers are equally skilled in perforrgiwork in both rooms. In reality,
such an assumption may not hold, and specialized front roorkess may have a higher rate
of service in the front room than cross-trained workers. sThiuis interesting to consider the
same problem of finding the optimal staff mix, but with workeif different productivity. The
simplest way to incorporate this aspect into the model issume that specialized front room
workers have service raie;, and cross-trained workers have service yate The balance
equations of the sub-problem would then have to be appteprieeformulated. Also, such as-
sumptions imply that policys directly depends on the number of specialized and crogsetta
workers, not just the total number of workers in the frontmoas implied in Section 5.4.2. As
a result, many of the proofs stated in Chapter 5 would recigneificant modifications.

One could also assume that each cross-trained worker hdeedi service rate, which
would result in extensions to both the switching policy peob and the optimal staff mix
problem. However, the resulting problem could become vemmicated since one would

have to know, each time a switch occurs, what the serviceofate switched worker is.

Other Extensions More complex problems could be created by combining thensxbas
proposed above. For example, we may consider incorpotatitigswitching costs and variable
service rates, or both the idea of stochastic back room wadksavitching costs, into either of

our problems. It would be interesting to investigate whetweh problems are practical and
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whether constraint programming could be used to solve them.

6.2.2 Constraint Programming for Other Queueing Design andControl

Problems

A related direction for future work is to determine the extefithe applicability of constraint
programming to other queueing design and control probléerhgs direction can be explored
by trying to apply constraint programming to the fundameptablems in queueing design
and contrdt as well as to problems which are more complex than the onesidemed in this

dissertation.

6.2.2.1 Fundamental Problems

In Section 2.2, some of the fundamental queueing design amitlat literature has been dis-
cussed. Many of these papers give rise to numerical opttrizguestions which one may
attempt to solve using constraint programming.

For example, it would be interesting to examine the applitglof CP to the design prob-
lems discussed by Hillier [46], in which either the optimalnmber of servers, the optimal
service rate or the optimal arrival rate has to be determi@se concern with these problems
is the small number of decision variables, which may makeueeof CP to solve them un-
reasonable. However, an analysis of these problems magrstie useful because this would
allow us to identify general patterns in the structure ofiegieg design models. These patterns
could then be used for the creation of a global constraintihald be helpful in more complex
problems involving queueing. For example, both the proBl@mesented in this dissertation
and the problems addressed by Hillier [46] contain expoesswhich are sums over a vector
of variables in which the number of terms is also a variablg. (Equation (2.8)). These are

hard to implement using pre-defined constraints of CP ss)\ard so creating a global con-

4This direction has been suggested by Dr. J. Bookbinder.
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straint together with an effective propagation algorithayrbe worthwhile, especially if many
gueueing-based problems contain such expressions.

A similar situation arises with fundamental queueing colnproblems. Frequently, poli-
cies are defined by either one or two parameters [44, 60, 78king resulting numerical
optimization questions rather trivial. However, theseb@mns may also serve as the starting
point for the development of global constraints. An intéresfundamental queueing control
paper which discusses a policy type defined by more than twanpeters is that of Yadin &
Naor [102]. In fact, it is stated that numerical optimizatiof its parameters is difficult, and
no method for doing so is suggested. One may therefore atterfipd out whether constraint

programming could be useful for solving this problem.

6.2.2.2 More Complex Problems

A complementary direction is to examine problems which reweore complicated structure
than the ones addressed in this dissertation.

A starting point in this direction could be the work of Berm&rLarson [13], who study
the problem of switching workers between two rooms in a réaility where the customers
in the front room are divided into two categories, those {ghing” in the store and those at the
checkout. Clearly, when there are many customers shoppititgi store, it can be expected
that the number of customers in the checkout queues will smoease. Thus, the policy of
assigning workers to serve customers at the checkout shiepend on the total number of
customers in the store (both the shoppers and the peoplesek-cut). A policy therefore
determines the number of workers in the front room dependimtipe number of customers in
the checkout queue, the number of customers in the storeobat checkout, and the amount
of work in the back room. In addition, switching time is exjitliy taken into account. It would
be interesting to investigate whether constraint progrargrean be successfully applied to
this problem, especially since it is solved only heuridljchy Berman & Sapna-Isotupa [13].

