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Abstract

Solving Queueing Design and Control Problems with Constraint Programming

Daria Terekhov

Master of Applied Science

Graduate Department of Mechanical and Industrial Engineering

University of Toronto

2007

The central thesis of this dissertation is that constraint programming can be effective in

solving queueing design and control optimization problems. We consider a retail facility that

has front room and back room operations, and cross-trained workers. Firstly, we examine the

queueing control problem of optimizing a policy for switching workers between the two rooms

so that expected waiting time in the front room queue is minimized and all back room work

is performed. Secondly, we address the queueing design and control problem of finding a

smallest-cost combination of cross-trained and specialized workers that guarantees the exis-

tence of a satisfactory control policy. We propose several constraint programming methods for

these problems and experimentally demonstrate their strong performance. We then analyze our

second problem under a complete set of assumptions regarding worker costs. To our knowl-

edge, this is the first work that integrates the methodologies of constraint programming and

queueing theory.
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Chapter 1

Introduction

The central thesis of this dissertation is that constraint programming can be effective in solving

queueing design and control optimization problems. We demonstrate this thesis by

• presenting a complete constraint programming method for solving a queueing control

problem for which only a heuristic method existed previously,

• developing a complete constraint programming approach fora queueing design and con-

trol problem which is a generalization of a problem that onlyhas a heuristic solution in

the literature.

To our knowledge, this is the first work which combines the models and methods of constraint

programming and queueing theory. Therefore, it both broadens the scope of problems that can

be solved using constraint programming and extends the range of methods available for solving

queueing-based optimization problems.

1.1 Motivations

Constraint programming (CP) was originally developed for solving problems in artificial in-

telligence and computer science, such as machine vision [54]. It has also proven to be a very

1
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successful approach for many problems in operations research (OR), such as scheduling, rout-

ing and inventory planning [9, 27, 75, 92]. The success of constraint programming in solving

a variety of problems demonstrates its flexibility and provides the motivation to apply it to

another area of operations research–optimal design and control of queueing systems. In more

detail, the motivations for the work presented in this dissertation are:

1. The Need for Effective Methods for Solving Stochastic OR Problems

All real-world problems are affected by uncertainty and change. Therefore, it is often im-

portant to take these two aspects of a problem into account when modelling and solving it

mathematically. However, the creation of a model and a resolution technique is usually

significantly more difficult for a stochastic problem than for its deterministic counter-

part. In this dissertation, we examine a new direction in thedevelopment of methods for

stochastic problems: the integration of constraint programming and queueing theory.

2. The Application of Constraint Programming to Stochastic Resource Allocation

Deterministic resource allocation problems have long beenstudied by researchers in con-

straint programming [6, 36]. More recently, there has also been work in the artificial

intelligence community on developing methods for stochastic versions of such problems

[19]. Resource allocation under uncertainty is also of interest in operations research. For

example, in problems dealing with the optimal design and control of queueing systems,

it is often necessary to determine how to assign servers to different types of jobs or how

many servers to employ so as to optimize some measure of system performance [42, 87].

In order to extend the variety of resource allocation problems that could be addressed

by constraint programming, we have decided to test the usefulness of CP for queueing

design and control problems.

3. The Integration of Constraint Programming and Queueing Theory

To our knowledge, there has been no previous work on the integration of methodolo-

gies from constraint programming and queueing theory. However, the existence of a
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connection between the two may have interesting implications in both research fields:

it will broaden the scope of problems that can be addressed byconstraint programming

and will extend the range of methods available for solving queueing-based problems.

Consequently, this dissertation examines the applicability of constraint programming to

a particular sub-area of queueing theory–the optimal design and control of queues.

4. The Application of Constraint Programming to Operations Research Problems

Although CP has been successfully applied to many operations research problems [9, 27,

75, 92], it is still not as well-known or as widely used in the operations research com-

munity as traditional mathematical programming techniques for optimization problems.

In particular, it has not been used to solve numerical optimization problems arising in

queueing theory. Thus, by addressing two queueing design and control problems with

constraint programming, we intend to promote the use of CP for queueing-based opti-

mization problems.

1.2 Outline

The outline of the dissertation is as follows:

Chapter 2 provides the necessary background for the work presented in this dissertation. We

start by discussing constraint programming and the extensions of constraint programming that

have been developed for solving problems involving uncertainty and change. Subsequently,

an overview of material on queueing control and design problems is presented. Further, we

survey the literature on the subject of cross-training, since problems addressed in the following

chapters deal with a retail facility which employs cross-trained workers. We conclude the

chapter with a detailed discussion of the two problems that are of interest in this dissertation.

Both problems are based on the work of Berman et al. [15], withthe first being a queueing

control problem, and the second involving elements of both queue design and queue control.

In Chapter 3, we propose three constraint programming models for a queueing control
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problem in which the goal is to optimize a particular type of policy for switching cross-trained

workers between two job types in a retail facility. Further,we present two specialized constraint

programming inference methods for improving the efficiencyof the CP models: dominance

rules and shaving. Experimental results show that the best constraint programming model, us-

ing shaving, is able to find optimal solutions and prove optimality for many problem instances

within a reasonable run-time. However, an existing heuristic algorithm performs better in terms

of solution quality over time. A hybrid method combining theheuristic and the best constraint

programming method is shown to perform better than either ofthese approaches separately.

We conclude the chapter with a discussion of the differencesbetween the three CP models and

an analysis of their inability to prove optimality in some cases.

In Chapter 4, we consider a retail facility with front room and back room operations which

has the option of hiring specialized or cross-trained workers. Under specific assumptions re-

garding the staffing costs of the different types of employees, we seek a smallest-cost combina-

tion of cross-trained and specialized workers that satisfies constraints on the expected customer

waiting time and expected number of workers in the back room.This problem is an extension

of the problem considered in Chapter 3. A logic-based Benders’ decomposition method is

proposed. In this method, both the master problem of identifying the lowest-cost staffing con-

figuration and the sub-problem of finding a feasible control policy are modelled and solved

using constraint programming. Experimental results demonstrate the strong performance of

this approach across a wide variety of problem parameters. An analysis of the contributions of

the main components of this method to its overall performance is presented.

In Chapter 5, we examine the structure of the optimal solution to the staff mix problem of

the preceding chapter under various staffing cost assumptions. In particular, we prove that, in

four of the five cost cases, the optimal solution can be easilyidentified, while in the remaining

case, a more complex approach is required for solving the problem. As part of this examination,

we identify a weakness in the control policy formulation proposed in previous work and suggest

a new policy formulation. We discuss the implications of thepolicy definition on the structure
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of the optimal solution and show that the techniques and optimal solutions for the problem

under the cost assumptions of the previous chapter remain valid with the new policy definition.

Chapter 6 concludes this dissertation by re-stating its main contributions and suggesting

some areas for future work.

A list of symbols is included after Chapter 6, stating the numbers of the pages on which the

first definition of a symbol can be found. Only the symbols thatare essential for the definition

of the presented problems or models are included. If the samesymbol is used in different

chapters with a slightly different interpretation, the page numbers provided point to the first

page mentioning each definition.

1.3 Summary of Contributions

The contributions of the dissertation are as follows:

• Constraint programming is shown to be useful for solving a queueing control optimiza-

tion problem.

• Several complete methods are proposed for a problem for which only a heuristic method

existed previously. The best constraint programming method is able to prove optimality

or find the best-known solution in many problem instances. A hybrid approach, based

on a combination of the best constraint programming model and the existing heuristic, is

shown to find good-quality solutions in a substantially shorter amount of time than the

best pure CP model and to be just as effective in proving optimality.

• We demonstrate that constraint programming can be used to solve a problem which deals

with both optimal queue design and optimal queue control.

• We propose a realistic new problem based on existing work. Furthermore, we provide

a complete constraint programming method for solving it. This method performs well
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over a wide range of problem parameters, being able to find theoptimal solution for most

instances within a reasonable run-time.

• We provide proofs of the structure of the optimal solution tothe queueing design and con-

trol problem of interest under various assumptions. Additionally, we identify a weakness

in the control policy formulation proposed in previous workand suggest a new policy

formulation.

• By demonstrating that constraint programming can be a useful approach for queueing

design and control problems, we make the first step towards the integration of constraint

programming and queueing theory.



Chapter 2

Literature Review

This chapter starts with a survey of three research areas which may, at first glance, appear unre-

lated: constraint programming, an alternative to the traditional operations research methods for

solving optimization problems; optimal design and controlof queues, a class of optimization

problems based on queueing theory; and the area dealing withissues related to cross-training

of workers. Following this survey, two problems are presented which are the main focus of this

dissertation. These problems deal with the optimal controland design of a queueing system in

a retail facility employing cross-trained workers, and will be used, in the following chapters, to

investigate the applicability of constraint programming for solving such queueing theory-based

optimization problems.

2.1 Constraint Programming

Although originally developed for solving problems in artificial intelligence and computer sci-

ence, constraint programming (CP) has been proven to be a successful approach for many prob-

lems in operations research, such as scheduling, routing and inventory planning [9, 27, 75, 92].

CP is both an expressive modelling language that does not require the user to know all of the

intricate details of how the problem is going to be solved anda study of algorithms that are

flexible enough to support such a modelling language.

7
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Problems that are of interest in constraint programming arecalled constraint satisfaction

problems (CSPs). A CSP is defined as a set of variables together with a set of domains which

contain values that are allowed to be assigned to these variables, and a set of constraints which

restrict the combinations of values that the variables can take on. More formally, a CSP is a

triple < X, D, C >, whereX is ann-tuple of variables< x1, x2, . . . , xn >, D is ann-tuple of

domains< D1, D2, . . . , Dn >, such that the values that can be assigned to the variablexi come

from domainDi, andC is a set oft constraints< C1, C2, . . . , Ct > [37]. EachCj ∈ C is a pair

< σ, ρ >, whereσ is the list of variables involved in this constraint, calledthe scope, andρ is

the subset of the Cartesian product of their domains which defines the tuples that are allowed

by this constraint, called the constraint relation [82]. The relation can be represented either

extensionally, by explicitly listing all of the satisfyingtuples, or intensionally, by providing a

mathematical expression that restricts the values that canbe assigned to the variables inσ [82].

A solution to a CSP is an assignment to each variablexi of a value from its domain,Di, which

satisfies all of the constraints inC.

CP also deals with constraint satisfaction optimization problems (CSOPs), in which the

goal is to find a solution satisfying all constraints of the problem and minimizing or maximizing

some objective function [8]. Thus, a CSOP can be formally defined as a CSP (< X, D, C >)

that is combined with an objective function,f(s), wheres is some subset of the variables inX

which maps every solution of the CSP to a numerical value [8, 82].

In the following sections, we discuss the general methods which are used for solving and

modelling CSPs and CSOPs. Further on, we discuss how CP has been extended for dealing

with problems involving uncertainty and change.

2.1.1 General Approach for Solving CSPs

CSPs and CSOPs are usually solved using complete methods, which are based on combining

systematic search with constraint propagation, or incomplete methods, such as local search

[72]. As all constraint programming models proposed in thisdissertation are solved using a
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combination of systematic search and constraint propagation, this method is the focus of this

section. The reader is referred to Chapter 5 of theHandbook of Constraint Programming[50]

for a discussion of local search methods used in CP.

2.1.1.1 Constraint Propagation

Constraint propagation is the term used to describe the process of reducing variable domains

by making inferences from the constraints of the problem. Another term used to describe the

action of reducing the domains of variables due to propagation is “pruning”. In a constraint

programming solver, each type of constraint usually has an associated propagation algorithm.

The propagation algorithm aims to achieve a pre-specified level of consistency, that is, a state

in which it will not be able to make any more domain reductions[82].

A detailed discussion of the different kinds of consistencycan be found in Chapter 3 of the

Handbook of Constraint Programming[16]. One of the most well-known types is called arc

consistency (AC). Assuming the existence of a binary constraint between a pair of variablesx

andy, the domain ofx is said to be arc consistent if, for every valuea in the domain ofx, there

exists at least one value,b, in the domain ofy such that the assignmentx = a, y = b is allowed

by the constraint [54]. For example, suppose a particular CSP has two variables,x andy, each

with domain{2, 3}, and a constraint stating thatx + y ≤ 5. We see that the domain ofx is arc

consistent because if we assign either 2 or 3 tox, we can find a value fory which will allow

the relationx + y ≤ 5 to be satisfied. Similarly, the domain ofy is arc consistent with respect

to the given constraint. Now, suppose the domains ofx andy are actually{2, 3, 4}. An arc

consistency algorithm will recognize that if we assign the value 4 tox, there is no value fory

which would ensure thatx + y ≤ 5. Therefore, the algorithm would remove the value 4 from

the domain ofx. Similarly, there can be no solution to the given constraintif y = 4, and the

domain ofy would be reduced to{2, 3}. At this point, the given constraint is arc consistent

[16]. Most constraint solvers enforce arc consistency on some but not all binary constraints

[82].
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The equivalent of arc consistency for non-binary constraints is usually referred to as gener-

alized arc consistency (GAC). Informally, a domainDi of variablexi is said to be GAC (with

respect to a specific constraintCj) if, for every value inDi, there exists an assignment of val-

ues to the remaining variables inscope(Cj) which allows the constraint to be satisfied. A more

formal definition of GAC is presented in the work of Bessiere [16]. As an example, suppose a

CSP consists of three variables,x, y andz, where the domain of bothx andy is {2, 3}, and the

domain ofz is {1, 2}. Suppose there is a constraint among the three variables:x + y + z ≤ 5.

It can be seen that assigning 1 toz can lead to solutionx = 2, y = 2, z = 1 but assigning 2 to

z cannot lead to any assignment of bothx andy that would satisfy the constraint. The value

2 is not consistent with the given constraint and can be removed from the domain ofz. The

reduced domain ofz, {1}, is generalized arc consistent. In order to enforce GAC on domains

of all variables involved in constraintx+y+z ≤ 5, all domains have to be examined. Looking

at the domain ofx, we see that assigningx = 2 can lead to solutionx = 2, y = 2, z = 1 and

assigningx = 3 cannot lead to any solution. The value 3 can therefore be removed from the

domain ofx. The domain ofx is now{2}, the domain ofy is {2, 3} and the domain ofz is

{1}. Examining the domain ofy, we see that the value 2 can lead to a solution but 3 cannot.

Pruning the domain ofy, we are left with singleton domains which are consistent with each

other and constitute the only solution to the given constraint in this trivial CSP.

Although in this trivial example achieving GAC on all domains led to a unique solution, this

is not generally the case. In fact, enforcing GAC may lead to singleton domains (proving the

existence of a unique solution to the CSP), an empty domain for some variable (proving that no

solution for the CSP exists), or domains which are all non-empty and some of which have more

than one value left (in this case, the CSP may have many, one orno solutions). Additionally,

the example illustrates that the enforcement of GAC may require checking a large number of

combinations of values and may take a long time in a complex problem with many constraints.

Consequently, GAC is not usually enforced on non-binary constraints, except for a special

class of constraints, called global constraints, which have specialized effective propagation
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algorithms [82].

Global constraints are constraints representing a complexrelationship among a non-fixed

number of variables [98]. One of the most well-known global constraints is theAllDifferent

constraint, which states that the values assigned to a set ofvariables have to be distinct. It

can alternatively be represented by a set of binary inequality constraints. TheAllDifferent

constraint possesses a very effective propagation algorithm based on the problem of finding

the maximal matching in a bipartite graph [69, 16, 98]. This algorithm allows a high level of

consistency to be achieved. Similarly, other global constraints have algorithms associated with

them that allow a greater amount of propagation to be achieved than if a large number of simple

constraints were used to represent the same restrictions.

Although it may be possible to solve some problems using onlypropagation algorithms,

such an approach is likely to be very time-consuming. Therefore, propagation is usually used

as a pre-processing step to achieve some target level of consistency and then throughout search

when an assignment of a value to a variable implies that domains have to be reduced further in

order to maintain this level.

2.1.1.2 Systematic Search

Search is performed by assigning a value to a particular variable, branching when several values

are possible for this variable. The order in which variablesare assigned (variable ordering

heuristic) and the order in which values are tried for each variable (value ordering heuristic)

play an important role in the efficiency of the search procedure [54]. Every time a value is

assigned to a variable, propagation can be performed in order to eliminate values in the domains

of other variables which are inconsistent with this assignment. If, at any time, all values in

a variable’s domain have been tried, or constraint propagation results in an empty domain

for some variable, the search backtracks, un-assigning thevalue given to the variable at the

previous node in the search tree. The search then continues by trying a different value from this

variable’s domain (according to the value ordering heuristic) or by trying to assign a different
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variable (according to the variable ordering heuristic). When a leaf node is reached, and all

variables are assigned values, search stops because a solution has been found [54, 82].

This is the general outline of how search is performed, and there are in fact very sophisti-

cated methods for backtracking and also for determining theamount of propagation that has to

be performed each time an assignment is made. An overview of such techniques is presented

in the work of van Beek [95] and Prosser [67].

In order to solve a CSOP, a branch-and-bound approach is used. In particular, assuming

that the CSOP is a minimization problem, the objective function f(x) is incorporated into the

model by placing a constraint of the formf(x) < f(s) every time a solutions satisfying

the constraints is found (in a maximization problem, the constraintf(x) > f(s) is added).

This implies that all further solutions must have a better objective function value. Branch-

and-bound can prune sub-trees in the search tree based not only on the feasibility of a current

partial assignment but also on its objective function value. Whenever it is not possible to find

a solution satisfying all of the original problem constraints and the constraint on the objective

function value, the last feasible solution found has been proven to be optimal [8]. This basic

approach, together with some more sophisticated techniques, which are discussed below, will

be used in the following chapters.

2.1.1.3 Additional Inference Methods

In addition to a variety of propagation and search techniques, there are other inference methods

which are used in CP to reduce the size of the search space. Twosuch techniques are based on

the ideas of dominance rules and shaving.

Dominance Rules A dominance rule, in an optimization problem, is a constraint that forbids

assignments of values to variables which are known to be sub-optimal. That is, it can be shown

that for any such assignment, a different solution exists which is of better or equal quality

[10, 81]. Excluding sub-optimal assignments reduces the amount of search necessary to find
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the optimal solution. For example, dominance rules are usedby Smith [80] for the problem

of designing an optical fibre network called SONET. The network consists of some number

of client nodes and some number of rings which join these nodes. There are known demands

between pairs of nodes. Each node is installed on a ring usingan add-drop multiplexer (ADM),

and the objective is to minimize the total number of ADMs required. In this problem, installing

only one node on a ring is sub-optimal since the only reason toinstall a node is to have it

comminicate with another one. However, solutions in which one node is placed on a ring are

in no way forbidden by the constraints of the problem. A dominance rule is therefore added in

order to ensure that each ring has at least two nodes placed onit. This results in the problem

being solved more efficiently [80, 82].

Shaving Shaving is a consistency-enforcing procedure for CSPs. It is based on temporarily

adding constraints to the problem, performing propagationand making inferences based on

the resulting state of the problem [27, 96]. For example, a simple shaving procedure may

be based on the assignment of a valuea to some variablex. If propagation following the

assignment results in an empty domain for some variable, theassignment is inconsistent, and

the valuea can be removed from the domain ofx [27, 96]. In a more general case, both

the temporary constraint and the inferences made based on itcan be more complex. Shaving

has been particularly useful in the job-shop scheduling domain, where it is used to reduce the

domains of start and end times of operations [21, 57]. For such problems, shaving is used

either as a domain reduction technique before search or is incorporated into branch-and-bound

search so that variable domains are shaved after each decision [21].

2.1.2 Modelling

One of the advantages of constraint programming is its expressiveness as a modelling language,

which is a result of the lack of restrictions on the types of variables and constraints that can be

included in the model of a problem.
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In particular, the domains of the variables of a CSP can be integer, binary, continuous, or

can consist of sets, strings or other pre-defined objects [8]. Constraints may be non-linear and

state complex relationships among variables. Moreover, constraints are declarative, meaning

that they specify a relationship among variables without stating the algorithm that will be used

to find values for these variables [8]. One example of such a constraint, which will be used in

further chapters, states an implication relationship between two variablesxi andxj : xi = a →

xj = b (wherea andb are in the domains ofxi andxj , respectively) [81]. Another example is a

meta-constraint, which combines several constraints, treating each one as a variable taking the

value 1 if it is satisfied, and the value 0 if it is not satisfied.For example, the meta-constraint

(xi = k) ≤ (xj = l) states thatxi can equalk only if xj equalsl.

The flexibility of CP as a modelling language implies that there exist many different ways

to model a particular problem as a CSP or a CSOP. In fact, as theliterature shows, the way

in which a problem is modelled may have a big influence on how efficiently it can be solved

[82, 80, 79, 48, 7]. This is the case with the problems we discuss in Chapters 3 and 4.

In [82] and [81], Barbara Smith provides an overview of the major steps that need to be

taken in order to model a problem as a CSP. The following list is a brief summary of these

major steps.

1. Choose a viewpoint.A viewpoint is determined by the set of variables and their corre-

sponding domains that are chosen to represent a problem; these have to be meaningful in

terms of the actual problem being modelled, and complete assignments of all variables

should include all possible solutions of the problem. Different viewpoints lead to differ-

ent models, and how a problem is modelled has a direct impact on how quickly it will be

solved.

Naturally, there are usually several viewpoints for a particular problem. The viewpoint

chosen for representing a problem should be the one that allows the use of constraints

which have effective propagation algorithms (e.g. global constraints) and which allow

for a concise statement of the problem. Combinations of viewpoints may also be used.
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2. Write the Constraints. Clearly, the constraints should be expressed in a way which will

ensure that solutions of the CSP are in fact solutions of the problem. However, additional

considerations have to be taken into account when constraints are added to the model.

In particular, since the manner in which a constraint is expressed determines how prop-

agation is going to be performed, it is important to choose a constraint representation

for which an effective propagation algorithm exists. For example, theAllDifferent con-

straint could be alternatively formulated using a set of binary 6= constraints. However, it

is known that theAllDifferent constraint has an efficient propagation algorithm based on

the idea of maximum matchings in graphs [97] and is likely thebetter choice.

In order to express constraints more concisely, constraints with the same scope may

be combined and variables may be eliminated by substitutionusing other constraints.

Global constraints, extensional constraints (which allowthe user to explicitly state the

tuples allowed by the constraint) and meta-constraints could also be used for this purpose.

3. Consider the Possibility of Adding Auxiliary Variables. Such variables are introduced

into the model either when it is difficult to express all of theconstraints in terms of

existing variables, or in order to allow the constraints to be expressed in a form that

would allow more propagation. In both of these cases, addingauxiliary variables will

lead to a more effective model. In order to determine whetherauxiliary variables may

be helpful, and how they should be defined, one usually needs to carefully examine

the constraints of the model and also consider alternative viewpoints. One method that

allows auxiliary variables to be created is hidden variabletransformation, which is used

to convert a non-binary CSP into a binary CSP. This latter technique is discussed by

Bacchus & van Beek [4].

It may seem initially unintuitive that adding more variables could result in a better model.

However, one should always keep in mind that constraint programming reasons about

constraints and variable domains, and that relevant additional variables may lead to more
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domain reductions, and in turn, more effective methods for solving the problem.

The use of auxiliary variables is demonstrated by Smith et al. [83], for example, who

address the Golomb ruler problem. This problem is known to behard and is part of the

CSPLib benchmark library (http://www.csplib.org) [83]. AGolomb ruler is a ruler with

m marks which are set in such a way that the differences betweenany two of them

marks are distinct. The goal of the problem is to find a ruler ofsmallest length with a

specified number of marks. The problem can be modelled by a setof variablesxi for

0 < i ≤ m. Since the constraints of the problem restrict the differences between two

variablesxj andxi for 0 < i < j ≤ m, a set of auxiliary variablesdij representing the

differencesxj − xi can be added. The experiments of Smith et al. [83] show that this

addition results in more effective models.

4. Consider the Possibility of Adding Implied (Redundant) Constraints. Constraints

which are implied by the existing constraints of the model and which, therefore, do

not change the solutions resulting from this model, can be added in order to increase

propagation and reduce the search effort. A necessary, but not sufficient, condition for

an implied constraint to be useful is that it forbids some assignment to the variables that

is not forbidden by the constraints of the model but that cannot be part of any solution.

Implied constraints are used, for example, in the optical fibre network design problem

discussed by Smith [80] (also mentioned above in Section 2.1.1.3). In this problem,

nodes have to be placed on rings of the network, and rings havesome specified capacity.

Each node is “connected” to some other nodes. If some node hasto be connected to a

greater number of nodes than the capacity of any single ring,then it has to be placed

simultaneously on two rings. This is not taken into account by the original problem

constraints but has to be true in any solution. Therefore, implied constraints stating this

restriction can be added to the model.

It can also happen that an implied constraint is useful simply because a suitable global
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constraint has not been found. In fact, if a large number of similar problems possesses

a structure that may benefit from the addition of redundant constraints, it is better to

implement a new global constraint. If the problem does not belong to a large class of

problems, then one should look for good redundant constraints, which should usually

involve only a small number of variables (be of small arity).

Work has been done by Hnich et al. [47] and Frisch et al. [38] ontrying to create “au-

tomatic” ways of generating implied constraints. However,implied constraints are often

developed (because search is taking an extremely long time)by examining the search

tree in detail, finding assignments that are obviously wrongand then writing constraints

that would eliminate these assignments from consideration.

5. Consider Reformulating the CSP.After some models have been developed, one could

try looking at the problem from a different viewpoint eitherby using a standard transfor-

mation or by viewing the problem from a different angle. Standard transformations in-

clude non-binary to binary translations with the use of hidden variables or the creation of

a dual in which original constraints are replaced by new variables and binary constraints

relating these dual variables (for constraints which have anon-empty intersection). Such

transformations are discussed by Bacchus et al. [4] and Smith et al. [78].

In some problems, such as the permutation problems studied by Hnich et al. [48], it is

possible to switch the roles of variables and values. The resulting viewpoint is called

the dual viewpoint, and the new variables are referred to as dual variables [7, 82]. Note

that the termdual has two different meanings in constraint programming: in standard

transformations of non-binary to binary problems, it is used to describe models in which

the roles of constraints and variables are switched; in other contexts, it usually refers to

a switch of the roles of variables and values. Throughout therest of the dissertation, we

use the termdual to mean the switch between the roles of variables and values.Such

dual variables have been used to create more efficient modelsfor the problems addressed
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in the work of Smith [80, 79] and Hnich et al. [48].

6. Try Combining Viewpoints. One can create a model by combining two or more mu-

tually redundant viewpoints. This can yield two benefits. Firstly, some (but not all)

constraints may be easier to express in terms of one set of variables than the other, pos-

sibly leading to a simpler model in spite of the increased number of variables. Secondly,

some constraints may propagate better when expressed in terms of one set of variables,

and others when expressed in terms of another one. Therefore, combining several view-

points may allow each constraint to be expressed in a way thatwould lead to the greatest

amount of propagation.

In order to ensure that assigning values to the variables of one viewpoint will result in

assignments of variables in other viewpoints, channellingconstraints have to be included.

These constraints state relationships between the variables of different viewpoints. Thus,

although the total number of variables is increased, only half of these variables have

to actually be assigned during search–the rest will be assigned via propagation of the

channelling constraints.

As an example, consider the Golomb ruler problem (mentionedabove in step 3). The

goal of the problem is to find a smallest-length ruler withm marks, such that the dif-

ferences between any two marks are distinct. The problem canbe modelled by a set of

variablesxi, for 1 ≤ i ≤ m, each representing the position of marki on the ruler. The

necessary constraints are|xj − xi| 6= |xl − xk| for all pairs of variablesxi, xj andxl, xk,

andxi < xi+1 for all i < m, andx1 = 0 [83]. Alternatively, the problem can be modelled

using variablesdij, which represent the distance between two marks on the ruler, rather

than the position of the marks. The constraints that need to be included in order to model

the problem using this second viewpoint aredik = dij + djk for 1 ≤ i < j < k ≤ m,

and anAllDifferent constraint on the set ofdij variables,∀i, j ∈ {0, 1, . . . , m}. The

two viewpoints can be combined using the channelling constraintsxj − xi = dij for
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1 ≤ i < j ≤ m [82]. As a result of these constraints, when values are assigned to

thexi variables, thedij variables also get assigned, and vice versa. Note that the model

discussed in step 3 also uses both sets of variables, but constraints are expressed only in

terms ofdijs, which are considered to be auxiliary variables [82].

The choice of variables that will be used during search is an important issue to consider

when several viewpoints are employed. One may choose to search using only one set of

variables, or several. The latter approach may be particularly effective when combined

with a dynamic variable ordering heuristic. When search is performed, such a heuristic

chooses the next variable to assign based on the current state of the domains. The heuris-

tic has more variables to choose from when viewpoints are combined, and therefore, has

more opportunities for making an effective choice [82].

7. Reduce Symmetry.Symmetry is introduced into a model when distinct variablesand/or

values are used to represent indistinguishable entities ofthe problem being modelled

[82]. This implies that several different solutions of the CSP or CSOP may correspond

to the same solution to the problem and unnecessarily increases the size of the search

space. Symmetry can often be avoided by choosing a differentviewpoint or by including

symmetry-breaking constraints [82, 77].

In the Golomb ruler problem [83], for example, reflection symmetry is present: revers-

ing the positions of the marks yields an essentially equivalent solution to the problem.

Consider an optimal Golomb ruler of length 6. This ruler has marks at positions 0, 1, 4

and 6, or at positions 0, 2, 5, 6 [24]. The two rulers are equivalent since the difference

between marks 1 and 2 in the first is the same as the difference between marks 3 and 4

in the second, the difference between marks 2 and 4 in the firstis the same as the differ-

ence between marks 1 and 3 in the second, and the differences between marks 1 and 4,

and 2 and 3, are the same in the two rulers. It can be seen that ifone of these rulers is

found, then the other can be easily generated. Consequently, in solving the problem, the
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symmetry-breaking constraint|x2 −x1| < |xm −xm−1|, ord12 < dm−1,m, can be used to

ensure that only one type of solution is found, reducing the size of the search space [83].

This review of the major steps involved in modelling problems as CSPs and CSOPs demon-

strates that in order to create an effective CP model, a deep understanding of the underlying

problem is necessary. Additionally, most questions discussed above, such as the choice of

viewpoint or choice of search variables, can only be answered after much experimentation

with the available options. However, the effort put into finding a good model will likely pay

off in the form of an effective approach to solving a hard problem.

2.1.3 Problems Involving Uncertainty and Change

In traditional constraint satisfaction, it is assumed thatall variables, domains and constraints

are well-defined prior to an attempt at solving the problem. However, in reality, problems

may arise in which the definition of the problem is somehow uncertain or may be subject to

change over time. Such problems require a different set of approaches and algorithms than

standard CSPs. An overview of these approaches is presentedin Chapter 21 of theHandbook

of Constraint Programming[19] and in the survey paper of Verfaillie & Jussien [99].

Incorporating uncertainty and change has led to many new types of CSPs, such asfuzzy,

mixed, uncertain, probabilistic, dynamic, recurrent, branchingandstochasticCSPs. Accord-

ing to Brown & Miguel [19], the first four of these may be classified as “Uncertain Problems”,

while the rest may be described as “Problems that Change”. Weadopt this classification in

presenting brief descriptions of these different types of CSPs below.

2.1.3.1 Uncertain Problems

In some cases, there may be inherent uncertainty present in the definition of a problem. Firstly,

the problem may be imprecise, in the sense that it may allow constraints to be partially satisfied,

totally satisfied or totally unsatisfied [19]. Such problemsare usually referred to as fuzzy CSPs.
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Secondly, the problem may not be completely defined at the time when it has to be solved. In

particular, one may not know the complete set of variables and/or constraints, and variable

domains may not be completely specified [19]. Such problems are usually modelled as mixed

CSPs [32] or probabilistic CSPs [30].

Fuzzy CSPs A constraint in the classical definition of a CSP can be viewedas a set of possi-

ble combinations of values that are allowed to be assigned tothe variables in the scope of this

constraint. In fuzzy CSPs, a constraint can be represented as a fuzzy set with a membership

function which associates a degree of satisfaction to each possible assignment of values to vari-

ables from the corresponding domains. The degree of satisfaction is usually a value between 0

and 1, with 0 representing complete violation of the constraints, and 1 representing complete

satisfaction of the constraints [19, 58]. The goal of the problem is to find an assignment with

the maximum overall degree of satisfaction [19], which is usually defined to be the minimum

over the satisfaction degrees of all constraints [28]. In addition to being able to deal with un-

certain parameters in constraints, the fuzzy CSP frameworkallows one to represent the idea

that one solution may be preferable to another, and some constraints may be more important

than others [28].

Mixed CSPs In a Mixed CSP, the variables of the problem can be divided into two sets: ones

that can be assigned by the solver, and ones which are controlled by some external source,

such as a user or a random process [19, 32]. As stated by Fargier et al. [32], the definition

of a solution to a mixed CSP is based on the assumptions made about the initial problem

formulation. It is assumed that there is a deadline by which asolution to the problem has

to be found. It may happen that all of the initially-unknown information about the problem

will be revealed prior to, possibly just before, the deadline. Consequently, it is a good idea to

compute aconditionalsolution, one that states which values should be assigned tothe decision

variables given a particular realization of the uncontrollable parameters. On the other hand, it

may be possible that no new information will be revealed prior to the deadline. In this case, a
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puresolution is required. A pure solution should be a solution toone or more of the possible

realizations of the problem [19]. There is also the possibility of observing the values of some

of the uncontrollable parameters prior to the deadline, leading to a problem definition between

the two extremes.

Uncertain CSPs Uncertain CSPs have been created in order to handle problemsin which

the coefficients in some or all of the constraints are uncertain. The goal in such problems is

to either find a set of solutions which would contain at least one solution for each possible

realization of the uncertain parameters, or the most robustsolution, which will be consistent in

the greatest number of realizations [19, 103].

Probabilistic CSPs In the first type of probabilistic CSPs, each constraint has some probabil-

ity of being active in a particular realization of the problem [19, 30]. Such probabilistic CSPs

are closely related to the research area of soft constraints, which model desired properties, or

preferences, rather than being strict restrictions that cannot be violated [58]. This is because in

both cases, some of the constraints are allowed to be violated under some conditions. In the

second type of probabilistic CSPs, the variables are divided into uncontrollable and control-

lable, as in mixed CSPs. However, unlike in mixed CSPs, thereis a probability distribution

associated with the uncontrollable parameters [31]. In both types of probabilistic CSPs, the

goal is to find an assignment of values to variables having thehighest probability of being a

solution to the actual realization of the problem.

2.1.3.2 Changing Problems

In many real-world applications, the definition of the problem may be revealed with time or

may change, and there may exist opportunities for reacting to the availability of new informa-

tion or the changes that have occurred [19]. Such problems can be represented in a variety of

ways in constraint programming.
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Dynamic CSPs Dynamic CSPs are sequences of standard CSPs in which each problem in

the sequence can be obtained from the previous one by an addition or removal of a constraint

[26, 19]. The goal of such problems may be to find robust solutions, which have the highest

probability of remaining solutions after the occurrence ofa change, to minimize the cost of a

change if it is required, or to minimize the reaction time by finding a new solution as quickly

as possible [19]. More details on such CSPs can be found by consulting the literature survey

of Verfaillie & Jussien [99].

Recurrent CSPs Recurrent CSPs are used to model problems in which changes are either

temporary or recurring [19, 100]. Although it is assumed that no knowledge about the changes

is known in advance, this knowledge may be learned in the process of solving the problem. The

reader is referred to the papers of Wallace & Freuder [100], Minton et al. [59] and Hebrard et

al. [43] for further information.

Branching CSPs In branching CSPs, it is assumed that the problem evolves with time, and,

in particular, new variables and constraints associated with these variables are added to the

problem periodically [34, 19]. Which variables and constraints will be added to the problem

is unknown at the time when the problem is solved. However, itis assumed that some proba-

bilistic model of future additions is available. Each variable has a utility associated with it, and

can be assigned a value when it arrives (be accepted), or can be left unassigned (be rejected).

In the first case, the utility of the variable is counted in thecalculation of the overall utility of

the assignment. In the second case, the utility of the variable is not counted. A solution to a

branching CSP is a policy which states, for every possible sequence of additions to the problem

that may occur, what actions should be taken (which variables should be accepted or rejected).

In particular, the goal of branching CSPs is usually to find a policy which attains the maximum

overall utility and satisfies all of the constraints [34]. Branching CSPs are very closely related

to Markov Decision Processes [33], since both model a process which is defined by a set of

states and a set of probabilities of moving between states which depend only on the current
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state and the action being taken [35].

Stochastic CSPs In stochastic CSPs, the variables are divided into two sets:a set of decision

variables, which can be assigned values, and a set of stochastic variables, which can only be

observed. Stochastic CSPs also usually include probabilistic constraints which are required

to be satisfied by only a fraction of solutions [90, 5]. Each constraint which involves some

stochastic variables is called a chance constraint and has an associated parameter which speci-

fies the percentage of scenarios in which it has to be satisfied[101, 90]. A scenario is defined

by the values assigned to the stochastic variables. Walsh [101] and Balafoutis & Stergiou [5]

take a policy-based approach to such problems and extend thetraditional ideas of systematic

search to deal with stochastic variables. Manandhar et al. [55] and Tarim et al. [90] propose

an alternative approach based on the idea of decomposing theproblem into many scenarios.

Other papers on stochastic CSPs include those of Benoist [12], Bordeaux & Samulowitz [18]

and Tarim & Miguel [91].

2.2 Optimal Design and Control of Queues

Although constraint programming is able to deal with a variety of problems involving uncer-

tainty, as mentioned above, it has yet to build closer links with such research areas as queueing

theory [19]. The main goal of this dissertation is to take a step towards creating this link by

demonstrating that constraint programming can be applicable to queueing control and design

problems. In this section, we discuss some of the major work in this wide area of research

based on Chapter 6 of the bookFundamentals of Queueing Theory[42] and the overview pa-

per of Tadj & Choudhury [87]. A detailed summary and bibliography of the earlier work on

the design and control of queues is presented in a paper by Crabill et al. [25].

It should firstly be noted that much of queueuing theory has dealt with the development

of descriptive models, that is, ones which are able to provide characteristics of a particular

queue, such as the expected length of the queue, the expectedwaiting time of customers in the
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queue, the proportion of lost customers if an upper bound on the length of the queue is placed

and others [42, 87]. However, queueing theory also gives rise to many natural optimization

questions regarding the design and control of queues.

Both queueing design and control problems deal with finding the optimal values for some

of the parameters of the queue, usually referred to as thecontrollableparameters [42]. These

parameters may be: the number of servers (channels) available for serving arriving customers,

the limit on the length of the queue(s) (system capacity), the arrival rate of customers to the

queue(s), the service rates of the server(s), as well as any combination of these [42]. Queueing

design problems are static–once the optimal value of a controllable parameter is determined, it

becomes a fixed characteristic of the queue. Queueing control problems, on the other hand, are

dynamic–the goal in such problems is usually to determine anoptimal action to take when the

queue is in a particular state. The state can be defined in a variety of ways based on the current

characteristics of the queue such as the queue length or the customer arrival rate. It should

be noted that although most problems studied either deal with control or design of a queueing

system, these two questions may, in reality, be inter-related and may not be solved separately

[25]. Examples of problems involving both the optimal design and the optimal control of a

queue are discussed in Section 2.4 and Chapter 4.

In addition to being subdivided by the choice of the controllable parameter, queue design

and control problems can be categorized according to the assumptions made about theun-

controllableparameters. Thus, problems may arise which deal with specific arrival or service

time distributions, specific number of servers, or specific order in which customers are served.

The choice of controllable parameter(s) and the particularassumptions made about the un-

controllable ones result in many possible variations of queueing design and control problems.

For example, one may consider the queueing design problem offinding the optimal number

of servers to employ in a service facility under the assumption of Poisson arrivals, exponen-

tial service times and first-come, first-serve queue discipline. One may then look at the related

queueing control problem of determining when to increase and decrease the number of workers
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available to serve customers (e.g. workers may be switched from another type of job) depend-

ing on the length of the queue, under the same assumptions. Ifwe assume that the order in

which customers are served does not follow the simple first-come, first-serve discipline, while

the rest of the problem assumptions stay the same, two new problems arise. Similarly, if we

change our assumptions of the arrival or service time distribution, we will get a new queue

design problem and a new queue control problem. Queueing design and control problems may

therefore be classified according to many different criteria: the arrival distribution assumptions,

the service time distribution assumptions, the number of servers, the costs associated with the

operations of the queue, etc. We refer the reader to the overview papers of Tadj & Choudhury

[87] and Crabill et al. [25] for more complete lists of variations of design and control problems

involving queues.

In the following two sub-sections, we discuss the major works in queue design and queue

control with different controllable variables, with the implication that the same optimization

problems may arise when different assumptions are made regarding the queue’s (uncontrol-

lable) characteristics.

2.2.1 Optimal Design of Queues

One of the most fundamental papers in queueing design is thatof Hillier [46]. It discusses

queueing design problems in the context of an industrial setting where a balance between the

cost of service and the cost of waiting for that service has tobe found. Three related problems

are examined. It is assumed that there is an infinite source ofcustomers, that all arrivals will

join the queue and remain in it until they get served, that there is no limit on the queue length

and that the queue is in a steady state. The models are generalenough to be applicable regard-

less of the assumptions on the service and arrival distributions and on the queue discipline.

In the first problem studied by Hillier [46], it is assumed that both the service rate and

the arrival rate are fixed, and one needs to determine the optimal number of servers required

to minimize a linear cost function consisting of the total cost of service and the total cost of
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customer waiting time.

In the second problem, the decision variables are both the number of servers and the arrival

rate. This problem may arise in the context of locating service facilities throughout a popu-

lation. For example, one may need to determine the number of medical centers that need to

be placed throughout a particular area, the number of doctors at each medical center and the

proportion of the population that should be assigned to eachparticular center (service facility).

Determining the latter quantity is essentially equivalentto finding the arrival rate. The objective

is to minimize the expected total cost per unit serviced, andit is assumed that the arrival rates

and number of servers at each facility are equal. Firstly, Hillier proves that one service facility

is optimal for the whole population. Secondly, it is observed that this result makes sense only

if customer travel time to the facility is not considered in the model. Several models which

incorporate travel time are further presented.

In the third problem, the goal is to determine both the numberof servers and the service rate

that would minimize the overall cost of service and customerwaiting time. Stidham [84] and

Morse [61] also concentrate on problems in which one needs todetermine the optimal service

rate and number of servers. These authors prove the optimality of the solution in which there

is only one server under different arrival and service time distributions.

Other papers deal with systems which serve groups of customers rather than single cus-

tomers [73], situations when the server may not be able to serve customers for periods of time

[51] and systems with impatient customers, who leave without getting served if they find the

server(s) busy [56]. For a detailed review of the work done onoptimal design of queues, the

reader is referred to the paper of Tadj & Choudhury [87].

2.2.2 Optimal Control of Queues

The termpolicy is used in queueing control literature to describe a rule which prescribes, given

a particular queue state, the actions that should be taken inorder to control the situation in

the queue. Most of the research on the optimal control of queues has focused on determining
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when a particular type of policy is optimal, rather than on finding the actual optimal values of

the controllable parameters which define the policy [42]. Note that the termoptimal policyis

used in the literature to mean both the optimaltype of policyand the optimalparameter values

for a given policy type. The distinction between the two is important since showing that a

particular policy type is optimal is a theoretical question, whereas finding the optimal values

for a specific policy type is a computational one. The focus ofthis dissertation is on the latter

question. Therefore, the termoptimal policyis used throughout the dissertation to refer to the

optimal numerical parameters for a pre-defined policy type.