However, the balance equations are more complex in thislgmmgband it may be hard to
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formulate them in a constraint programming model in a way #Wauld ensure that unique

values are assigned to the probability variables.

Bookbinder [17] addresses another practical problem basegieueing theory and involv-
ing the concept of switching.The problem concerns the scheduling of airplane landings an
take-offs on a single runway, which can be viewed as a qugyewblem in which the runway
“serves” two types of customers. Due to safety regulatitrestime between a take-off and a
landing is usually greater than the time between two takeaftwo landings. It is therefore
necessary to find the optimal times to switch from servinglilags to serving take-offs, and
vice versa, so as to minimize the expected waiting time i lopieues. This paper does not
address the exact problem of finding an optimal policy, bdbis present the balance equa-
tions necessary for constructing an optimization problBore to the similarity of this problem
to the problems studied in this dissertation, it is posdihé it could be effectively solved by

constraint programming.

Elements of queueing design and control problems also mrigpplication areas such as
computers and communication systems [1, 63, 64], storageratwork and recovery systems
[52], health care [39] and other areas [42, 87]. It could her@sting to address design and

control problems from these application areas using CP.

Another extension of our work would be to apply constraimgramming to optimization
problems that are based on queueing networks. A queueimgrietonsists of nodes which
represent “service stations”, which may be composed of areeveral servers and have a
buffer (queue) of either a finite or infinite size. A customar4 job) usually has to be served
at several service stations in sequence. Similarly to tleeigmg design and control problems
discussed in the literature review chapter, the contrtdlaarameters of a queueing network
may be the arrival rate of jobs (into the network or to eackiserstation), the service rates of
servers at different nodes, the number of servers, and[86}. The objective may be, for

example, to minimize the time spent by each job in the syst®@ome problems dealing with

5The similarity between this problem and probléinhas been suggested by Dr. J. Bookbinder.
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the control of service rates and/or arrival rates in quegiegtworks have been addressed by
Azaron & Ghomi [2] and Azaron et al. [3]. Examination of thggeblems as well as of others
from the area of queueing networks may result in the devedopraf further links between

gueueing theory and constraint programming.

6.2.3 Further Integration of Queueing Theory and Constrairt Program-
ming

It would be interesting to investigate the applicability@P to problems which are not strictly
gueueing design and control problems, but in which queuthegry is used for modelling
part of a more complex structure. Such problems may arisehiedsling, for example. These
usually involve scheduling jobs on a set of machines, andigjng theory may play a role if
we assume that some jobs arrive according to a stochastiegspor job durations are uncer-
tain. One practical problem with such characteristics & tf scheduling operating rooms.
More specifically, operating rooms have to deal with both gyeiecy cases and pre-scheduled
surgeries. Minimizing expected waiting time of patientsl amaximizing utilization are two
very important optimization questions arising in this @t In fact, given the vast amount
of literature that applies queueing theory to problems fthenhealth care sector [66], it may
be possible to find other interesting problems based on gugtieeory for which constraint
programming may be useful. Complex problems based on qugtieeory also arise in call

centers [53], communication networks [68] as well as compsitience applications [88, 89].

6.3 Conclusions

The central thesis of this dissertation is that constraingyamming can be effective in solving
gueueing design and control optimization problems. We destnated this thesis by providing
constraint programming-based methods for a queueingaagrtwblem from the literature and

for an extension of this problem which deals with both queesigh and control. We showed
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that these methods perform well on a variety of problem msta. To our knowledge, this is
the first work that has attempted to integrate the methodesdagf constraint programming and
gueueing theory. In future work, the synthesis of these tistintt research areas may provide
a framework for solving complex problems that could not Beaively addressed by either of

these fields separately.
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