The earliest papers in the area of queue control are those of Romani [70] and Moder &

Phillips [60], which both deal with controlling the number of servers based on the queue length.

Romani [70] considers a situation where the queue is never allowed to grow beyond some

numberM . In particular, the number of channels (servers) is increased by one every time

queue length becomes greater thanM , and there is no upper bound on the possible number

of open channels. The channels are removed (“cancelled”) when the queue becomes empty.

The work of Moder and Phillips [60] considers a policy that isdefined by two parameters,v

andN , with the interpretation that each time the number of customers in the queue reaches

N , the number of channels is increased by 1, and when the numberof customers in the queue

drops tov and a service completion occurs, the number of channels is decreased by 1. There

are upper and lower bounds on the number of channels that can be operated at any time. It is

assumed that workers who are not serving customers at a particular time point are performing

some other tasks which are not directly dependent on the arrival process of customers. This

paper presents several derivations of steady-state probabilities of having a particular number of

customers in the queue given a(v, N) policy as well as derivations of the quantities of interest

such as the expected waiting time.

The question of finding the optimal number of servers for eachsystem state is also ad-

dressed by Hersh [44]. It is assumed that workers have to serve customers (perform “queue”

work) and also complete other tasks (“non-queue” work), which are not dependent on customer
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arrivals. Costs are incurred due to the waiting time of customers, the uncompleted non-queue

work that has to be completed in overtime and the switching ofworkers between the two types

of tasks. A policy is given by parameters(v, N) so that when there arev customers in the

system and one of them gets served, the worker who just completed service gets switched to

performing fixed non-queue work, and when the number of customers in some queue reaches

N , a worker gets switched to queue work, opening a new service channel.

In the paper of Yadin and Naor [102], the controllable parameter is the service rate of a

single server. Given a feasible set of service capacities{µ0, µ1, . . . , µk, . . . }, with µ0 = 0

andµk+1 > µk, the class of policies considered is defined by two integer vectors{Rk} =

{R1, R2, . . . , Rk, . . . } and{Sk} = {S0, S1, . . . , Sk, . . . } with Rk+1 > Rk, Sk+1 > Sk, Rk+1 >

Sk andS0 = 0. The interpretation given to these two vectors is that whenever the size of the

system reachesRk, the service rate is increased fromµk−1 to µk, and whenever the size of the

system is reduced toSk, the service rateµk+1 is switched to service rateµk. The authors derive

some quantities characterizing the queue if this policy is used, such as the expected system

size.

Problems involving control of arrivals into the system are investigated by Stidham [85]

and Rosenshine & Rue [71]. Serfozo & Lu [74] consider a problem involving a single-server

system, with both the arrival rate and the service rate beingthe decision variables. A finite set

of arrival and service rate pairs is given, and a policy is determined by observing the queue

length at a particular decision epoch and choosing the appropriate pair. The objective function

is based on switching costs, which are incurred every time a service rate/arrival rate pair is

chosen at a decision epoch which is different form the previous service/arrival rate pair, and

usage costs, which are based on chosen service rates and queue length. Two other papers

dealing with essentially the same type of policy are those ofGebhard [40] and Heyman [45].
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2.2.3 Methods for Solving Queueing Design and Control Problems

It should be noted that much of the literature on queueing design and control problems focuses

on modelling approaches and theoretical questions. Very few papers discuss the development

of methods for finding the actual optimal values for the controllable parameters. We mention

some of these papers in this section.

In general, queueing design (numerical) optimization problems can be solved using differ-

ential calculus and linear, integer or non-linear programming [42], as well as heuristics. One

example of work on numerical, rather than strictly theoretical, questions is the paper by Grass-

mann et al. [41], in which the problem of optimizing the service rate in a one-server queueing

system with exponential inter-arrival times is addressed using differentiation of various quan-

tities.

Queueing control optimization problems have usually been solved via dynamic program-

ming and techniques used for Markov decision problems such as value or policy iteration [42].

For example, in the work of Nobel & Tijms [62], a problem with two heterogeneous servers is

considered, with one server being faster than the other. Thefaster server is always ‘on’ whereas

the slower server can be turned ‘on’ and ‘off’ depending on the queue length. A specialized

policy iteration algorithm is presented for determining when the slower server should be turned

on and off.

More recently, some papers have appeared which use linear programming to solve queueing

control problems. Examples of such work are the papers by Fan-Orzechowski & Feinberg [29]

and Berman & Sapna-Isotupa [14].

Berman & Sapna-Isotupa [14] consider a retail facility witha back room and a front room.

Work in the front room is generated by the stochastic processof customer arrivals who form

a queue if there are not enough workers to serve them. The amount of back room work is

correlated with the amount of work in the front room, with each front room customer generating

one back room job. The problem is formulated as a linear program, and some experimental

results are presented, highlighting the efficiency of the proposed method. This problem is very
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similar to the problems of interest in this dissertation (see Section 2.4). The major difference

is that, in this dissertation, the amount of work in the back room is assumed to be known,

whereas in the work of Berman & Sapna-Isotupa [14] back room work is assumed to be a

direct consequence of front room work. In Section 6.2.1.2, we mention a similar problem that

would be interesting to investigate in the future.

Fan-Orzechowski & Feinberg [29] study a queueing system with m customer types, expo-

nential service and inter-arrival times,c servers and a capacity ofN . The goal of the problem

is to decide, every time a customer arrives, whether to accept or reject this customer. A cost

is incurred every time a customer is rejected, and a reward isgained every time a customer is

accepted. The objective is to maximize the average reward per unit time subject to a constraint

requiring the average penalty cost for rejected customers to be bounded from above. A lin-

ear programming approach is employed. Note the similarity of this problem with Branching

CSPs discussed in Section 2.1.3.2. Exploring the similarities of these problems as well as of

approaches for solving them would be an interesting direction for further work.

Additionally, some queueing control problems are solved using heuristics. An example of

such a problem appears in the work of Berman & Larson [13], which is discussed in Section

6.2.2.2 as it is an extension of the problem of interest in Chapter 3.

2.3 Cross-training Literature

The two queueing optimization problems addressed in this dissertation deal with a retail facility

which employs cross-trained workers. Questions related tocross-training, such as the optimal

number of cross-trained workers to hire, or the number of skills that workers should be cross-

trained in, have been addressed by many researchers.

Brusco & Johns [20] use integer linear programming in order to help evaluate different

cross-training options at a paper-mill. Each worker is assumed to be able to perform several

types of jobs, and the number and types of jobs determine his/her skill class. The solution of
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the integer program determines the number of employees froma particular skill classj that

should be working on taskk in planning periodi.

Integer programming is also used by Slomp et al. [76], where the objective is to balance

the workloads of cross-trained workers in a manufacturing cell. In particular, an integer pro-

gram is used to find out how to assign workers to machines as well as to determine for which

tasks/machines particular workers should be trained.

Cezik & L’Ecuyer [22] and Chevalier & Tabordon [23] examine cross-training issues of a

call center. In the work of Cezik & L’Ecuyer [22], a complex method based on a combination

of simulation with linear programming, cut generation and heuristics is used. It is assumed

that call center agents are able to answer multiple types of calls, and the types of calls that

the agent is able to handle determines his/her type. The goalof the problem is to determine

the number of agents of each type that should be scheduled to work during a particular time

period in order to minimize the operating costs of the call center while meeting some service

level constraints. Chevalier & Tabordon [23] seek a staffingconfiguration which minimizes the

proportion of customers who leave without getting served. An approximation for this quantity

is proposed and evaluated via simulation. Simulation is further used to compare various staffing

configurations.

Pinker et al. [65] deal with evaluating the trade-offs between specialized and cross-trained

workers. It is stated that what is gained in efficiency when cross-trained workers are hired may

be lost in quality. Thus, their approach combines a stochastic service center model with models

of tenure-based and experience-based service quality. Thepaper demonstrates that the optimal

staff mix depends both on the size of the system and the learning rates of the workers.

2.4 Two Related Problems of Berman et al.

The work of Berman et al. [15] concerns retail facilities, such as stores or banks, which have

back room and front room operations. In the front room, workers have to serve arriving cus-
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tomers, and customers form a queue and wait to be served when all workers are busy. In the

back room, on the other hand, work is less time-sensitive andmay include such tasks as sorting

or processing paperwork. All workers in the facility are cross-trained and are assumed to be

able to perform back room tasks equally well and serve customers with the same service rate.

Therefore, it makes sense for the managers of the facility toswitch workers between the front

room and the back room depending both on the number of customers in the front room and the

amount of work that has to be performed in the back room. Berman et al. study two related

problems. In the first problem, the goal is to find a switching policy that minimizes the expected

customer waiting time in the front room, subject to a constraint requiring the completion of all

work in the back room. In the second problem, the objective isto find the smallest number of

cross-trained workers required in the facility in order to satisfy a quality of service constraint

in the front room and a constraint requiring all of the back room work to be performed.

It can be seen that both of these problems fall into the class of queueing design and control

problems and attempt to answer similar questions to the onesof interest in the cross-training

literature.

The first problem of Berman et al. and an extension of their second problem are the focus

of this dissertation. In this section we therefore provide adetailed description of the work done

by Berman et al. [15].

2.4.1 Berman et al.’s ProblemP1

Let N denote the number of workers in the facility, and letS be the maximum total number

of customers allowed in the front room at any one time.1 This implies that when there areS

customers present, arriving customers will be blocked fromentering the front room. Customers

arrive according to a Poisson process with rateλ . Service times by workers in the front room

follow an exponential distribution with rateµ. In order to complete all the back room work,

there is a known minimum requirement,Bl , on the expected number of workers in the back

1The notation used by Berman et al. [15] is adopted throughoutthis dissertation.
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room. Only one worker is allowed to be switched at a time, and both switching time and

switching cost are assumed to be negligible.

The goal of problemP1 is to find an optimal approach to switching workers between the

front room and the back room so as to minimize the expected customer waiting time, denoted

Wq , while at the same time ensuring that the expected number of workers in the back room is

at leastBl. Thus, a policy needs to be constructed that would specify how many workers should

be in the front room and back room at a particular time, and when switches should occur.

2.4.1.1 Model

Berman et al. define a policy in terms of quantitieski, for i = 0, . . . , N . This policy states

that there should bei workers in the front room whenever there are betweenki−1 + 1 and

ki customers in the front room, fori = 1, 2, . . . , N . As an illustration, consider the policy

(k0, k1, k2, k3) = (0, 2, 3, 6), with N = 3. This policy states that when there arek0 + 1 = 1

or k1 = 2 customers in the front room, there is one worker in the front room; when there are

3 customers, there are2 workers; and when there are4, 5, or 6 customers, all3 workers are

employed in the front. Alternatively,ki can be interpreted as an upper bound on the number of

customers that will be served byi workers under the given policy. Yet another interpretationof

this type of switching policy comes from noticing that as soon as the number of customers in

the front room is increased by1 from some particular switching pointki, the number of workers

in the front room changes toi + 1. This definition of a policy forms the basis of the model

proposed by Berman et al., with the switching pointski, i = 0, . . . , N − 1, being the decision

variables of the problem, andkN being fixed toS, the capacity of the system. In Berman et

al.’s work, an optimal policy is a set of values for the switching points,ki, which minimizes

the expected waiting time subject to the back room constraint. In other words, the paper of

Berman et al. [15] is not concerned with proving the optimality of the policy type specified by

thekis, but rather with the determination of optimal numerical values for the quantities. In the

following sections, the termoptimal policytherefore refers to the optimal set of values for the
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kis.

In order to determine the expected customer waiting time in the front room and the expected

number of workers in the back room given a policy defined by particular values ofki, Berman

et al. first define a set of probabilities,P (j), for j = k0, k0 + 1, . . . , S. EachP (j) denotes the

steady-state (long-run) probability of there being exactly j customers in the facility. Berman et

al. define a set of balance equations for the determination ofthese probabilities:

P (j)λ = P (j + 1)1µ j = k0, k0 + 1, . . . , k1 − 1 (2.1)

P (j)λ = P (j + 1)2µ j = k1, k1 + 1, . . . , k2 − 1 (2.2)

...
...

...

P (j)λ = P (j + 1)iµ j = ki−1, ki−1 + 1, . . . , ki − 1 (2.3)

...
...

...

P (j)λ = P (j + 1)Nµ j = kN−1, kN−1 + 1, . . . , kN − 1. (2.4)

The probabilitiesP (j) also have to satisfy the equation
∑S

j=k0
P (j) = 1.

From these equations, Berman et al. derive2 the following expressions for eachP (j):

P (j) = βjP (k0), (2.5)

where

βj =























1 if j = k0

(

λ
µ

)j−k0 (

1
i

)j−ki−1Xi if ki−1 + 1 ≤ j ≤ ki i = 1, . . . , N

,

Xi =
i−1
∏

g=1

(

1

g

)kg−kg−1

(2.6)

(X1 ≡ 1), i = 1, . . . , N.

2For details regarding these derivations, the reader is referred to Berman et al.’s paper [15].
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P (k0) can be calculated using the following equation, which is derived by summing both sides

of Equation (2.5) over all values ofj:

P (k0)
S

∑

j=0

βj = 1. (2.7)

All quantities of interest can be expressed in terms of the probabilitiesP (j). Expected

number of workers in the front room is

F =
N

∑

i=1

ki
∑

j=ki−1+1

iP (j) (2.8)

while the expected number of workers in the back room is

B = N − F . (2.9)

The expected number of customers in the front room is

L =

S
∑

j=k0

jP (j). (2.10)

Expected waiting time in the queue can be expressed as

Wq =
L

λ(1 − P (kN))
−

1

µ
. (2.11)

This expression is derived using Little’s Laws for a system of capacitykN = S. Given a

family of switching policiesK = {K; K = {k0, k1, ..., kN−1, S}, ki integers,ki − ki−1 ≥ 1,

k0 ≥ 0, kN−1 < S}, the problem can formally be stated as:

minimizeK∈K Wq (2.12)

s.t. B ≥ Bl

equations (2.1) to (2.4)

∑S

j=k0
P (j) = 1

equations (2.8), (2.9), (2.10), (2.11).

It is important to note thatB, F andL are expected values and can be real-valued. Conse-

quently, the constraintB ≥ Bl states that the expected number of workers in the back room
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resulting from the realization of any policy should be greater than or equal to the minimum

expected number of back room workers needed to complete all work in the back room. At any

particular time point, there may, in fact, be fewer thanBl workers in the back room.

2.4.1.2 Berman et al.’s Heuristic

Berman et al. [15] propose a heuristic method for the solution of this problem. This method is

based on two corollaries and a theorem, which are stated and proved by the authors.

In particular, the major theorem from the paper of Berman et al. [15] is presented below as

Theorem 2.4.1. For details and proof of this theorem, the reader is referred to Berman et al.’s

work [15].

Theorem 2.4.1 (Berman et al.’s Theorem 1)Consider two policiesK andK ′ which are equal

in all but oneki. In particular, suppose that the value ofk′

J equalskJ − 1, for someJ from

the set{0, ..., N − 1} such thatkJ − kJ−1 ≥ 2, while k′

i = ki for all i 6= J . Then (a)

Wq(K) ≥ Wq(K
′), (b) F (K) ≤ F (K ′), (c) B(K) ≥ B(K ′).

As a result of Theorem 2.4.1, it can be seen that two policies exist which have special

properties. Firstly, consider the policy

K̂ = {k0 = 0, k1 = 1, k2 = 2, ..., kN−1 = N − 1, kN = S} .

This policy results in the largest possibleF , and the smallest possibleB andWq. Because this

policy yields the smallest possible expected waiting time,it is optimal if it is feasible. On the

other hand, the smallest possibleF and the largest possibleWq andB are obtained by applying

the policy

ˆ̂
K = {k0 = S − N, k1 = S − N + 1, ..., kN−1 = S − 1, kN = S} .

Therefore, if this policy is infeasible, the problem (2.12)is infeasible also.

Berman et al. propose the notions of eligible type 1 and type 2components. Aneligible type

1 componentis a switching pointki satisfying the condition thatki − ki−1 > 1 for 0 < i < N
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or ki > 0 for i = 0. A switching pointki is aneligible type 2 componentif ki+1 − ki > 1 for

0 ≤ i < N . More simply, an eligible type 1 component is aki variable which, if decreased by

1, will still be greater thanki−1, while an eligible type 2 component is aki variable which, if

increased by1, will remain smaller thanki+1. Eligible type 1 components and eligible type 2

components will further be referred to simply as type 1 and type 2 components, respectively.

Based on the definitions of policieŝK and ˆ̂
K, the notions of type 1 and 2 components,

and Theorem 2.4.1, Berman et al. [15] propose a heuristic, which has the same name as the

problem it used for,P1:

1. Start withK =
ˆ̂
K.

2. If B(K) < Bl, the problem is infeasible. Otherwise, letimb Wq = Wq(K) and

imb K = K. SetJ = N .

3. Find the smallestj∗ s.t. 0 ≤ j∗ < J andkj∗ is a type 1 component. If no suchj∗ exists,

go to 5. Otherwise, setkj∗ = kj∗ − 1. If B(K) < Bl, setJ = j∗ and go to 5. If

B(K) ≥ Bl, go to 4.

4. If Wq(K) < imb Wq, let imb Wq = Wq(K) andimb K = K. Go to 3.

5. Find the smallestj∗ s.t. 0 ≤ j∗ < J andkj∗ is a type 2 component. If no suchj∗ exists,

go to 6. Otherwise, setkj∗ = kj∗ + 1. If B(K) < Bl, repeat 5. IfB(K) ≥ Bl, go to 4.

6. Stop and returnimb K as the best solution.

Limiting the choice ofj∗ to being between 0 andJ , and resettingJ every time an infeasible

policy is found, prevents the heuristic from entering an infinite cycle. The heuristic guarantees

optimality only when the policy it returns iŝK or ˆ̂
K.

The ability of heuristicP1 to find good switching policies is not explicitly evaluated in

Berman et al.’s paper [15]. In particular, it is not clear howclose the policies provided byP1

are to the optimal policies.
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2.4.1.3 Discussion

ProblemP1 is an example of a queue control problem that is very similar in nature to the

problems discussed by Moder & Phillips [60], Hersh [44], Yadin & Naor [102] and Serfozo &

Lu [74], which are mentioned in Section 2.2.2.

Moder & Phillips [60] assume that some workers are always available to serve the arriving

customers, while others are able to perform tasks which are not directly related to the arrival

process. Using the terminology of Berman et al., it can be said that some of the workers are

cross-trained and able both to serve arriving customers in the front room and perform back

room work. It is important to note that in the Moder & Phillipspaper, unlike in the work of

Berman et al. [15], there is no constraint on the amount of “back room work” that has to be

performed, and some fixed number of workers are assumed to always be in the “front room”.

Moreover, the policies used in the two papers are quite different, although they are based on

the same idea of increasing and decreasing the number of workers in the front room when the

queue length reaches some threshold value. The policy used by Moder & Phillips is stated

in terms of two parameters,v andN , so that the number of workers who serve customers is

increased by 1 every time the queue length reachesN and decreased by 1 each time the queue

length falls belowv. The policy of Berman et al. is more flexible because it is expressed in

terms of a larger number of parameters. It should also be noted that the Moder and Phillips

paper derives a set of balance equations for calculating theprobability of having a particular

number of workers in the queue under the assumption of a(v, N) policy, which are very similar

to the balance equations (2.1)–(2.4). Although expressions for quantities of interest such as the

mean length of the queue are derived, and some numerical instances are examined by Moder

& Phillips [60], no optimization problems are explicitly discussed.

Hersh [44] also assumes that a service facility has two typesof work, “queue” work and

“non-queue” work, which are the equivalent of Berman et al.’s front room and back room work.

However, instead of placing a constraint on the amount of work that needs to be performed in

the back room, he assumes that a cost is incurred for all of thenon-queue work that is not
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completed during the work day. A procedure based on simulation and dynamic programming

is proposed for evaluation of different(v, N) policies and the determination of the optimal one.

The paper of Serfozo and Lu [74], unlike that of Berman et al. [15], deals with a queueing

system which employs only one server. Moreover, it is concerned with the determination of

optimal service and arrival rates rather than the number of servers. However, we note that the

increase or decrease of workers in the front room consideredin the work of Berman et al. [15] is

equivalent to an increase or decrease of the total service rate. Consequently, using the approach

of Serfozo and Lu, we can describe the problem of Berman et al.as that of determining the

optimal service rate/arrival rate pair when there is a customer arrival. In particular, the arrival

rate can be held constant, whereas the values of the service rate can be taken from the set

{0, µ, 2µ, 3µ, . . . , Nµ} corresponding to0, 1, 2, 3, . . . , N workers being present in the front

room. The focus of the Serfozo paper is on the theoretical properties of their proposed policy

rather than on the determination of the numerical optimal policy.

A similarity can be found between the policy type of Yadin et al. [102] and that of Berman

et al. In particular, Yadin et al. use two vectors of queue lengths, one stating when the service

rate should be switched to a higher value, and the other stating when it should be switched to

a lower value (see Section 2.2.2). In Berman et al.’s formulation, one vector with the same

structure is used to serve both purposes.

Overall, it can be seen that the Berman et al. paper can be considered as a logical extension

of the most fundamental work in queueing control theory. However, it appears to be one of the

rare papers dealing with the numerical optimization of a particular policy. Its assumption of a

constraint on the back room work appears as reasonable as theassumption made by Hersh [44]

of a cost being incurred for back room work completed in overtime. The formulation of the

policy can be as easily used in practice as the simple(v, N) policy of Moder and Phillips [60],

and provides almost as much flexibility and control as the policy of Yadin & Naor [102] that is

based on two vectors rather than one.

Moreover, the problem as it is described in Berman et al. is ofpractical interest. Many
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examples of facilities which could make use of the policies obtained from solving this problem

exist in real life. For example, a grocery store employing workers who can re-stock shelves

as well as serve customers at the check-out may be interestedin finding out how to switch

workers between the two tasks so as to minimize customer waiting time. More importantly,

in a hospital, it may be necessary to determine how many nurses should be available to treat

arriving emergency patients and how many should be treatingpatients who are already in the

hospital.3 Additionally, the problem could arise in computer science applications similar to

those described in the paper of Palmer & Mitrani [63].

2.4.2 Berman et al.’s ProblemP2

Berman et al. [15] present a second problem,P2. The goal of this problem is to find the

minimum number of cross-trained workers,N , required in the retail facility subject to two

constraints which ensure that the expected waiting time is bounded from above and that all

work in the back room is performed.

Given a family of switching policiesK = {K; K = {k0, k1, ..., kN−1, S}, ki integers,

ki − ki−1 ≥ 1, k0 ≥ 0, kN−1 < S}, the problemP2 can be stated as:

minimizeK∈K N (2.13)

s.t. Wq ≤ Wu

B ≥ Bl

equations (2.1) to (2.4)

∑S

j=k0
P (j) = 1

equations (2.8), (2.9), (2.10), (2.11),

whereWu is the upper bound on the expected customer waiting time. Berman et al. propose a

heuristic for solving problemP2. This heuristic, which is referred to as heuristicP2, enumerates

3This application of the back room/front room problem has been suggested by Dr. J. Hirdes.
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N , starting at 1, and uses heuristicP1 to try to find a feasible policy for the givenN . P2 stops

as soon asP1 is able to find a feasible policy.P2 can be stated as follows:

1. SetN = 1.

2. Define policiesK̂ and ˆ̂
K. Let Bmin = B(K̂), Wmin = Wq(K̂), Bmax = B(

ˆ̂
K) and

Wmax = Wq(
ˆ̂
K).

3. If Bmax < Bl or Wmin > Wu, no feasible policy exists for the current value ofN–go to

step 5. IfBmin ≥ Bl andWmax ≤ Wu, any policyK ∈ K (includingK̂ is optimal)–stop.

Otherwise, go to step 4.

4. Apply HeuristicP1. If Heuristic P1 finds a policy,K0, such thatB(K0) ≥ Bl and

Wq(K
0) ≤ Wu, stop and returnK0 and the current value ofN .4

5. SetN = N + 1. Go to Step 2.

A set of 54 instances was used by Berman et al. [15] to evaluatethe performance of

this heuristic. In all instances,S is fixed to 100, and values ofλ are taken from the set

{10, 20, 30, 50, 75, 100}. Service ratesµ are set toλ/R, where the value ofR is 10, 15 or

20. R can be interpreted as the ratio of the arrival rate over the average service rate.Bl is

calculated as a product ofR andh, whereh is set to 0.05, 0.1 or 0.2. The instances were

generated using these parameters in a way that would ensure non-trivial solutions. For details

regarding the instance generation procedure, see Berman etal.’s work [15].

The performance ofP2 was evaluated by comparison with a complete enumeration proce-

dure. A time limit of one hour was placed on the run-times of both methods. The complete

enumeration method was unable to find the optimal solution in30 out of the 54 instances within

the one-hour time limit. In the remaining 24 instances, the proposed heuristic was also able

to find the optimal solution. In fact, the run-time of the heuristic, for each of the 54 instances

4In Berman et al.’s paper [15], it is stated that thisN is “optimal”. However, since heuristicP1 may not be
able to find a feasible policy for a particularN even if one exists, the value ofN returned by heuristicP2 may not
be optimal.



CHAPTER 2. LITERATURE REVIEW 43

tested, is smaller than 2 seconds. In a second experiment, 12of the 30 instances which the

complete enumeration procedure was unable to solve within one hour were adjusted, by de-

creasing the value ofBl, so that they could be solved within an hour by the complete method.

For these instances, the heuristic was able to find the exact optimal value ofN in all cases. The

run-times of the heuristic were at most 1 second for any of these instances.

2.4.2.1 Discussion

ProblemP2 is a both a queue design and a queue control problem. It is a design problem

because one needs to determine the optimal value of a parameter which will then be fixed–the

total number of workers in the facility. It is a queue controlproblem because once the total

number of workers to be employed is determined, one needs to effectively manage them so as

to ensure that both types of work are completed at a satisfactory level.

In the design category, the problem is quite a bit different from the ones typically appearing

in the literature. Namely, none of the papers discussed in Section 2.2.1 deal with determining

an optimal parameter of the queue that would depend on an additional problem of finding a

satisfactory control policy.

Similarly, the problemP2 is quite different from the cross-training literature surveyed in

Section 2.3, mainly because it is based on very specific assumptions about both types of work

and allows an explicit statement of the balance equations. Unlike in the work of Brusco &

Johns [20], and Cezik & L’Ecuyer [22], the notion of time is not explicitly taken into account

in Berman et al.’s work. Moreover, Berman et al. assume that all workers are cross-trained,

whereas the papers of Slomp et al. [76], Chevalier & Tabordon[23], and Cezik & L’Ecuyer [22]

all assume the existence of several types of workers, some ofwhom may be able to perform

more than two tasks. Motivated by the cross-training literature, in Chapter 4 we relax the

assumption of Berman et al. that only cross-trained workersare employed in the facility.
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2.5 Conclusion

ProblemsP1 andP2 of Berman et al. are problems of potential practical interest dealing with

optimal design and control of a queue. Berman et al. have devised efficient heuristics for these

problems, which, however, do not guarantee optimality. In fact, the quality of the solution these

methods provide is explictly evaluated by Berman et al. onlyon a small set of instances and

only for problemP2.

In Section 2.1, we introduced constraint programming, an approach that has been success-

fully used to solve many combinatorial problems [72]. We also presented a brief survey of

how constraint programming has been extended to solve problems which involve uncertainty

and change. Although a variety of such extensions exist, thelack of integration of constraint

programming with areas of operations research dealing withstochastic or dynamic problems,

such as queueing theory, has been noted by Brown & Miguel [19].

In order to attempt to provide a link between constraint programming and queueing theory,

in Chapter 3 we apply constraint programming to Berman et al.’s problemP1. We reinforce

this link by showing, in Chapter 4, that a CP-based method maybe used to solve an extension

of P2 inspired by the cross-training literature. A secondary goal of this work is to propose

complete, rather than heuristic, methods for solving theseproblems.



Chapter 3

Constraint Programming for a Queue

Control Problem

As indicated in preceding chapter, the theory and methods ofconstraint programming have

been extended to solving problems involving uncertainty and change. However, to our knowl-

edge, no one has attempted to apply CP to a stochastic queueing control problem. In this

chapter, we investigate whether CP can be successfully usedto solve a particular queueing

control problem, namely, problemP1 of Berman et al., discussed in Section 2.4.1

In the following section, three CP models for problemP1 are proposed. Sections 3.2 and

3.3 present methods for improving the efficiency of these models, focusing on dominance rules

and shaving procedures, respectively. Section 3.4 shows experimental results comparing the

proposed CP models and combinations of inference methods. The performance of the CP

techniques is contrasted with that of the heuristic method of Berman et al. Based on these

results, a hybrid method is proposed and evaluated in Section 3.5. In Section 3.6, a discussion

of the results is presented. Section 3.7 concludes this chapter.

1A shorter version of this chapter appears as [93].

45
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3.1 Constraint Programming Models

Berman et al.’s problemP1 concerns a retail facility of capacityS which has back room and

front room operations and employsN cross-trained workers. The goal of the problem is to find

a policy which states how these workers should be switched between the two rooms. More

specifically, we seek a switching policy which minimizes theexpected customer waiting time,

Wq, but ensures that the expected number of workers in the back room, B, remains greater

than or equal to the minimum expected number of workers,Bl, necessary in the back room for

completion of all back room tasks.2 In the front room, customers arrive according to a Poisson

process with rateλ, and service times follow an exponential distribution withrateµ.

We investigate three CP models for this problem:

• TheIf-Thenmodel is a CP version of the formal definition of Berman et al.

• ThePSumsmodel uses a slightly different set of variables, and most ofthe constraints

are based on closed-form expressions derived from the constraints that are used in the

If-Thenmodel.

• TheDual model includes a set of dual decision variables in addition to the variables used

in theIf-ThenandPSumsmodels. Most of the constraints of this model are expressed in

terms of these dual variables.

The proposed models have some similarities. Recall from Section 2.4 that a policy is repre-

sented by the set{ki, i = 0, 1, . . . , N}, with the interpretation that whenever the number of

customers in the front room is betweenki−1 + 1 andki, the number of workers in the front

room is i. Consequently, all three of the proposed models have a set ofdecision variables

ki, i = 0, 1, . . . , N , representing the switching policy. Eachki from this set has the domain

[i, i + 1, . . . , S − N + i] and has to satisfy the constraintki < ki+1 (since the number of work-

2Following Berman et al. [15], we assume only one policytype. In this context, anoptimal policyis a set of
numerical values for the parameters defining this policy type which results in the lowest possibleWq subject to
the back room constraint.
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ers in the front room,i, increases only when the number of customers,ki, increases). Due to

the policy definition of Berman et al.,kN is constrained to equal toS.

All models include variables and constraints for the representation of the balance equations

(Equations (2.1)–(2.4)), and expressions forF , the expected number of workers in the front

room, andL, the expected number of customers in the front room. However, these representa-

tions differ slightly depending on the model, as noted belowin Sections 3.1.1, 3.1.2 and 3.1.3.

The equation forWq is exactly the same in all models and is stated as Equation (3.1), where

P (kN) is the probability of havingkN = S customers in the front room. This equation is taken

directly from the formulation of Berman et al. and has previously been stated in Equation

(2.11).

Wq =
L

λ(1 − P (kN))
−

1

µ
(3.1)

A set of auxiliary variablesβSum(ki), for all i from 1 to N − 1, is included in each of

the models. These are necessary for representing Equation (3.2), which relates these variables

to P (k0), a floating point variable with domain[0..1] representing the probability of havingk0

customers in the facility. These auxiliary variables and constraint ensure that an assignment

of all decision variables leads to a unique solution of the balance equations. We discuss the

formal definition of these auxiliary variables in Section 3.1.4.

The back room constraint,B ≥ Bl, is stated in all models asN − F ≥ Bl.

P (k0)

N
∑

i=0

βSum(ki) = 1 (3.2)

3.1.1 If-Then Model

The initial model is based directly on the formulation of Berman et al. and therefore includes

the variablesP (j) for j = k0, k0 + 1, . . . , k1, k1 + 1, . . . , kN − 1, kN , each representing the

steady-state probability of there beingj customers in the front room. These floating point
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variables with domain[0..1] have to satisfy a system of balance equations (Equations (2.1)–

(2.4)) and are used to expressL andF .

3.1.1.1 Balance Equation Constraints

In this model, balance equations are represented by a set of if-then constraints. For example,

the first balance equation,P (j)λ = P (j + 1)µ for j = k0, k0 + 1, ..., k1 − 1, is represented

by the constraint(k0 ≤ j ≤ k1 − 1) → P (j)λ = P (j + 1)µ. Thus, somewhat inelegantly, an

if-then constraint of this kind has to be added for eachj between0 andS − 1 (inclusive) in

order to represent one balance equation. In order to represent the rest of these equations, this

technique has to be applied for each pair of switching pointski, ki+1 for i from 0 to N − 1.

This results in a total ofN × S if-then constraints.

The probabilitiesP (j) also have to satisfy the constraint
∑S

j=k0
P (j) = 1. The difficulty

with this constraint is the fact that the sum starts atj = k0, wherek0 is a variable. In order to

deal with this complication, we add the meta-constraint (refer to Section 2.1.2 for a definition)

((j < k0) ≤ (P (j) = 0)) for eachj from the set{0, 1, . . . , S − N − 1}.3 This implies that all

values ofP (j) with j less thank0 will be 0 and allows us to express the sum-of-probabilities

constraint as
∑S

j=0 P (j) = 1.

The constraint necessary for ensuring a unique solution to the balance equations once all

decision variables have been assigned, which is stated in Equation (3.2), requiresS + 1 if-then

constraints. Each of these constraints has the following form:

(k0 = j) → P (j)
∑N

i=0 βSum(ki) = 1 (refer to Section 3.1.4 for details regarding the calcu-

lation of
∑N

i=0 βSum(ki)).

3We do not need to add this constraint for allj from 0 toS because the upper bound of the domain ofk0 is
S − N .
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3.1.1.2 Expected Number of Workers Constraints

A set of if-then constraints also has to be included in order to represent Equation (3.3) (restate-

ment of Equation (2.8)) as a constraint in our model. This is due to the dependence of this

constraint on sums of variables between two switching points, which are also variables.

F =

N
∑

i=1

ki
∑

j=ki−1+1

iP (j) (3.3)

More specifically, we add a set of variablesproduct(i, j) for representing the product ofi

andP (j) whenj is betweenki−1 + 1 andki, and the constraints(ki−1 + 1 ≤ j ≤ ki) →

product(i, j) = iP (j) and(ki−1 + 1 > j || j > ki) → product(i, j) = 0 for all i from 1 to

N and for allj from 0 toS. The total number of these if-then constraints is2N(S + 1). F can

then be simply stated as a sum over the indicesi andj of variablesproduct(i, j).

3.1.1.3 Expected Number of Customers Constraint

L is defined according to Equation (2.10). Since the meta-constraint ((j < k0) ≤ (P (j) = 0))

has been added to the model in order to ensure thatP (j) = 0 for all j < k0, the constraint for

L can be simply stated as the sum of the products ofj andP (j) over allj from 0 toS:

L =

S
∑

j=0

jP (j). (3.4)
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3.1.1.4 Overall Model

The completeIf-Thenmodel can therefore be stated as:

minimize Wq

subject to

ki < ki+1 ∀i ∈ {0, 1, . . . , N − 1};

kN = S;

(ki ≤ j ≤ ki+1 − 1) → P (j)λ = P (j + 1)(i + 1)µ,

∀i ∈ {0, 1, . . . , N − 1}, ∀j ∈ {0, 1, . . . , S − 1};

(j < k0) ≤ (P (j) = 0), ∀j ∈ {0, 1, . . . , S − N − 1};
S

∑

j=0

P (j) = 1;

(k0 = j) → P (j)
N

∑

i=0

βSum(ki) = 1,

∀j ∈ {0, 1, . . . , S};

L =

S
∑

j=0

jP (j);

(ki−1 + 1 ≤ j ≤ ki) → product(i, j) = iP (j),

∀i ∈ {1, 2, . . . , N}, ∀j ∈ {0, 1, . . . , S};

(ki−1 + 1 > j || j > ki) → product(i, j) = 0,

∀i ∈ {1, 2, . . . , N}, ∀j ∈ {0, 1, . . . , S};

F =

N
∑

i=1

S
∑

j=0

product(i, j);

Wq =
L

λ(1 − P (kN))
−

1

µ
;

N − F ≥ Bl;

auxiliary constraints,

whereauxiliary constraints are constraints necessary for definingβSum(ki) and are dis-

cussed in Section 3.1.4.

This model includes a total of3NS+2N+S if-then constraints, which are highly inefficient

because propagation only occurs either when the left-hand side is satisfied or when the right-

hand side becomes false. Consequently, the next model attempts to avoid, as much as possible,

the use of such constraints.
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3.1.2 PSums Model

The second constraint programming model is based on closed-form expressions that are de-

rived from the balance equations (Equations (2.1)–(2.4)).The set ofP (j) variables from the

formulation of Berman et al. is replaced by a set ofPSums(ki) variables fori = 0, . . . , N −1,

together with a set of probabilitiesP (j) for j = k0, k1, k2, . . . , kN . Note thatP (j) is defined

for each switching point only, not for all values from{0, 1, . . . , S}. ThePSums(ki) variable

represents the sum of all probabilities betweenki andki+1 − 1.

3.1.2.1 Probability Constraints

Balance equations are not explicitly stated in this model. However, expressions forP (ki) and

PSums(ki) are derived in such a way that the balance equations are satisfied. The technique

used for these derivations is similar to that used by Berman et al. [15] to simplify the calculation

of probabilities.

Consider the balance equationP (j)λ = P (j + 1)iµ, which is true forj = ki−1, ki−1 +

1, . . . , ki − 1 and anyi ∈ {1, 2 . . . , N}. In particular, this subset of the balance equations is

P (ki−1)λ = P (ki−1 + 1)iµ

P (ki−1 + 1)λ = P (ki−1 + 2)iµ

...

P (ki − 1)λ = P (ki)iµ.

These equations imply the following expressions:

P (ki−1)λ

iµ
= P (ki−1 + 1) (3.5)

P (ki−1 + 1)λ

iµ
= P (ki−1 + 2)

...

P (ki − 1)λ

iµ
= P (ki).
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Combining these together, we getP (ki) =
(

λ
iµ

)ki−ki−1

P (ki−1) for all i from 1 toN , or

P (ki+1) =

(

λ

(i + 1)µ

)ki+1−ki

P (ki), ∀i ∈ {0, 1, . . . , N − 1}. (3.6)

Consequently, Equation (3.6) is a recursive formula for computing P (ki+1). P (k0) can be

computed by using Equation (3.2). As in the other two models,the implementation of this

constraint requires the use of auxiliary variables,βSum(ki), which are discussed in detail in

Section 3.1.4. However, unlike in the other two models, thisconstraint does not require any

if-then constraints since variableP (k0) is explicitly defined.

Similarly, from Equation (3.5), we see thatP (ki−1 + 1) = λ
iµ

P (ki−1) for all i from 1 toN ,

or

P (ki + 1) =
λ

(i + 1)µ
P (ki), ∀i ∈ {0, 1, . . . , N}. (3.7)

Using Equation (3.7), an expression forPSums(ki), the sum of probabilitiesP (j) for j

betweenki andki+1 − 1, can be derived as follows:

PSums(ki) =

ki+1−1
∑

j=ki

P (j)

= P (ki) + P (ki + 1) + P (ki + 2) + · · ·+ P (ki+1 − 1)

= P (ki) + P (ki)
λ

(i + 1)µ
+ P (ki)

(

λ

(i + 1)µ

)2

+ · · ·+ P (ki)

(

λ

(i + 1)µ

)ki+1−ki−1

= P (ki)

[

1 +
λ

(i + 1)µ
+

(

λ

(i + 1)µ

)2

+ · · ·+

(

λ

(i + 1)µ

)ki+1−ki−1
]

=











































P (ki)

1 −

[

λ

(i + 1)µ

]ki+1−ki

1 −
λ

(i + 1)µ

if λ
(i+1)µ

6= 1

P (ki)(ki+1 − ki) otherwise.

(3.8)
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The last step in the derivation is based on the observation that the expression[1 + λ
(i+1)µ

+
(

λ
(i+1)µ

)2

+ · · ·+
(

λ
(i+1)µ

)ki+1−ki−1

] is a geometric series with the common ratioλ
(i+1)µ

. When

λ
(i+1)µ

is 1, the expression is simply a sum ofki+1 − ki ones.

Additionally, the probabilities have to satisfy the constraint
∑N−1

i=0 PSums(ki)+P (kN ) =

1.

3.1.2.2 Expected Number of Workers Constraint

F can be expressed in terms ofP (ki) andPSums(ki) using the following sequence of steps:

F =
N

∑

i=1

ki
∑

j=ki−1+1

iP (j)

=

N
∑

i=1

i [P (ki−1 + 1) + P (ki−1 + 2) + · · · + P (ki − 1) + P (ki)]

=
N

∑

i=1

i [PSums(ki−1) − P (ki−1) + P (ki)]. (3.9)

3.1.2.3 Expected Number of Customers Constraints

The equation forL can be derived as in a similar manner:

L =

kN
∑

j=k0

jP (j)

=

k1−1
∑

j=k0

jP (j) +

k2−1
∑

j=k1

jP (j) + · · ·+

kN−1
∑

j=kN−1

jP (j) + kNP (kN)

= L(k0) + L(k1) + · · ·+ L(kN−1) + kNP (kN)

=

N−1
∑

i=0

L(ki) + kNP (kN) (3.10)
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where

L(ki) = kiP (ki) + (ki + 1)P (ki + 1) + (ki + 2)P (ki + 2) + · · ·+ (ki+1 − 1)P (ki+1 − 1)

= kiP (ki) + kiP (ki + 1) + kiP (ki + 2) + · · · + kiP (ki+1 − 1) + P (ki + 1)

+ 2P (ki + 2) + · · ·+ (ki+1 − ki − 1)P (ki+1 − 1)

= ki[P (ki) + P (ki + 1) + P (ki + 2) + · · · + P (ki+1 − 1)] + P (ki + 1)

+ 2P (ki + 2) + · · ·+ (ki+1 − ki − 1)P (ki+1 − 1)

= kiPSums(ki) + P (ki)
λ

(i + 1)µ
+ 2P (ki)

(

λ

(i + 1)µ

)2

+ · · ·+ (ki+1 − ki + 1)P (ki)

(

λ

(i + 1)µ

)ki+1−ki−1

= kiPSums(ki) + P (ki)
λ

(i + 1)µ
×

[

1 + 2
λ

(i + 1)µ
+ 3

(

λ

(i + 1)µ

)2

+ . . .

+ (ki+1 − ki − 1)P (ki)

(

λ

(i + 1)µ

)ki+1−ki−2
]

= kiPSums(ki) + P (ki)
λ

(i + 1)µ

ki+1−ki−1
∑

n=0

n

(

λ

(i + 1)µ

)n−1

= kiPSums(ki) + P (ki)
λ

(i + 1)µ

×







(

λ
(i+1)µ

)ki+1−ki−1

(ki − ki+1) +
(

λ
(i+1)µ

)ki+1−ki

(ki+1 − ki − 1) + 1
(

1 − λ
(i+1)µ

)2






.
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3.1.2.4 Overall Model

ThePSumsmodel can be summarized as follows:

minimize Wq

subject to

ki < ki+1 ∀i ∈ {0, 1, . . . , N − 1};

kN = S;

P (ki+1) =

(

λ

(i + 1)µ

)ki+1−ki

P (ki),

∀i ∈ {0, 1, . . . , N − 1};

PSums(ki) =































P (ki)

1 −

[

λ

(i + 1)µ

]ki+1−ki

1 −
λ

(i + 1)µ

if λ
(i+1)µ

6= 1

P (ki)(ki+1 − ki) otherwise

,

∀i ∈ {1, 2, . . . , N − 1};
N−1
∑

i=0

PSums(ki) + P (kN) = 1;

P (k0) ×

N
∑

i=0

βSum(ki) = 1;

F =
N

∑

i=1

i [PSums(ki−1) − P (ki−1) + P (ki)] ;

L =

N−1
∑

i=0

L(ki) + kNP (kN),

L(ki) = kiPSums(ki) + P (ki)
λ

(i + 1)µ

×

(

λ
(i+1)µ

)ki+1−ki−1

(ki − ki+1) +
(

λ
(i+1)µ

)ki+1−ki

(ki+1 − ki − 1) + 1
(

1 − λ
(i+1)µ

)2 ,

∀i ∈ {0, 1, . . . , N − 1};

Wq =
L

λ(1 − P (kN))
−

1

µ
;

N − F ≥ Bl;

auxiliary constraints,

whereauxiliary constraints are constraints necessary for calculating the values ofβSum(ki).
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These are discussed in Section 3.1.4.

3.1.3 Dual Model

The problem can be alternatively formulated using variables wj, which represent the number

of workers in the front room when there arej customers present. Thewj variables can be

referred to as thedualvariables because, compared to thekis, the roles of variables and values

are switched [48, 82].

In our Dual model, there areS + 1 wj variables, each with domain[0, 1, . . . , N ]. These

variables have to satisfy the following equations:w0 = 0, wS = N andwj ≤ wj+1 for all j

from 0 to S − 1. Additionally, the complete set ofki variables is included in this model, since

some constraints are easier to express using thekis rather than thewjs.

3.1.3.1 Probability Constraints

Given the set of dual variables, the balance equations can berestated as

P (j)λ = P (j + 1)wj+1µ, ∀j ∈ {0, 1, . . . , S − 1}. (3.11)

This formulation of the balance equations avoids the inefficient if-then constraints. The rest

of the restrictions on the probability variables are statedin terms of theki variables, as in the

If-Then model. In particular, the constraints
∑S

j=0 P (j) = 1, ((k0 > j) ≤ (P (j) = 0))

∀j ∈ {0, . . . , S − N − 1}, and(k0 = j) → P (j)
∑N

i=0 βSum(ki) = 1 ∀j ∈ {0, 1, . . . , S}

(refer to Section 3.1.4 for details regarding the calculation of
∑N

i=0 βSum(ki)) are present in

this model.

3.1.3.2 Channelling Constraints

In order to use redundant variables, a set of channelling constraints has to be added to the model

to ensure that an assignment of values to one set of variableswill lead to a unique assignment
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of variables in the other set. The following channelling constraints4 are included:

wj < wj+1 ↔ kwj
= j ∀j ∈ {0, 1, . . . , S − 1}, (3.12)

wj = wj+1 ↔ kwj
6= j ∀j ∈ {0, 1, . . . , S − 1}, (3.13)

wj = i ↔ ki−1 + 1 ≤ j ≤ ki ∀j ∈ {0, 1, . . . , S}, ∀i ∈ {1, . . . , N}. (3.14)

3.1.3.3 Expected Number of Workers Constraint

The expression for the expected number of workers in the front room isF =
∑S

j=0 wjP (j).

3.1.3.4 Expected Number of Customers Constraint

The constraint used to expressL is identical to the one used in theIf-Thenmodel:

L =
S

∑

j=0

jP (j).

This equation is valid because allP (j) for j < k0 are constrained to be 0.

4Constraints (3.12) and (3.13) are redundant given the constraintwj ≤ wj+1. However, such redundancy can
often lead to increased propagation [48]. One direction forfuture work is examining the effect that removing one
of these constraints may have on the performance of the program.
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3.1.3.5 Overall Model

TheDual model can be stated as:

minimize Wq

subject to

w0 = 0, wS = N

wj ≤ wj+1 ∀j ∈ {0, 1, . . . , S − 1};

ki < ki+1 ∀i ∈ {0, 1, . . . , N − 1};

kN = S;

wj < wj+1 ↔ kwj
= j ∀j ∈ {0, 1, . . . , S − 1};

wj = wj+1 ↔ kwj
6= j ∀j ∈ {0, 1, . . . , S − 1};

wj = i ↔ ki−1 + 1 ≤ j ≤ ki ∀i ∈ {1, 2, . . . , N}, ∀j ∈ {0, 1, . . . , S};

P (j)λ = P (j + 1)wj+1µ ∀j ∈ {0, 1, . . . , S − 1};

(k0 = j) → P (j)

N
∑

i=0

βSum(ki) = 1, ∀j ∈ {0, 1, . . . , S};

(j < k0) ≤ (P (j) = 0), ∀j ∈ {0, 1, . . . , S − N − 1};
S

∑

j=0

P (j) = 1;

F =

S
∑

j=0

wjP (j);

L =

S
∑

j=0

jP (j);

Wq =
L

λ(1 − P (kN))
−

1

µ
;

N − F ≥ Bl;

auxiliary constraints.

Auxiliary constraints are necessary for calculatingβSum(ki) and are discussed in the fol-

lowing section.
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3.1.4 Auxiliary Variables and Constraints

Berman et al. derive, from the balance equations, the equationP (k0)
∑kN

j=k0
βj = 1 where

βj =











1 if j = k0
(

λ
µ

)j−k0 (

1
i

)j−ki−1Xi if ki−1 + 1 ≤ j ≤ ki i = 1, . . . , N
(3.15)

and

Xi =

i−1
∏

g=1

(

1

g

)kg−kg−1

, (X1 ≡ 1), i = 1, . . . , N. (3.16)

These expressions have to be included in each of the models inorder to ensure that the val-

ues assigned to the probability variables,P (j), or PSums(ki) andP (ki), constitute a unique

solution to the balance equations (2.1)–(2.4).

Consequently, in all models, there is a set ofN − 2 auxiliary expressionsXi for all i from

3 toN (X1 andX2 are always equal to 1). There are alsoN + 1 continuous auxiliary variables

βSum(ki) with domain[0 . . . 1+S
(

λ
µ

)S

] which represent sums ofβj from j = ki−1+1 to j =

ki. βSum(k0) is constrained to equal 1, while the rest of these variables are defined according

to Equation (3.17). The validity of this equation is proven by the following derivation, which
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uses the formula for the sum of a finite geometric series in thelast step:

βSum(ki) =

ki
∑

j=ki−1+1

βj

=

(

λ

µ

)ki−1+1−k0
(

1

i

)ki−1+1−ki−1

Xi

+

(

λ

µ

)ki−1+2−k0
(

1

i

)ki−1+2−ki−1

Xi + · · · +

(

λ

µ

)ki−k0
(

1

i

)ki−ki−1

Xi

= Xi

(

λ

µ

)ki−1−k0+1(
1

i

)

×

[

1 +
λ

µ

1

i
+

(

λ

µ

)2(
1

i

)2

+ · · · +

(

λ

µ

)k1−k0−(ki−1−k0+1)(
1

i

)ki−ki−1−1
]

= Xi

(

λ

µ

)ki−1−k0+1 (

1

i

) ki−ki−1−1
∑

n=0

(

λ

iµ

)n

=















































Xi

(

λ

µ

)ki−1−k0+1 (

1

i

)









1−





λ

iµ





ki−ki−1

1−





λ

iµ













if λ
iµ

6= 1

Xi

(

λ

µ

)ki−1−k0+1 (

1

i

)

(ki − ki−1) otherwise.

(3.17)

The sum
∑kN

j=k0
βj can then be expressed as

∑N

i=0 βSum(ki). The requirement thatP (k0) ×

∑kN

j=k0
βj has to equal 1 is stated in theIf-Thenmodel and in theDual model as a set of if-then

constraints(k0 = j) → P (j)
∑N

i=0 βSum(ki) = 1 for all j ∈ {0, 1, . . . , S}. In thePSums

model, this requirement is stated directly asP (k0)
∑N

i=0 βSum(ki), because this model has an

explicit closed-form expression for the variableP (k0).

In summary, theauxiliary constraints that are present in each of the models are:

βSum(k0) = 1,

Xi =
i−1
∏

g=1

(

1

g

)kg−kg−1

∀i ∈ {3, . . . , N},
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βSum(ki) =















































Xi

(

λ

µ

)ki−1−k0+1 (

1

i

)









1−





λ

iµ





ki−ki−1

1−





λ

iµ













if λ
iµ

6= 1

Xi

(

λ

µ

)ki−1−k0+1 (

1

i

)

(ki − ki−1) otherwise.

∀i ∈ {1, . . . , N};

3.1.5 Summary

Table 3.1 presents a summary of the number of variables and constraints in each of the three

proposed models. It can be seen that thePSumsmodel has a smaller number of probability

variables and constraints but a slightly larger number of constraints for representingL than the

other two models, and no if-then constraints. TheDual model has a larger number of decision

variables than theIf-ThenandPSumsmodels. This does not imply that the search space is

bigger in this model because the two sets of variables are linked by channelling constraints

and so are assigned values via propagation. TheDual allows the simplest representations of

F andL, each requiring only one constraint. The number of probability constraints in the

Dual is smaller than or equal to the number of such constraints in the If-Then model and

greater than in thePSumsmodel. However, the actual representation of these constraints is the

most straightforward in theDual since it neither requires if-then constraints nor closed-form

expressions. TheIf-Thenmodel has, by far, the greatest number of constraints in total. Its only

advantage over thePSumsmodel is the significantly simpler representation ofL.

It is hard to determine, simply by looking at the statistics presented in Table 3.1, which of

the models will be more efficient since, in CP, a larger numberof constraints and/or variables

may actually lead to more propagation and to a more effectivemodel [82]. However, it is

known that if-then constraints do not propagate well, and, since the difference in the number

of these constraints between thePSumsmodel and both theIf-Thenmodel and theDual model

is quite significant, one may expect thePSumsmodel to have some advantage over the other
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Statistic/Model If-Then PSums Dual

# of decision variables N + 1 N + 1 N + S + 2

# of probability variables S + 1 2N + 1 S + 1

# of probability constraints N(S − 1) + 2S + 2 2N + 1 3S − N + 2

# of constraints forF 2N(S + 1) + 1 1 1

# of constraints forL 1 N + 1 1

# of if-then constraints 3NS + 2N + S 0 S + 1

Table 3.1: Summary of the main characteristics of the three proposed CP models.

two models.

In fact, preliminary experiments with all three models showed poor performance (see Table

3.2). Due to the small number of constraints between decision variables and the complexity of

constraints relating the decision variables to variables representing probabilities, there was little

constraint propagation, and, essentially, search was required to explore the entire branch-and-

bound tree. As a consequence, in the following two sections we examine dominance rules and

shaving, two stronger inference forms used in CP (introduced in Section 2.1.1.3). In Section

3.6, we investigate why the models without dominance rules and shaving need to search the

whole tree in order to prove optimality, and also discuss differences in the performance of the

models based on our experimental results.

3.2 Dominance Rules

A dominance rule is a constraint that forbids assignments ofvalues to variables which are

known to be sub-optimal. For this particular problem, a dominance rule can be derived by first

noticing that any policy can be decomposed into two parts. The first part, which will be further

referred to as the “head” of the policy, is an ordered sequence ofkis, starting fromk0, which are

assigned their smallest possible values. The second part, considered as the “tail” of the policy,



CHAPTER 3. CONSTRAINT PROGRAMMING FOR A QUEUE CONTROL PROBLEM 63

contains all the rest of the switching points. The dominancerule that can be added to any of the

proposed constraint programming models states that, givena feasible solution,K, all further

solutions have to have at least one switching point in the tail of the policy assigned a lower value

than the value assigned to it inK. In other words, given two solutionsK andK ′, if the Wq

value resulting from policyK ′ is smaller than or equal to theWq value resulting fromK, then

there have to exist switching pointsk′

i andki in the tail ofK ′ andK, respectively, satisfying

the conditionk′

i < ki. The following theorem states the dominance rule more formally.

Theorem 3.2.1 (Dominance Rule)Let K = (k0, k1, . . . , kN) and K ′ = (k′

0, k
′

1, . . . , k
′

N) be

two policies such thatk0 = k′

0 = 0, k1 = k′

1 = 1, . . . , kJ−1 = k′

J−1 = J − 1 andkJ 6= k′

J

(i.e. at least one ofkJ , k′

J is strictly greater thanJ) for someJ ∈ {0, 1, . . . , N − 1}. Let

Wq(K) andWq(K
′) denote the expected waiting times resulting from the two policiesK and

K ′, respectively. IfWq(K
′) < Wq(K), then there existsi ∈ {J, J + 1, J + 2, . . . , N − 1} for

whichk′

i < ki.

Proof: [By Contraposition] We prove the contrapositive of the statement in Theorem 3.2.1:

we assume that there does not existi ∈ {J, J + 1, . . . , N − 1} such thatk′

i < ki and

show that, given this assumption,Wq(K
′) has to be greater than or equal toWq(K).

Assume noi ∈ {J, J + 1, . . . , N − 1} exists for whichk′

i < ki. Then one of the

following is true:

(a)kn = k′

n for all n ∈ {J, J + 1, . . . , N − 1}, or

(b) there exists at least onej ∈ {J, J + 1, . . . , N − 1} such thatk′

j > kj, and the values

of the rest of the switching points are the same in the two policies.

Case (a) implies thatK ′ andK are the same policy, and soWq(K) = Wq(K
′).

To prove (b), suppose there exists exactly onej ∈ {J, J + 1, J + 2, . . . , N − 1} such

thatk′

j > kj, andkn = k′

n for all n ∈ {J, . . . , N − 1} \ {j}. ThenK andK ′ are

different in the value of exactly one switching point. Consequently, by Theorem 2.4.1,
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Wq(K
′) ≥ Wq(K). Similarly, by applying Theorem 2.4.1 several times, the result

generalizes to cases when there exists more than onej such thatk′

j > kj.

Therefore, if noi ∈ {J, J + 1, . . . , N − 1} exists for whichk′

i < ki, it follows that

Wq(K
′) ≥ Wq(K). In other words, ifWq(K

′) < Wq(K) then there exists

i ∈ {J, J + 1, . . . , N − 1} for whichk′

i < ki.

This implies that, given a feasible policy(0, 1, . . . , k∗

i , k
∗

i+1, . . . , k
∗

N−1, S) where all switch-

ing points with indexi or greater are in the tail of the policy, we know that a solution with

smallerWq has to satisfy the constraint((ki < k∗

i ) || (ki+1 < k∗

i+1) || . . . || (kN−1 <

k∗

N−1)). Therefore, in order to implement the dominance rule, we addsuch a constraint during

search every time a feasible policy is found, which should lead to a reduction in the size of

the search space. Section 3.4 presents experimental results regarding the usefulness of this

technique.

3.3 Shaving

Another inference method that is known to be useful in reducing the search space of a prob-

lem is shaving, which temporarily adds constraints to the problem, performs propagation and

reduces variable domains based on the resulting state of theproblem.

In a shaving procedure for our problem, we temporarily assign a particular value to a

switching point variable, while the rest of the variables are assigned either their maximum

or their minimum possible values. Depending on whether the resulting policies are feasible or

infeasible, new bounds for the switching point variables may be derived. An example using

the instance withN = 3, S = 6, λ = 15, µ = 3, Bl = 0.32 is used below for illustra-

tion purposes. This is the same example as used by Berman et al. [15] to illustrate their

heuristic. PolicyK̂, which always yields the smallest possibleWq [15], for this instance is

(k0, k1, k2, k3) = (0, 1, 2, 6) and policy ˆ̂
K, which always yields the greatest possibleWq [15],

is (3, 4, 5, 6). Thus, the initial domains of the switching points are[0..3], [1..4], [2..5] and[6]
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for k0, k1, k2 andk3, respectively. At any step, shaving may be able to reduce thedomains of

one or more of these variables.

3.3.1 Bl-based Shaving Procedure

The initial shaving procedure consists of two cases in whicheither the upper or the lower

bounds of variables may be modified.

In the first case, the constraintki = min(ki), wheremin(ki) is the smallest value from the

domain ofki, is temporarily added to the problem for some particular value ofi between0 and

N . All other switching points are assigned their maximum possible values using the function

gMax. Given an array of variables, the functiongMax assigns the maximum possible values

to all of the variables that do not yet have a value, returningtrue if the resulting assignment

is feasible, and false otherwise. The maximum possible values are not necessarily the upper

bound values in the domains of the corresponding variables,rather they are the highest values

in these domains that respect the condition thatkn < kn+1, ∀n ∈ {0, ..., N − 1}. In the above

example, ifk2 is assigned the value3, while the rest of the variables are unbound,gMaxwould

result in policy(1, 2, 3, 6), which is infeasible, and thus false would be returned.

Recall that an assignment is infeasible when it yields aB value which is smaller thanBl.

When the policy resulting from the addition ofki = min(ki) and the use ofgMax is infeasible,

andmin(ki) + 1 ≤ max(ki), the constraintki > min(ki) can be added to the problem: if all

variables exceptki are set to their maximum values, and the problem is infeasible, then in any

feasible policyki must be greater thanmin(ki). Such reasoning is valid since Theorem 2.4.1

states that increasing the value of a switching point will increaseB. Note that if the solution is

feasible, it should be recorded as the best-so-far solutionif its Wq value is smaller than theWq

value of the previous best policy. For easier reference, this part of the shaving procedure will

be referred to as thegMaxcase.

In the second case, the constraintki = max(ki) is added to the problem for somei between

0 andN , wheremax(ki) is the maximum value from the domain ofki. The rest of the variables
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are assigned the minimum values from their domains using thefunctiongMin. These assign-

ments are made in a way that respects the constraintskn < kn+1, ∀n ∈ {0, ..., N − 1}. If the

resulting policy is feasible, then the constraintki < max(ki) can be permanently added to the

problem, assumingmax(ki)− 1 ≥ min(ki). Since all variables exceptki are at their minimum

values already, andki is at its maximum, it must be true, again by Theorem 2.4.1, that in any

better solution the value ofki has to be smaller thanmax(ki). This case will be further referred

to as thegMin case.

In both cases, if the inferred constraint violates the current upper or lower bound of aki,

then the best policy found up to that point is optimal. On the contrary, whenever the domain

of a switching point is modified as a result of inferences madeduring thegMaxor gMin case,

all of the switching points need to be re-considered by the shaving procedure. If the domain

of one variable is reduced during a particular shaving iteration, some of the temporary con-

straints added in the next round of shaving will be differentfrom the ones used previously, and,

consequently, new inferences may be possible. Thus, the shaving procedure terminates when

optimality is proven or when no more inferences may be made.

Consider now the example mentioned above. Suppose the constraint k0 = 0 is added

to the problem, and all the rest of the variables are assignedtheir maximum possible values

(usinggMax). The resulting policy is(k0, k1, k2, k3) = (0, 4, 5, 6). This policy yields aB

value of0.63171, which implies that this policy is feasible, and so no domainreductions can

be inferred. The constraintk0 = 0 is then removed. Since the domain ofk0 has not been

modified, the procedure considers the next variable. Thus, the constraintk1 = 1 is added, and

all the other variables are again set to their maximum values. The resulting policy is(0, 1, 5, 6),

which is also feasible since itsB value is0.508992. The constraintk1 = 1 is then removed and

k2 = 2 is added. When all the other variables are set to their maximum values, the resulting

policy is (0, 1, 2, 6). This policy yields aB value of0.1116577, which is smaller than0.32.

Thus, this policy is infeasible, and the constraintk2 > 2 is added to the problem. This changes

the domain ofk2 to [3..5]. Whenever the domain of a variable is reduced, the next shaving step
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considers the same switching point, and so the next constraint to be added isk2 = 3.

Now, consider thegMin case and assume that all variables have their full initial domains.

Suppose the constraintk0 = 3 is added to the problem. All the rest of the variables are assigned

their smallest possible values consistent withk0 = 3. Thus, the policy(3, 4, 5, 6) is considered.

This policy has aB value of0.648305 and is feasible (it is in factˆ̂K, so if it were infeasible, the

problem would have been infeasible). The value ofk0 in any better solution has to be smaller

than3, and so the domains of the variables become[0..2], [1..4], [2..5], and[6]. The constraint

k0 = 3 is removed, and, since the domain ofk0 has been modified, the constraintk0 = 2 is

added next. The policy that is considered now is(2, 3, 4, 6). This policy is also feasible, and

so the domains become[0..1], [1..4], [2..5], [6]. The temporary constraintk0 = 2 is removed,

and the next one added isk0 = 1. The corresponding policy assigned bygMin is infeasible,

and no domain reductions are made. Since the addition ofk0 = 1 did not result in any domain

reductions, there is no need to reconsider the variablek0 until after all other switching points

have been looked at. Consequently, the next temporary constraint to be added isk1 = 4.

In the completeBl-based shaving procedure, we can start either with thegMin or thegMax

case. Since policies considered in thegMin case will generally have smaller waiting time than

ones considered in thegMaxcase, it may be beneficial to start with thegMin case. This is the

approach we take.

Our completeBl-based shaving algorithm is presented in Figure 3.1. It is assumed in all of

the algorithms presented that the functions “add(constraint)” and “remove(constraint)” add

and removeconstraint to and from the model, respectively.

Upon the completion of this shaving procedure, the constraintWq ≤ bestWq, wherebestWq

is the value of the best solution found up to that point, is added (Wq ≤ bestWq rather than

Wq < bestWq is added because of issues with testing equality of floating point numbers).

However, although such a constraint rules out policies withhigherWq as infeasible, it results

in almost no propagation of the domains of the decision variables and does little to reduce the

size of the search tree. In order to remedy this problem, another shaving procedure, this time
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Algorithm 1: Bl-based Shaving
Input: S, N , µ, λ, Bl (problem instance parameters);bestWq (objective function value of the
best solution found so far);bestSolution (best solution found so far)
Output: bestWq andbestSolution with (possibly) modified domains of the variableski, or
bestWq andbestSolution with proof of their optimality

changed = true
while (changed)

changed = false
for all i from 0 to N − 1

successfulShave = true
while (successfulShave)

successfulShave = false
add(ki = max(Domain(ki)) )
if (gMin)

if (Wq ≤ bestWq )
bestSolution = currentSolution
bestWq = Wq

if ( max(Domain(ki)) − 1 ≥ min(Domain(ki)) )
add(ki < max(Domain(ki)) )
successfulShave = true
changed = true

else
returnbestSolution, bestWq; stop, optimality has been proven

remove(ki = max(Domain(ki)) )

successfulShave = true
while (successfulShave)

successfulShave = false
add(ki = min(Domain(ki)) )
if (gMax)

if (Wq ≤ bestWq)
bestSolution = currentSolution
bestWq = Wq

else
if ( min(Domain(ki)) + 1 ≤ max(Domain(ki)) )

add(ki > min(Domain(ki)) )
successfulShave = true
changed = true

else
returnbestSolution, bestWq; stop, optimality has been proven

remove(ki = min(Domain(ki)) )

Figure 3.1:Bl-based shaving algorithm
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based on the constraintWq ≤ bestWq is proposed in the next sub-section. The issue of the

lack of propagation of the domains ofki from the addition of this constraint will be discussed

in more detail in Section 3.6.1.

3.3.2 Wq-based Shaving Procedure

The Wq-based shaving procedure makes inferences based strictly on the constraintWq ≤

bestWq. In fact, the constraintB ≥ Bl is removed prior to running this procedure in order

to eliminate the possibility of incorrect inferences. Similarly to theBl-based shaving proce-

dure, a constraint of the formki = max(ki), wheremax(ki) is the maximum value in the

domain ofki, is added temporarily, and the functiongMin is used to assign values to the rest

of the variables. As theBl constraint has been removed, the only reason why the policy could

be infeasible is because it has aWq value greater than the bestWq that has been encountered

so far. Since all switching points exceptki are assigned their smallest possible values, this im-

plies that in any solution with a smaller expected waiting time, the value ofki has to be strictly

smaller thanmax(ki). Note that this inference is correct regardless of whether the policy is

feasible in terms ofBl or not. The complete procedure is stated in pseudo-code in Figure 3.2.

3.3.3 Combination of Shaving Procedures

Wq-based andBl-based shaving will result in different domain reductions since they are based

on two different constraints. Moreover, using the two together may cause more domain modifi-

cations than when either is used by itself. For example, whenWq-based shaving is successful,

the upper bounds of some of the variables are reduced. As a result, if Bl-based shaving is used

after such a run ofWq-based shaving, a completely new set of policies will be considered by

the functiongMax, possibly leading to new domain reductions. Similarly, if theBl-based shav-

ing procedure finds a new best solution,Wq-based shaving may be able to make new domain

reductions due to the new value ofbestWq. Therefore, it makes sense to run theBl-based and
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Algorithm 2: Wq-based Shaving

Input: S, N , µ, λ, Bl (problem instance parameters);bestWq (objective function value of the

best solution found so far);bestSolution (best solution found so far)

Output: bestWq andbestSolution with (possibly) modified domains of the variableski, or

bestWq andbestSolution with proof of their optimality

changed = true

while (changed)

changed = false

for all i from 0 to N − 1

successfulShave = true

while (successfulShave)

successfulShave = false

add(ki = max(Domain(ki)) )

if (!gMin)

if ( max(Domain(ki)) − 1 ≥ min(Domain(ki)) )

add(ki < max(Domain(ki)) )

successfulShave = true

changed = true

remove(ki = max(Domain(ki)) )

Figure 3.2:Wq-based shaving algorithm
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Wq-based shaving procedures alternately (withWq andBl constraints added and removed ap-

propriately) until no more domain pruning is possible. Sucha combination of the two shaving

procedures will be referred to asAlternatingShaving.

TheAlternatingShavingprocedure can be effectively combined with search in the follow-

ing manner.AlternatingShavingcan be run initially, until no further domain modifications are

possible. Search can then be performed until a better solution is found, at which pointAlter-

natingShavingcan be applied again. Subsequently, search and shaving can alternate until one

of them proves optimality of the best solution found. Such anapproach may be successful

because if search finds a new best solution, a new constraint on Wq will be added, and soWq-

based shaving may be able to reduce the upper bounds of the switching point variables. As

stated previously, modifications of the upper bounds may then lead to further domain changes

resulting fromBl-based shaving. This way of combining search and shaving will be further

referred to asAlternatingSearchAndShaving.

One should note that other variations of shaving are possible. In particular, bothBl-based

andWq-based shaving procedures can be extended to make inferences about values of two

switching points. For example, one can assign maximum values to a pair of switching point

variables, while assigning minimum values to the rest. If the resulting policy is feasible, then a

constraint stating that at least one variable from this pairhas to be assigned a smaller value can

be added to the problem. Various combinations of shaving procedures based on one switching

point with ones based on two switching points are possible. However, preliminary experiments

indicated that shaving procedures based on two switching points do not, in general, result in

more effective models. This is because such procedures do not explicitly reduce the domains

of the switching point variables but rather add a set of constraints to the model which do not

appear to significantly reduce the search space. One possible direction for future work may be

to further investigate these possible variations of shaving.
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3.4 Experimental Results

Several sets of experiments were performed in order to evaluate the efficiency of the proposed

models and the effectiveness of dominance rules and shavingprocedures, as well as to com-

pare the performance of the best CP model with the performance of heuristicP1 proposed by

Berman et al. [15] (see Section 2.4.1.2 for a description of this heuristic). All constraint pro-

gramming models were implemented in ILOG Solver 6.2,5 while the heuristic of Berman et al.

was implemented using C++.

Recall that policyK̂ = {k0 = 0, k1 = 1, k2 = 2, . . . , kN−1 = N − 1, kN = S} yields the

smallest possibleWq andB, and the policyˆ̂
K = {k0 = S − N, k1 = S − N + 1, . . . , kN−1 =

S − 1, kN = S} yields the greatest possibleWq andB. The information gained from these

two policies is explicitly used in the implementation of allthree models. In particular, the

feasibility of ˆ̂
K is checked first. If this policy is infeasible, then the program stops as there

is no feasible solution for that instance [15]. Ifˆ̂K is feasible, the feasibility of̂K is checked

next. If K̂ is feasible, then it is optimal [15]. The two cases whenK̂ is optimal and ˆ̂
K is

infeasible are therefore trivial and are solved easily bothby the CP models and by Berman

et al.’s heuristicP1. Additionally, experiments with instances in whichˆ̂K is optimal are not

presented. Although these are very hard to solve without shaving, using the elementaryBl-

based shaving procedure will always result in a (usually fast) proof of the optimality of this

policy. This case is also trivial for Berman et al.’s heuristic. Consequently, the experimental

results presented here are based only on the instances for which the optimal is between̂K and

ˆ̂
K.

Preliminary experiments indicated that the value ofS has a significant impact on the effi-

ciency of the programs since higher values ofS result in larger domains for theki variables

for all models and a higher number ofwj variables for theDual model. As indicated in Table

3.1 in Section 3.1.5,S also has a big impact on the number of constraints in theIf-Thenand

5Results are quite sensitive to the level of precision that isset. In all models, we set the default Solver precision
to 0.000001.



CHAPTER 3. CONSTRAINT PROGRAMMING FOR A QUEUE CONTROL PROBLEM 73

Dual models. Therefore, it was essential to consider instances for each value ofS from the set

{10, 20, . . . , 100} in order to gain an accurate understanding of the performance of the model

and the heuristic. Thirty instances were generated for eachS in such a way as to ensure that

the instance is feasible and that the optimal policy is neither ˆ̂
K norK̂.6 A 10-minute time limit

on the overall run-time of the program was enforced in the experiments. All experiments were

performed on a Dual Core AMD 270 CPU with 1 MB cache, 4 GB of mainmemory, running

Red Hat Enterprise Linux 4.

In order to perform comparisons between the CP models, and between the CP models and

Berman et al.’s heuristic, we look at mean run-times, the number of instances in which the

optimal solution was found, the number of instances in whichoptimality was proven and the

mean relative error (MRE). MRE is a measure of solution quality that allows one to observe

how quickly a particular algorithm is able to find a good solution. MRE is defined as

MRE(a, M) =
1

| M |

∑

m∈M

c(a, m) − c∗(m)

c∗(m)
(3.18)

wherea is a particular algorithm that is used to solve the problem,M is the set of problem

instances on which the algorithm is being tested,c(a, m) is the cost of a solution found for

instancem by algorithma, andc∗(m) is the best solution for instancem found during our

experiments.

3.4.1 Comparison of Constraint Programming Models and Techniques

Each CP model was tested with and without the use of shaving and dominance rules. A total of

30 CP-based methods for solving this problem were thereforeevaluated. In the following re-

sults, a model withBl-based shaving is a model which runs theBl-based shaving procedure un-

til no more domain changes are possible, adds a constraint onthe value ofWq based on the best

solution found during the shaving procedure and runs searchfor the rest of the time. Similarly,

6For most instances withS greater than 100, neither our method nor Berman et al.’s heuristic P1 may be used
due to numerical instability. The maximum value ofS used in the experiments of Berman et al. is also 100.
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models withWq-based shaving andAlternatingShavingare models which run theWq-based

shaving procedure and theAlternatingShavingprocedure, respectively, until it is no longer

possible to reduce the domains of the switching point variables, add a constraint requiringWq

to be less than the expected waiting time of the best solutionfound by the shaving procedure

and use search for the rest of the time. As described previously, AlternatingSearchAndShaving

alternates between search and theAlternatingShavingprocedure. In all models, search assigns

switching points in increasing index order. The smallest value in the domain of each variable

is tried first. In future work, it may be worthwhile to experiment with other variable and value

ordering heuristics to see if the performance of the models can be improved.

3.4.1.1 Constraint Programming Models

Table 3.2 presents the number of instances, out of 300, for which the optimal solution has been

found and proven by each of the 30 proposed CP-based methods.This table indicates that the

PSumsmodel is the most effective of the three, proving optimalityin the largest number of

instances regardless of the use of dominance rules and shaving. With AlternatingSearchAnd-

Shaving, PSumsproves optimality in the largest number of instances: in79.3% of all instances,

or 238 out of 239 instances for which optimality has been proven by any model.

Observations from Table 3.2 can be further confirmed by looking at Figure 3.3. This figure

shows how MRE changes over the first 50 seconds of run-time forIf-Then, PSumsandDual

models withAlternatingSearchAndShaving, and for Berman’s heuristic (we comment on the

performance of the heuristic in Section 3.4.2). It can be seen thatPSumsis, on average, able to

find better solutions than the other two models given the sameamount of run-time.

In Table 3.3, additional statistics regarding the performance of the three models withAl-

ternatingSearchAndShavingand without dominance rules are presented (we comment on the

same statistics for the heuristic in Section 3.4.2). In particular, for each model, the number

of instances in which it finds the best solution (out of 300), the number of instances in which

it finds the optimal solution (out of all cases for which optimality has been proven) and the
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No Shaving Bl-based Wq-based Alternating AlternatingSearch

Shaving Shaving Shaving AndShaving

D ND D ND D ND D ND D ND

If-Then 105 105 192 191 105 105 219 218 234 234

PSums 126 126 202 201 126 126 225 225 238 238

Dual 105 105 191 191 105 105 218 218 232 232

Table 3.2: Number of instances for which optimality is foundand proven within 10 CPU-

minutes out of a total of 300 problem instances (D - with dominance rules, ND - without

dominance rules).
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Figure 3.3: Comparison of MRE of three CP models withAlternatingSearchAndShavingwith

Berman’s HeuristicP1.
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number of times it proves optimality are presented. It can beseen that all models find the op-

timal solution in the 239 instances for which it is known. However, thePSumsmodel proves

optimality in 4 more instances than theIf-Thenmodel and in 6 more instances than theDual.

PSumsalso finds the best-known solution of any algorithm in97.6% of all the instances con-

sidered. A more detailed discussion of the differences in the performance of the CP models is

presented in Section 3.6.2.

3.4.1.2 Shaving Procedures

From Table 3.2, it can be observed that without shaving and with theWq-based shaving pro-

cedure, the CP models prove optimality in the fewest number of cases. The similarity in per-

formance of models without shaving and withWq-based shaving is not surprising because the

Wq-based procedure is able to start pruning domains only when the value of the best policy

found up to that point is quite good. When theWq-based procedure is used alone, it only has

one solution to base its inferences on, namelyˆ̂
K. Since all policies will result in a smaller

expected waiting time thanˆ̂K, this procedure by itself is useless.

Employing theBl-based shaving procedure substantially improves the performance of all

models: without dominance rules, theIf-Then, the PSumsand theDual models prove opti-

mality in 86, 75 and 86 more instances, respectively, than the corresponding models without

# best found (/300) # optimal found (/239) # optimal proved (/300)

PSums 293 239 238

If-Then 282 239 234

Dual 279 239 232

P1 282 238 0

Table 3.3: Comparison of three CP models (withAlternatingSearchAndShavingand without

dominance rules) with Berman’s HeuristicP1.
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Figure 3.4:PSumsmodel with various shaving techniques: average run-times for each value of

S. Average run-times forPSumswithout shaving are not shown in this graph since the resulting

curve would be indistinguishable from the one forWq-based shaving.

shaving or with onlyWq-based shaving; with dominance rules, the situation is equivalent.

These results imply that inferences made based on theBl constraint are effective in reducing

the domains of the decision variables.

Models with AlternatingShavingand AlternatingSearchAndShavingperform even better

than models employing theBl-based shaving procedure. This leads to the observation that the

real power ofWq-based shaving only becomes apparent when it is combined with Bl-based

shaving. This is becauseBl-based shaving often finds a good solution and a good value of

bestWq, allowing theWq-based shaving procedure to infer more domain reductions. Simi-

larly, this observation explains whyAlternatingSearchAndShavingperforms even better than

AlternatingShaving. In particular, inAlternatingSearchAndShaving, theWq-based procedure

is used both after a new best solution is found during shavingand after one is found during
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search. Therefore, if a higher quality solution is found during search, it will be used by the

Wq-based procedure to further prune the domains of the switching point variables.

In Figure 3.4, the average run-times for each value ofS from 10 to 100 are presented for

the four shaving procedures with thePSumsmodel.7 This graph shows that, for each value

of S, theAlternatingSearchAndShavingprocedure gives the best performance. Additionally,

this graph shows that asS increases, it becomes increasingly difficult to prove optimality and

average run-time increases. As stated previously, this is due to larger domains of the switching

point variables. TheAlternatingSearchAndShavingprocedure, however, is able to significantly

reduce the domains of theki variables and therefore provides an effective method for instances

with higher values ofS as well.

3.4.1.3 Dominance Rules

Table 3.2 indicates that there is rarely any difference in the number of instances solved to op-

timality between a model with dominance rules and a model without dominance rules. No

difference at all is visible for any model without shaving, with Wq-based shaving andAlter-

natingSearchAndShaving. Recall that dominance rules are implemented by the addition of a

constraint on the values of the switching point variables after a solution is found. Such a con-

straint will be more effective when more of the switching point variables are assigned their

minimum values in the current solution. Usually, such policies are also the ones which result

in a smaller expected waiting time. Similarly,Wq-based shaving is useful only when a solu-

tion with small expected waiting time is found. This leads tothe conjecture that dominance

rules may be effective only for the same instances for which theWq-based shaving procedure

is effective. This conjecture is supported by the results ofTable 3.2. In particular, when the

Wq-based shaving procedure is used by itself, it makes inferences based only on the policyˆ̂K,

a solution that is generally of poorest quality for an instance. The method with a single run of

7Since a run-time limit of 600 seconds was used throughout theexperiments, we assumed a run-time of 600
seconds for all instances for which optimality has not been proven within this limit. Therefore, the mean run-times
reported throughout this chapter are underestimates of thetrue means.
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Wq-based shaving therefore heavily relies on search. Since search takes a long time to find a

feasible solution of good quality, the effectiveness of dominance rule-based constraints is also

not visible within the given time limit.

On the other hand, inAlternatingSearchAndShaving, theWq-based procedure plays a key

role because it makes domain reductions based on high quality solutions produced byBl-based

shaving, and later, search. Dominance rules do not play a role in this procedure since shaving

is used after every new solution found by search. However, even if dominance rule constraints

were explicitly incorporated in the procedure (i.e. if theywere added before each new run of

search), they would be redundant since they serve essentially the same purpose as theWq-based

shaving procedure.

When shaving is not used, the results are equivalent to thoseachieved whenWq-based

shaving is employed. The explanation for the absence of a difference between models with

and without dominance rules is therefore also the same. In particular, it takes a long time for

a solution to be found whose quality is such that it allows thedominance rule constraint to

effectively reduce the size of the search tree. Given a longer time limit, it is possible that a

difference may have become visible.

WhenBl-based shaving andAlternatingShavingare used, dominance rules are sometimes

helpful. In both cases, this is because after these two shaving procedures, subsequent search

usually finds a good solution quickly, and, sinceWq-based shaving is not used again at that

point, the dominance rule constraint that is added can be effective in reducing the size of the

search tree.

Overall, it can be observed that usingAlternatingSearchAndShavingwithout dominance

rules is more effective than usingBl-based shaving orAlternatingShavingwith dominance

rules. Therefore, in further comparisons, the focus is onlyon models with

AlternatingSearchAndShavingwithout dominance rules.
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Figure 3.5: MRE for each value ofS for P1 and thePSums model.
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3.4.2 HeuristicP1 vs. Best Constraint Programming Approach

Empirical results regarding the performance of heuristicP1 are not presented in the paper of

Berman et al. [15], and so the ability ofP1 to find good switching policies has not been

explicitly evaluated in previous work. We wanted to find out how well the heuristic actually

performs by comparing it to our CP methods, and in particular, to our best CP method–PSums

model withAlternatingSearchAndShavingand without dominance rules.

In Table 3.3, we present several measures of performance forthe three proposed models

with AlternatingSearchAndShavingand for the heuristicP1. It can be seen that the heuristic

performs well, finding the best-known solution in only eleven fewer instances than thePSums

model, in three more instances than theDual model and in the same number of instances as

the If-Then model. Moreover, the heuristic finds, but, of course, cannotprove, the optimal

solution in 238 out of 239 instances for which the optimal is known. The three CP models

find the optimal solution in all 239 of these. It should also benoted that the run-time of the

heuristic is negligible (close to 0 seconds), whereas the mean run-time of thePSumsmodel is

approximately 130 seconds (the mean run-times of the other two models are slightly higher:

141 seconds for theIf-Thenmodel and 149 seconds for theDual model).

Table 3.3 also shows that thePSumsmodel is able to find the best-known solution in 11

more instances than the heuristic. Closer examination reveals that there are 275 instances in

which both thePSumsmodel andP1 find the best-known solution, 18 instances in which only

PSumsis able to do so and 7 in which only the heuristic finds the optimal.

From Figure 3.3, it can be observed that the heuristic achieves a very small MRE in a

negligible amount of time. After about 50 seconds of run-time, the MRE over 300 instances

resulting fromPSumswith AlternatingSearchAndShavingbecomes comparable to that of the

heuristic MRE. In Figure 3.5, the MRE over 30 instances for each value ofS is presented for

the heuristic and forPSumswith AlternatingSearchAndShavingat 10, 150 and 500 seconds of

run-time. After 10 seconds, the performance ofPSumsis comparable to that of the heuristic

for values ofS smaller than or equal to 40, but the heuristic appears to be quite a bit better for
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higher values ofS. At 150 seconds, the performance ofPSumsis comparable to that of the

heuristic except atS values of 50 and 80. After 500 seconds,PSumshas a smaller MRE over

the 300 instances and also a lower (or equal) MRE for each value ofS except 50 and 100.

Overall, these results indicate that the heuristic performs well–its run-time is negligible, it

finds the optimal solution in all but one of the cases for whichit is known, and it finds the

best solution in94% of all instances. Moreover, it results in very low MRE. AlthoughPSums

with AlternatingSearchAndShavingis able to achieve slightly higher numbers in most of the

performance measures, it is clear that these improvements are small given that thePSumsrun-

time is so much higher than the run-time of the heuristic.

3.5 PSums-P1 Hybrid

Naturally, it is desirable to create a method that would be able to find a solution of high quality

in a very short amount of time, as does Berman’s heuristic, and that would also have the

same high rate of being able to prove optimality within a reasonable run-time as doesPSums

with AlternatingSearchAndShaving. It is therefore worthwhile to experiment with aPSums-

P1 Hybrid, which starts off by runningP1 and then, assuming the instance is feasible, uses

the PSumsmodel with AlternatingSearchAndShavingto find a better solution or prove the

optimality of the solution found byP1 (infeasibility of an instance is proven if the heuristic

determines that policyˆ̂K is infeasible).

Since it was shown that heuristicP1 is very fast, running it first incurs almost no overhead.

Throughout the analysis of experimental results, it was also noted that the performance of the

Wq-based shaving procedure depends on the quality of the best solution found before it is used.

We have shown that the heuristic provides solutions of very high quality (in94% of instances

used in the experiments, it found the best solution). Therefore, the first iteration of theWq-

based procedure should be able to significantly prune the domains of switching point variables

because of the good-quality solution found by the heuristic. Continuing by alternating the two
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shaving techniques and search, which has also been shown to be an effective approach, should

result in at least as many instances for which optimality is proven as for thePSumsmodel with

AlternatingSearchAndShaving.

The proposed Hybrid algorithm was tested on the same set of300 instances that was used

above. Results illustrating the performance of the Hybrid as well as the performance ofP1 and

PSumswith AlternatingSearchAndShavingare presented in Table 3.4. The Hybrid was able to

find the best solution in all300 cases while finding the optimal solution and proving optimality

in as many instances as thePSumsmodel. Thus, in spite of the good-quality solutions that are

discovered quickly because of the heuristic, the domains ofswitching points in some instances

are not reduced significantly enough to increase the number of cases in which optimality is

proven. The mean run-time for the Hybrid is essentially identical to the mean run-time of

PSumswith AlternatingSearchAndShaving, equalling approximately 130 seconds.

Thus, the Hybrid is the best choice for solving this problem:it finds as good a solution

as the heuristic in as little time (close to0 seconds), it is able to prove optimality in as many

instances as the best constraint programming method, and itfinds the best-known solution in

all instances considered. Moreover, all these improvements are achieved without an increase

in the average run-time over thePSumsmodel.

# best found (/300) # optimal found (/239) # optimal proved (/300)

PSums 293 239 238

P1 282 238 0

PSums-P1 Hybrid 300 239 238

Table 3.4: Comparison ofPSumsmodel withAlternatingSearchAndShavingand Berman et

al.’s HeuristicP1 with the Hybrid model.
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3.6 Discussion

In this section, we examine some of the reasons for the poor performance of the CP models

without shaving and suggest reasons for the observed differences among the CP models.

3.6.1 Lack of Back-Propagation

In our experiments, we have some instances for which even thePSums-P1 Hybrid with Alter-

natingSearchAndShavingis unable to prove the optimality of the best solution found within

the10-minute time limit. In fact, in many of these instances, the amount of time spent during

search is higher than the time spent on shaving, and the run-time limit is usually reached during

the search, rather than the shaving, phase. Further analysis of the algorithms’ behaviour sug-

gests that this poor performance of search can be explained by the lack of back-propagation.

Back-propagation refers to the pruning of the domains of thedecision variables due to the

addition of a constraint on the objective function: the objective constraint propagates “back”

to the decision variables, removing domain values and so reducing search. In the CP models

presented above, there is very little back-propagation.

Consider a model without shaving. Throughout search, if a new best solution is found, the

constraintWq ≤ bestWq, wherebestWq is the new objective value, is added to the model.

However, the domains of the switching point variables are usually not reduced in any way

after the addition of such a constraint. This can be illustrated by observing the amount of

propagation that occurs in thePSumsmodel whenWq is constrained.

For example, consider an instance of the problem withS = 6, N = 3, λ = 15, µ = 3, and

Bl = 0.32 (this instance is used in Section 3.3 to illustrate the shaving procedures). The initial

domains of the switching point variables are[0..3], [1..4], [2..5] and [6]. The initial domains

of the probability variablesP (ki) for eachi, after the addition ofWq bounds provided bŷK

and ˆ̂
K, are listed in Table 3.5. The initial domain ofWq, also determined by the objective

function values ofK̂ and ˆ̂
K, is [0.22225..0.425225]. The initial domains ofL and F , are
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[2.8175e−7..6] and[0..2.68], respectively. Upon the addition of the constraintWq ≤ 0.306323,

where0.306323 is the known optimal value for this instance, the domain ofWq is reduced

to [0.22225..0.306323], the domain ofL becomes[1.68024..6] and the domain ofF remains

[0..2.68]. The domains ofP (ki) after this addition are listed in Table 3.5. The domains of both

types of probability variables are reduced by the addition of the newWq constraint. However,

the domains of the switching point variables remain unchanged. Therefore, even though all

policies with value ofWq less than0.306323 are infeasible, constrainingWq to be less than or

equal to this value does not result in any reduction of the search space. It is still necessary to

search through all policies in order to show that no better feasible solution exists.

One of the reasons for the lack of pruning of the domains of theki variables due to the

Wq constraint is likely the complexity of the expression forWq. In particular, recall thatWq is

expressed in all models asWq = L
λ(1−P (kN ))

− 1
µ
. In the example above, whenWq is constrained

to be less than or equal to 0.306323, we get the constraint0.306323 ≥ L
15(1−P (kN ))

− 1
3

, which

implies that9.594845(1− P (kN)) ≥ L . This explains why the domains of bothL andP (kN)

change upon this addition to the model. The domains of the rest of theP (ki) variables change

because of the relationships betweenP (ki)s (Equation (3.6)) and because of the constraint that

the sum of all probability variables has to be 1. Similarly, the domains ofPSums(ki) change

because these variables are expressed in terms ofP (ki) (Equation (3.8)). However, because

the actualki variables mostly occur as exponents in expressions forPSums(ki), P (ki), and

L(ki), the minor changes in the domains ofPSums(ki), P (ki), orL(ki) that happen due to the

constraint onWq have no effect on the domains of theki. This analysis suggests that it may be

interesting to investigate a CP model based on log-probabilities rather than on the probabilities

themselves. Such a model may lead to stronger propagation.

Likewise, in theIf-ThenandDual models, the domains of the decision variables are not

reduced when a bound on the objective function value is added, although the domains of all

probabilities,L andF are modified. In both of these models, the constraints relatingF , L and

the probability variables to the variableski are the balance equations, which are quite complex.
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Before addition ofWq ≤ 0.306323 After addition ofWq ≤ 0.306323

j P (j) PSums(j) P (j) PSums(j)

k0 [4.40235e−6..0.979592] [0..1] [4.40235e−6..0.979592] [0..0.683666]

k1 [1.76094e−7..1] [0..1] [0.000929106..1] [0..0.683666]

k2 [2.8175e−8..0.6] [2.8175e−8..1] [0.0362932..0.578224] [0.0362932..0.71996]

k3 [4.6958e−8..1] N/A [0.28004..0.963707] N/A

Table 3.5: Domains ofP (j) andPSums(j) variables forj = k0, k1, k2, k3, before and after

the addition of the constraintWq ≤ 0.306323.

The domains of probability variables do not seem to be reduced significantly enough due to the

newWq bound so as to result in the pruning ofki domains because of these constraints.

These observations served as the motivation for the proposed shaving techniques. In partic-

ular, theWq-based shaving procedure reduces the domains of switching point variables when

it can be shown that these values will necessarily result in ahigherWq value than the best one

found up to that point. This makes up for some of the lack of back-propagation. However, even

when this procedure is used after each new best solution is found, as inAlternatingSearchAnd-

Shaving, it is not always able to prune enough values from the domainsof thekis so as to be

able to prove optimality within 10 minutes of run-time. It can therefore be seen that infer-

ences based on the value ofWq are very limited in their power and, therefore, if the domains of

switching point variables are large after shaving, then it will not be possible to prove optimality

in a short period of time.

3.6.2 Differences in the Constraint Programming Models

Experimental results demonstrate that thePSumsmodel is the best out of the three models

both with and without shaving. In order to understand the reasons behind such differences in

performance, we examine the mean number of choice points statistics for the models without
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21 Instances Solved byPSumsOnly 105 Instances Solved by All Models

First Solution Total First Solution Total

If-Then 8234 137592 1201 37596

PSums 6415 464928 1064 36590

Dual 7528 102408 1132 36842

Table 3.6: Mean number of choice points explored before the first solution is found and mean

total number of choice points explored within 600 seconds for the three models without shaving

and without dominance rules. ForPSums, the latter statistic corresponds to the total number of

choice points needed to prove optimality.

shaving. The mean number of choice points, or, equivalently, the mean number of nodes in

the search tree, gives an indication of the size of the searchspace. In order to compare our

three models, we look at the mean number of choice points considered before the first feasible

solution is found and the mean total number of choice points explored within 600 seconds of

run-time.

In Table 3.2, it is shown that, without shaving, thePSumsmodel proves optimality in 21

more instances than the other two models and that there are 105 instances in which all three

models prove optimality. In Table 3.6, we present the mean number of choice points statistics

for all three models for both of these sets of instances. It can be seen that the mean number of

choice points that need to be explored by thePSumsmodel in order to find an initial solution is

smaller than for the other two models, both for the 105 instances that are eventually solved to

optimality by all models and for the 21 instances that are only solved to optimality byPSums.

Because the same variable and value ordering heuristics areused in all models, this observation

seems to imply that more propagation occurs during search inthe PSumsmodel than in the

other two models. This claim is further supported by the factthat the mean total number of

choice points for the 105 instances that are solved by all models is smaller forPSumsthan for

the other two models.
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Table 3.6 also shows that, for the 21 instances that are only solved to optimality byPSums,

the mean total number of choice points is the highest for thePSumsmodel. SincePSumsis

the only one out of the three models to solve these instances,this implies that propagation is

happening faster in this model. In fact, this observation isconfirmed by the results from the

105 instances that are solved by all three models: for these instances, theDual explores an

average of 713 choice points per second, theIf-Thenmodel explores an average of 895 choice

points per second and thePSumsmodel explores an average of 1989 choice points per second.

In other words, it appears that propagation in thePSumsmodel is more than twice as fast as in

the other two models.

Overall, this examination indicates that the superiority of thePSumsmodel without shaving

is caused by its ability to remove more values (stronger propagation) and, more importantly,

by the fact that propagation occurs faster in this model.

When shaving is employed, thePSumsmodel also performs better than theDual and the

If-Thenmodels, proving optimality in a greater number of instances(see Table 3.2) and also

finding good-quality solutions faster (see Figure 3.3). In all models, the shaving procedures

make the same number of domain reductions because shaving isbased on theWq and Bl

constraints, which are present in all models. However, the time that each shaving iteration

takes is different in different models. Our empirical results show that each iteration of shaving

takes a smaller amount of time with thePSumsmodel than with the other two models. Thus,

with shaving, thePSumsmodel performs better than the other two both because shaving is

faster and because subsequent search, if it is necessary, isfaster.

PSumsis radically different from the other two models because it does not include an ex-

plicit representation of the balance equations and has no if-then constraints. Moreover,PSums

has a smaller number of probability variables than the othertwo models (2N + 1 compared

to S + 1 in the other two models – see Table 3.1), because it calculates sums of probabilities

between two switching points rather than the probability ofj customers being present in the

front room for allj from 0 to S. In addition, the probability variables included in this model
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are more tightly linked by the closed-form expressions. Thus, faster propagation inPSums

appears to be the result of the tighter links between variables, the small number of probability

variables, and the lack of if-then constraints.

A comparison of theIf-Thenmodel withAlternatingSearchAndShavingwith theDual with

AlternatingSearchAndShavingusing Figure 3.3 shows that theIf-Thenmodel is usually able

to find good solutions in a smaller amount of time. Moreover, as shown in Table 3.3, theIf-

Thenmodel withAlternatingSearchAndShavingfinds the best solution in three more instances,

and proves optimality in two more instances, than theDual model with the same shaving

procedure. With other shaving procedures and without shaving, the same statistics show almost

no difference in the performance of the two models. It was expected that theDual would

outperform theIf-Thenmodel because it uses a simpler representation of the balance equations

and expressions forF andL, and has a smaller number of if-then constraints (there areS + 1

such constraints in theDual, compared to3NS + 2N + S in the If-Thenmodel). Table 3.6

shows that theDual has to explore a smaller number of choice points to find the initial solution.

In the 105 instances that both of these models solve, the total number of choice points explored

by the Dual is also smaller, indicating that the search space is usuallysmaller in theDual

model. However, theIf-Then model is faster, exploring, on average, 895 choice points per

second compared to the average of 713 choice points per second explored by theDual. One

possible explanation for theDual being slower is the fact that it has to assign more variables

(via propagation) than the other models. In particular, in order to represent a switching policy,

the Dual has to assignS + 1 wj variables in addition toN + 1 ki variables, withS usually

being much larger thanN .

Overall, it can be said that theIf-Thenand theDual models are comparable in their per-

formance and thatPSumsis a more effective choice than either of them regardless of whether

shaving is employed or not.
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3.7 Conclusions

In this chapter, a constraint programming approach is proposed for the problem of finding the

optimal times to switch workers between the front room and the back room of a retail facil-

ity under stochastic customer arrival and service times. This is the first work of which we are

aware that examines solving such stochastic queueing problems using constraint programming.

The best pure CP method proposed is able to prove optimality in a large proportion of instances

within a 10-minute time limit. Previously, there existed nonon-heuristic solution to this prob-

lem. As a result of our experiments, we hybridized the best pure CP model with the heuristic

proposed for this problem in the literature. This hybrid technique is able to achieve perfor-

mance that is equivalent to, or better than, that of each of the individual approaches alone: it

is able to find very good solutions in a negligible amount of time due to the use of the existing

heuristic and to prove optimality in a large proportion of the problem instances within 10 CPU

minutes due to the CP model.

This chapter demonstrates that constraint programming canbe a good approach for solving

a queueing control optimization problem. This illustratesthat for queueing problems for which

optimality is important or heuristics do not perform well, CP may prove to be an effective

methodology.



Chapter 4

Finding the Optimal Staff Mix in a Retail

Facility

In the previous chapter, it was shown that constraint programming can be used to solve a queue-

ing control problem. The main purpose of this chapter is to show that constraint programming

can also be used to solve a problem which deals with both queuedesign and queue control.

Similarly to Chapter 3, we consider a retail facility with back room and front room opera-

tions. We suppose that the retail facility has the option of hiring cross-trained workers, who are

able to perform tasks in both rooms, or hiring specialized workers, who are able only to serve

customers or only to perform back room work. Cross-trained workers give the facility more

flexibility since they may be switched between the back room and the front room depending on

the amount of work in the back room and the number of customersin the front room. However,

cross-trained workers are usually more expensive than specialized ones because they possess

more skills.

Managers of the facility are interested in finding the numberof cross-trained and special-

ized workers that have to be hired so as to minimize the total staffing costs while at the same

time ensuring that the expected waiting time of customers inthe front room is bounded from

above and that the expected number of workers in the back roomis sufficient to complete all

91
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required work. If cross-trained workers are employed, managers also need to know how to

switch these workers between the two rooms in order to satisfy the back room and front room

constraints.

In this chapter, the problem is solved using a constraint programming (CP) method based on

Benders’ decomposition.1 The chapter demonstrates the applicability of constraint program-

ming for solving queueing design and control problems and presents a complete method for an

extension of Berman et al.’s problemP2 [15] (P2 is discussed in Sections 2.4.2 and 4.1.1).

4.1 Problem Description

As in the previous chapter, letS denote the maximum number of customers allowed in the

front room at any one time. This implies that when there areS customers present, arriving

customers will be blocked from joining the front room queue.The minimum expected number

of workers that is required to be present in the back room in order to complete all of the work is

assumed to be known and is denoted byBl, wherel stands for ‘lower bound’.Wu denotes the

upper bound on the expected customer waiting time,Wq. It is assumed that only one worker

is allowed to be switched at a time, and both switching time and switching cost are negligible.

Customers arrive according to a Poisson process with rateλ. Service times by workers in the

front room follow an exponential distribution with rateµ.

4.1.1 Berman et al.’s ProblemP2

In Berman et al.’s problemP2 (see Section 2.4.2 for additional details), the goal is to find

the minimum number of cross-trained workers,N , required in the retail facility, subject to

constraints which ensure that the expected customer waiting time is bounded from above and

that there are enough workers in the back room in order to complete all of the back room work.

A switching policy, which would tell the managers how to switch workers between the two

1A shorter version of this chapter will appear as [94].
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rooms, is defined in Berman et al.’s work [15] in terms of quantities ki, for i = 0, . . . , N .

A policy (k0, k1, . . . , kN) states that there should bei workers in the front room whenever

there are betweenki−1 + 1 andki customers in the front room, fori = 1, 2, . . . , N . Given a

family of switching policies,K = {K; K = {k0, k1, ..., kN−1, S}, ki integers,ki − ki−1 ≥ 1,

k0 ≥ 0, kN−1 < S}, problemP2 is formally stated in Berman’s paper [15] as

minimizeK∈K N (4.1)

s.t. Wq ≤ Wu

B ≥ Bl.

4.1.2 An Extension ofP2

In a direct extension of problemP2, we suppose that the facility is able to hire specialized

front room workers and/or specialized back room workers in addition to the cross-trained ones.

Because of the skill differences, each type of worker may have a different staffing cost. The

goal of this problem is therefore to find the lowest-cost combination of specialized and cross-

trained workers so as to ensure that the expected waiting time of customers does not exceed

Wu and that there are enough workers in the back room to ensure that all back room work is

completed.

Let f be the number of specialized front room workers,b the number of specialized back

room workers, andx the number of cross-trained workers in the facility. It is assumed that the

service rate of a worker in the front room is equal toµ regardless of whether this worker is

specialized or cross-trained. Similarly, cross-trained and specialized employees working in the

back room are assumed to be able to perform back room tasks equally well.

Denote the staffing costs ascf , cb andcx, respectively for front room, back room and cross-

trained workers. We assume thatcx ≥ cf > 0, cx ≥ cb > 0 andcx ≤ cf +cb. Such assumptions

are reasonable given that in many situations a cross-trained worker is more expensive than a
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specialist. Moreover, under other cost assumptions, the problem may be easier to solve. For

example, if we assume thatcx ≥ cf + cb, it can be noted that there should be no cross-trained

workers in the optimal staffing configuration, since hiring apair of specialized workers instead

of one cross-trained worker always leads to equivalent or smaller staffing cost. A detailed

discussion of the problem under different cost assumptionscan be found in Chapter 5.

Given particular values ofx, f andb, and a policy specifying when cross-trained workers

are to be switched between the two rooms, one can calculate the expected customer waiting

time, Wq, and the expected number of workers in the back room,B. (See below for the def-

inition of a switching policy and expressions for the calculation ofB andWq). Since we are

required to find both the optimal staff mix and a satisfying switching policy, this problem is

both a queueing design and a queueing control problem.

The problem of finding the optimal staff mix given front room and back room constraints

can be stated as

minimize cff + cbb + cxx (4.2)

s.t. Wq ≤ Wu

B ≥ Bl.

4.2 Benders’ Decomposition Approach

4.2.1 Background

Benders’ decomposition was originally developed for solving mixed-integer programming

problems [11]. More generally, the method can be applied to any problem in which the vari-

ables and constraints can be separated into a master problemand a sub-problem, which are

solved in an alternating fashion until an optimality criterion is satisfied. Each time the sub-

problem is solved, a constraint which eliminates at least the current solution is added to the
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master problem. This ensures that all further solutions either result in better objective function

values or are closer to being feasible for the overall problem. The master problem and the

sub-problem may be modelled and solved using linear or integer programming [11], or CP, as

in logic-based Benders’ decomposition [49, 91].

4.2.2 Benders’ Decomposition for Optimal Staff Mix

Given the work in Chapter 3, it is natural to decompose our problem into the master problem

of finding a combination of cross-trained and specialized workers (a queueing design problem)

and the sub-problem of finding a switching policy that satisfies the back room and front room

service level constraints given an employee configuration (a queueing control problem).

Our approach is to, firstly, derive a set of constraints on thevalues ofx, f andb by solving

problem (4.2) withx = 0. These constraints are then used to form the master problem,which is

solved in order to identify a cost-optimal, but possibly infeasible, combination of cross-trained

and specialized workers, sayx = x′, f = f ′ andb = b′. If a feasible sub-problem solution can

be found, then the master solution is optimal. Otherwise, the cut (x > x′ || f > f ′ || b > b′) is

added to the master problem.2 The master problem and the sub-problem are then re-solved in

order to determine if a feasible policy exists for the new master problem solution.

4.2.3 The “Specialized-Only” Solution

Whenx = 0, the number of workers required for the back room is independent of the number of

workers required for the front room. Thus, to find the minimum-cost specialized-only solution,

one can independently determineFtotal, the smallest number of specialized front room workers

sufficient to satisfy the waiting time constraint, andBtotal, the smallest number of specialized

back room workers needed to satisfy the back room constraint.

2The symbol “||” represents a “logical or”. In other words, the cut states that at least one ofx, f , b has to be
assigned a greater value than its current one in order to achieve feasibility of the sub-problem.
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In order to findFtotal, Wq is calculated for each value off ≥ 1 using the equation

Wq =
P0

∑i=S

i=1 (λ
µ
)i−1 i

D(i)

µ[1 − (λ
µ
)SP0

1
D(S)

]
−

1

µ
, (4.3)

where

D(i) =

i
∏

j=1

d(j), d(i) =











i if i ≤ f

f otherwise
(4.4)

and

P0 = 1 +
i=S
∑

i=1

(

λ

µ

)i
1

D(i)
, (4.5)

until the constraintWq ≤ Wu is satisfied for some value off . We derived this equation from

Equation (4.14) using the fact that, when only specialized workers are considered, the front

room is a queue with exponential inter-arrival and service times,f servers and a capacity of

S (an M/M/f /S queue), in which the probabilities are defined asP (j) =

[

(

λ
µ

)j

/(j!)

]

P0 for

1 ≤ j < f andP (j) =

[

(

λ
µ

)j

/(f !f j−f)

]

P0 for f ≤ j ≤ S [42].

Btotal is simplydBle because, when there are no cross-trained workers, this is the smallest

possible number of back room workers required to complete all of the back room work.

By definition ofFtotal andBtotal, there have to be at leastFtotal cross-trained and front room

workers in the facility in order for the constraint onWq to be satisfied, and at leastBtotal cross-

trained and back room workers in order for the back room constraint to be satisfied. Thus,

constraintsf + x ≥ Ftotal andb + x ≥ Btotal are valid for problem (4.2). In addition, in any

feasible solution, the number of specialized front room workers does not ever have to exceed

Ftotal, and the number of specialized back room workers does not ever have to exceedBtotal

because these values already satisfy the constraints in their respective rooms, and having more

workers would only incur additional cost. Therefore,Ftotal − 1 is an upper bound forf and

Btotal − 1 is an upper bound forb. Ftotal + Btotal − 1 is an upper bound forx, since employing

a greater number of cross-trained workers will result in a solution of greater cost than the cost

of the solution with only specialized workers.

Additionally, since one needs at leastFtotal workers in the facility in order to satisfy the
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front room constraint, and at leastBtotal workers in the facility in order to satisfy the back

room constraint, it is clear that at leastmax(Ftotal, Btotal) workers need to be hired. The lower

bound onx is 1 since the best solution withx = 0 has already been found.

The cost of the specialized-only solution is an upper bound on the cost of the optimal

solution. The lower bound on the optimal cost is the maximum of cfFtotal andcbBtotal since at

least the maximum ofFtotal or Btotal workers will have to be employed in the facility, and the

cost of a cross-trained worker is assumed to be greater than or equal to the cost of either of the

specialized workers.

4.2.4 Master Problem

Given the constraints derived from the specialized-only solution, the master problem can be

stated as

minimize cost = cff + cbb + cxx (4.6)

s.t. f + x ≥ Ftotal

b + x ≥ Btotal

0 ≤ f ≤ Ftotal − 1

0 ≤ b ≤ Btotal − 1

1 ≤ x ≤ Ftotal + Btotal − 1

f + b + x ≥ max(Ftotal, Btotal)

max(cfFtotal, cbBtotal) ≤ cost ≤ cfFtotal + cbBtotal

cuts,

wherecuts are constraints that are added to the master problem each time the sub-problem is

not able to find a feasible solution. Initially,cuts is the empty set. Further on, the constraints

in this set remove the current optimal solution of the masterproblem because it does not result

in a feasible policy. The master problem is re-solved each time a new cut is added, and the
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resulting values off , b andx define the sub-problem. We solve the master problem with a CP

model identical to (4.6). As it is a simple minimization problem with three integer variables,

finding a solution is trivial.

4.2.5 Solving the Sub-Problem

Given values forf , b andx, the goal of the sub-problem is to find a policyK such that the

constraintsWq ≤ Wu andB ≥ Bl are satisfied. The sub-problem is very similar to Berman et

al.’s problemP1. Therefore, the method we use for solving the sub-problem isa modification of

thePSums-P1 Hybrid method proposed in Chapter 3, which combines a CP model with Berman

et al.’s heuristic. More specifically, in order to solve the sub-problem, we run a modified version

of Berman et al.’s heuristicP1 followed by a combination of shaving and search.

In this section, we firstly discuss several possible switching policy formulations and provide

details regarding the one that is chosen. Further, we present the equivalents of Berman et al.’s

expressions for calculating the quantities of interest given that there may be specialized workers

in facility. These expressions are used throughout a modified version of Berman’s heuristic,

which is presented in Section 4.2.5.2. We then present a CP model of the sub-problem, to which

we refer asPSumsSubproblem, and the details of shaving procedures used in conjunction with

this model.

4.2.5.1 Switching Policy

A switching policy for this problem can be defined in the same way as in the work of Berman et

al.: a set of switching pointski for i = 0, 1, . . . , x so that the number of cross-trained workers in

the front room isi whenever there are betweenki−1 +1 andki customers present in the facility.

However, due to the assumption that specialized front room workers can be hired, some of the

expressions of Berman et al. have to be adjusted. For example, the balance equations have to

be divided into two sets: one for calculating the probabilities of havingj customers in the front

room whenj < f , and another for calculating these probabilities whenj ≥ f (i.e. when some
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number of cross-trained workers may be present in the front room). This would make the CP

model of the sub-problem more complicated than the models used for Berman et al.’s problem

P1 in Chapter 3.

Another possibility is to use the set of dual variables defined in Section 3.1.3, lettingwj

represent the total number of (specialized and cross-trained) workers in the front room when

there arej customers in the front room. Constraints of theDual model that are expressed

in terms ofwj variables could then be used in a model for the sub-problem with very little

modification. For example, the balance equations can still be stated as

P (j)λ = P (j + 1)wj+1µ ∀j ∈ {0, 1, . . . , S − 1}. (4.7)

However, theDual model of Section 3.1.3 also includes constraints that are expressed in terms

of the ki variables. If we use theki policy definition proposed above, these constraints will

have to be changed in order to take into account the specialized workers. Additionally, in the

experiments of Section 3.4, it was observed that theDual model with shaving is less efficient

for problemP1 than thePSumsmodel with shaving. One of the likely reasons for this difference

in performance is that each iteration of shaving takes a longer amount of time with theDual

model due to a larger number of variables that have to be assigned.

Consequently, the policy formulation that we adopt for the sub-problem is different from

the two discussed above. It requires very few changes to the expressions of thePSumsmodel

and those used in Berman et al.’s heuristic in order to make them applicable to the problem

involving specialized workers. In particular, we define a policy as a sequence of “switching

points,”ki for i = 0, 1, . . . , x + f , with the interpretation that the number of “busy” workers

(ones who are currently serving a customer) in the front roomis i whenever the number of

customers in the front room is betweenki−1 + 1 andki. Switching points with indexi < f

state that as another customer arrives to the front room, thenumber of specialized workers who

are busy increases; switching points with indexi ≥ f specify when to switch cross-trained

workers between the front room and the back room. Switching point kx+f is a constant and

is equal toS. Thus, a policy is vector ofkis, (k0, k1, . . . , kx+f), such thatki < ki+1 for
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i = 0, 1, . . . , x + f − 1, kx+f = S, ki = i ∀i < f andki ≥ i ∀i ≥ f .

For example, iff = 2, x = 1 andS = 6, the policy(0, 1, 3, 6) states that whenever the

number of customers is 1, there is 1 busy worker in the front room and whenever the number of

customers is 2 or 3, there are 2 busy workers in the front room.When the number of customers

becomesk2 + 1 = 4, a cross-trained worker is switched to the front room. The interpretation

that when there are 4 customers in the room, there are 3 busy workers, remains valid, even

though one of the workers present is cross-trained.

This policy formulation can be seen as a special case of Berman et al.’s policy formulation

with the firstf switching points always being fixed to their minimum possible values. There-

fore, the equivalent of Theorem 2.4.1, stated below as Theorem 4.2.1, holds for this problem.

Theorem 4.2.1 (Equivalent of Berman et al.’s Theorem 1)Consider two policiesK andK ′

which are equal in all but oneki. In particular, suppose that the value ofk′

J equalskJ − 1, for

someJ from the set{f, . . . , x + f − 1}, kJ − kJ−1 ≥ 2, whilek′

i = ki for all i 6= J . Then (a)

Wq(K) ≥ Wq(K
′), (b) F (K) ≤ F (K ′), (c) B(K) ≥ B(K ′).

In fact, the set from whichJ is chosen could be{0, . . . , x + f − 1} since none of the firstf

components will ever satisfy the conditionkJ − kJ−1 ≥ 2. Therefore, the only change needed

to transform Theorem 2.4.1 into Theorem 4.2.1 is the replacement ofN by x+f . The proof of

Theorem 4.2.1 is the same as that of Theorem 2.4.1, with everyoccurrence ofN in the proof

replaced byx + f .

As a result of Theorem 4.2.1, we can define the equivalents of Berman et al.’s policieŝK

and ˆ̂
K. In particular, for the problem involving three types of workers, the policy yielding the

greatest possible values ofWq andB is

ˆ̂
K = {k0 = 0, . . . , kf−1 = f−1, kf = S−x, kf+1 = S−x+1, . . . , kx+f−1 = S−1, kx+f = S}.

The policy which results in the smallest possible values ofWq andB is

K̂ = {k0 = 0, k1 = 1, k2 = 2, . . . , kx+f−1 = x + f − 1, kx+f = S}.
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The notions of type 1 component and type 2 component can be defined in a manner similar

to Berman et al.’s (see Chapter 2). Atype 1 componentis a ki with the smallest indexi

satisfying the conditionki − ki−1 > 1 for f ≤ i ≤ x + f − 1. A type 2 componentis aki

having the smallest index and satisfying the conditionki+1 − ki > 1, for f ≤ i ≤ x + f − 1.

For the remainder of the chapter, we refer to a policy satisfying the constraintB ≥ Bl as

B-feasible, and a policy satisfying the constraintWq ≤ Wu asWq-feasible. Similarly, policies

violating these constraints are calledB-infeasible andWq-infeasible, respectively.

4.2.5.2 Modified Berman et al. Heuristic

Given the above policy formulation, the sub-problem can be modelled analogously to the way

Berman et al. model problemP1. In particular, in order to calculate the quantities of interest

(e.g. Wq), a set of probabilities,P (j) for j between 0 andS, has to be defined. EachP (j)

denotes the steady-state probability of there beingj customers in the front room. These values

have to satisfy the set of balance equations

P (j)λ = P (j + 1)iµ j = ki−1, ki−1 + 1, . . . , ki − 1 i = 1, . . . , x + f. (4.8)

Consequently, as stated in Section 2.4.1.1, each probability can be calculated using the follow-

ing expressions:

P (j) = βjP (k0), (4.9)

where

βj =























1 if j = k0

(

λ
µ

)j−k0 (

1
i

)j−ki−1Xi if ki−1 + 1 ≤ j ≤ ki i = 1, . . . , x + f

,

Xi =

i−1
∏

g=1

(

1

g

)kg−kg−1

(4.10)

(X1 ≡ 1), i = 1, . . . , x + f
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and

P (k0)
S

∑

j=0

βj = 1. (4.11)

The expected number of cross-trained workers in the front room,Fcross, is

Fcross =

x+f
∑

i=f+1

ki
∑

j=ki−1+1

iP (j), (4.12)

where the only changes from Equation (2.8) occur in the lowerand upper bounds of the sum:

the lower bound of1 is changed tof + 1 and the upper bound ofN is changed tox + f . Since

there is the possibility of hiring specialized back room workers, the expression for the total

expected number of workers in the back room,B, is b + x − Fcross.

The expected number of customers in the front room is exactlythe same as in Equation

(2.10):

L =
S

∑

j=k0

jP (j), (4.13)

and the expression for the expected waiting time in the queueis almost identical to Equation

(2.11):

Wq =
L

λ(1 − P (kx+f))
−

1

µ
. (4.14)

Based on the above equations, Theorem 4.2.1 and the definitions ofK̂ and ˆ̂
K, the equivalent

of heuristicP1 for this problem, which will be further referred to as heuristic P3, can be stated

as:

1. Start withK =
ˆ̂
K.

2. If B(K) < Bl, the problem is infeasible. Otherwise, letimb Wq = Wq(K) and

imb K = K. SetJ = x + f .

3. Find the smallestj∗ s.t. f ≤ j∗ < J andkj∗ is a type 1 component. If no suchj∗

exists, go to 5. Otherwise, setkj∗ = kj∗ − 1. If B(K) < Bl, setJ = j∗ and go to 5. If

B(K) ≥ Bl, go to 4.



CHAPTER 4. FINDING THE OPTIMAL STAFF M IX IN A RETAIL FACILITY 103

4. If Wq(K) < imb Wq, let imb Wq = Wq(K) andimb K = K. Go to 3.

5. Find the smallestj∗ s.t. f ≤ j∗ < J andkj∗ is a type 2 component. If no suchj∗ exists,

go to 6. Otherwise, setkj∗ = kj∗ + 1. If B(K) < Bl, repeat 5. Otherwise, go to 4.

6. Stop and returnimb K as the best solution.

This heuristic alternates between trying to reach a policy with smallerWq and a policy with

higherB. Each time a policy which is infeasible for the back room constraint is found, the set

of switching points that can be increased or decreased at subsequent steps is reduced in order

to prevent cycling. The heuristic stops when it is unable to find any more switching points to

decrease or increase, in which case it returns theB-feasible policy with the best value ofWq

that it has been able to find.

As stated above, we use a method similar to thePSums-P1 Hybrid to solve the sub-problem.

In this method, we run heuristicP3 first. If the Wq value returned byP3 is smaller thanWu

(the policy isWq-feasible), then the current sub-problem is feasible3, and the current master

solution is optimal. Otherwise, the CP method based on thePSumsSubproblemmodel and

shaving is applied.

4.2.5.3 ThePSumsSubproblem Model

ThePSumsSubproblemmodel has, as its decision variables, the set ofki, i = 0, 1, . . . , x + f ,

each with an initial domain of[0..S]. Additionally, it has two types of probability variables:

PSums(ki) for i = 0, ..., x + f − 1, andP (j) for j = k0, k1, k2, ..., kx+f , which are necessary

for the calculation ofWq andB given a switching policy. We relate these three types of vari-

ables via a set of constraints which ensure that the probability values satisfy the steady-state

conditions of the front room queue. We also include constraints for expressingWq andB in

terms of the variableski, PSums(ki) andP (ki). These constraints are analogous to ones used

3There may exist other feasible solutions for the sub-problem, possibly with a smallerWq than that of the
heuristic solution.
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in thePSumsmodel for problemP1 (see Section 3.1.2.4).

PSums(ki) represents the probability of there being betweenki andki+1 − 1 customers

(inclusive) in the front room and is defined in Equation (4.15). Equation (4.16) is a recursive

formula for computingP (ki+1), the probability of havingki+1 customers in the facility, where

P (k0) = (
∑x+f

i=0 βSum(ki))
−1 andβSum(ki), ∀i, is defined in Equation (4.17).

PSums(ki) =

ki+1−1
∑

j=ki

P (j)

=











































P (ki)

1 −

[

λ

(i + 1)µ

]ki+1−ki

1 −
λ

(i + 1)µ

if λ
(i+1)µ

6= 1

P (ki)(ki+1 − ki) otherwise

(4.15)

P (ki+1) =

[

λ

(i + 1)µ

]ki+1−ki

P (ki) (4.16)

βSum(ki) =

ki
∑

j=ki−1+1

βj

=















































Xi

(

λ

µ

)ki−1−k0+1 (

1

i

)









1−





λ

iµ





ki−ki−1

1−





λ

iµ













if λ
iµ

6= 1

Xi

(

λ

µ

)ki−1−k0+1 (

1

i

)

(ki − ki−1) otherwise.

(4.17)

The expected total number of cross-trained workers in the front room is

Fcross =

x
∑

i=1

i[PSums(ki+f−1) − P (ki+f−1) + P (ki+f)]. (4.18)

The expected number of workers in the back room,B, is defined asb + x − Fcross.

The expected number of customers in the front room,L, is defined as

L =

x+f−1
∑

i=0

L(ki) + kx+fP (kx+f) (4.19)
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where

L(ki) = kiPSums(ki) + P (ki)
λ

(i + 1)µ

×







(

λ
(i+1)µ

)ki+1−ki−1

(ki − ki+1) +
(

λ
(i+1)µ

)ki+1−ki

(ki+1 − ki − 1) + 1
(

1 − λ
(i+1)µ

)2






.

Expected customer waiting time is defined as in Equation (4.14). The derivations of equations

(4.15)–(4.19) are not presented in this section as they are almost identical to the derivations of

the equivalent expressions in thePSumsmodel, Equations (3.6), (3.8)–(3.10) and (3.17).

The equations definingPSums(ki), P (ki), L, B andWq, together withWq ≤ Wu and

B ≥ Bl are the major constraints of the CP model of the sub-problem.Additionally, the set of

constraints necessary for the definition of a policy (presented in Section 4.2.5.1) is included in

this model.

4.2.5.4 Shaving

As stated in Sections 2.1.1.3 and 3.3, shaving is a consistency-enforcing procedure for con-

straint programs based on temporarily adding constraints to the problem, performing propaga-

tion and making inferences according to the resulting stateof the problem [27, 96]. We use two

shaving procedures:BlShaving, which makes inferences based on the feasibility of policies

with respect to theBl constraint, andWuShaving, which makes inferences based on feasibil-

ity with respect to theWu constraint. These are similar to theBl-based andWq-based shaving

procedures used for solving problemP1, which are presented in Chapter 3 as Algorithms 1

(Figure 3.1) and 2 (Figure 3.2).

Let min(ki) andmax(ki) be, respectively, the smallest and largest values in the current

domain of variableki, and suppose that the constraintWq ≤ Wu is temporarily removed. At

each step of theBlShaving procedure,ki = min(ki) or ki = max(ki) is temporarily added

to the model fori ∈ {0, ..., x + f − 1}. If ki = min(ki) is added, then all other switching

points are assigned the maximum possible values subject to the condition thatkn < kn+1,
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∀n ∈ {0, ..., x + f − 1}. This is done using the functiongMax, which, given an array of

variables, assigns the maximum possible values to all of thevariables that do not yet have a

value, returning true if the resulting assignment isB-feasible, and false otherwise. IfgMax

returns false andmin(ki) + 1 ≤ max(ki), the constraintki > min(ki) can be permanently

added: if all variables exceptki are set to their maximum values, and the problem is infeasible

with respect to theBl constraint, then, by Theorem 4.2.1, in any feasible policyki must be

greater thanmin(ki). If gMax returns false andmin(ki) + 1 > max(ki), there can be noB-

feasible policy, and the sub-problem is proven to be infeasible. Otherwise, ifgMax returns

true, we check if the policy isWq-feasible, in which case the procedure stops since feasibility

of the sub-problem has been proved.

If ki = max(ki) is added, the rest of the variables are assigned the minimum values from

their domains using the functiongMin. These assignments are made in a way that respects the

constraintskn < kn+1, ∀n ∈ {0, ..., x + f − 1}. If the resulting policy isB-feasible butWq-

infeasible, the constraintki < max(ki) can be permanently added, assumingmax(ki) − 1 ≥

min(ki). Since all variables exceptki are at their minimum values already, andki is at its

maximum, it must be true, again by Theorem 4.2.1, that in any solution with smallerWq the

value ofki has to be smaller thanmax(ki). If max(ki) − 1 < min(ki), there can be no policy

with a betterWq than anyB-feasible policy encountered so far during the procedure, and the

sub-problem is proved to be infeasible. On the other hand, ifthe policy obtained by applying

gMin is bothB-feasible andWq-feasible, the procedure stops, and the current master and sub-

problem solutions are optimal for our staff mix problem. ThecompleteBlShaving algorithm

is presented in Figure 4.1.

TheWuShaving procedure makes inferences based strictly on the constraint Wq ≤ Wu.

The constraintB ≥ Bl is removed prior to running this procedure. A constraint of the form

ki = max(ki) is added, and the smallest possible values are assigned to the rest of the variables

using the functiongMin. As theBl constraint has been removed, the only reason why the

policy could be infeasible is because it has aWq value greater thanWu. Since all switching
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Algorithm 3: BlShaving
Input: S, µ, λ, Bl, Wu (instance parameters);x, f , b (current master problem solution)
Output: Wq, policy (satisfying policy and its objective value), or (possibly)modified domains
of the variableski, or proof that sub-problem is infeasible

changed = true
while (changed)

changed = false

for all i from 0 to x + f − 1

successfulShave = true
while (successfulShave)

successfulShave = false
add(ki = max(Domain(ki)) )
if (gMin)

if (Wq ≤ Wu )
returnpolicy, Wq; stop, sub-problem solution found

if ( max(Domain(ki)) − 1 ≥ min(Domain(ki)) )
add(ki < max(Domain(ki)) )
successfulShave = true
changed = true

else
stop, no policy with a betterWq value exists; sub-problem is infeasible

remove(ki = max(Domain(ki)) )

successfulShave = true
while (successfulShave)

successfulShave = false
add(ki = min(Domain(ki)) )
if (gMax)

if (Wq ≤ Wu)
returnpolicy, Wq; stop, sub-problem solution found

else
if ( min(Domain(ki)) + 1 ≤ max(Domain(ki)) )

add(ki > min(Domain(ki)) )
successfulShave = true
changed = true

else
stop, no policy with a betterWq value exists; sub-problem is infeasible

remove(ki = min(Domain(ki)) )

Figure 4.1:BlShaving algorithm
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Algorithm 2: WuShaving

Input: S, µ, λ, Bl, Wu (instance parameters);x, f , b (current master problem solution)

Output: (possibly) modified domains of the variableski, or proof that sub-problem is infeasi-

ble

changed = true

while (changed)

changed = false

for all i from 0 to x + f − 1

successfulShave = true

while (successfulShave)

successfulShave = false

add(ki = max(Domain(ki)) )

if (!gMin)

if ( max(Domain(ki)) − 1 ≥ min(Domain(ki)) )

add(ki < max(Domain(ki)) )

successfulShave = true

changed = true

else

stop, no policy with a betterWq value exists; sub-problem is infeasible

remove(ki = max(Domain(ki)) )

Figure 4.2:WuShaving algorithm
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points exceptki are assigned their smallest possible values, this implies that in any solution

with a better expected waiting time, the value ofki has to be strictly smaller thanmax(ki). If

max(ki)−1 < min(ki), infeasibility of the sub-problem is proven. TheWuShaving algorithm

is stated in Figure 4.2.

In order to solve the sub-problem, we runBlShaving andWuShaving in an alternating

fashion because the domain reductions inferred during one procedure may lead to further in-

ferences being made by the other. This method stops when a policy satisfying both constraints

is found, when a constraint is inferred that violates the current upper or lower bound of aki, or

when no further inferences can be made. In the final case, standard CP search is performed to

determine whether a feasible policy exists.

4.2.6 Summary

Recall that we take a Benders’ decomposition approach to ourproblem of finding the optimal

staffing configuration. The master problem is presented as Equation (4.6). As it is a simple

minimization problem, it can be easily solved by CP. Once a master solution is obtained, it is

used to define the sub-problem, where the aim is to find a policythat would simultaneously

satisfy the constraintsB ≥ Bl andWq ≤ Wu. Every time it is proven that no such policy exists

for the current master solution,x = x′, f = f ′ andb = b′, the cut (x > x′ || f > f ′ || b > b′) is

added to the master problem, and it is re-solved. The alternation between the master problem

and the sub-problem continues until a policy is found in the sub-problem which is bothB-

feasible andWq-feasible, implying that the current master problem solution is optimal.

The sub-problem is solved by first applying heuristicP3. If no B-feasible policy exists, the

heuristic is able to recognize this, proving the infeasibility of the current master solution. On

the contrary, if the heuristic finds a policy which satisfies the back room constraint, two cases

may occur. Firstly, the policy may also beWq-feasible, in which case the current master solu-

tion is proven to be optimal. Secondly, the policy may not be able to satisfy theWq constraint.

In this case, there is no guarantee that the sub-problem is infeasible, and we therefore use the
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PSumsSubproblemmodel with shaving and search. Shaving is composed of two procedures,

BlShaving andWuShaving, which are run iteratively until either feasibility4 or infeasibility

of the current master solution is proven, or no more domain reductions are possible. In the

latter case, standard CP search is applied to search for a feasible solution or show that none

exists.

4.3 Experimental Results and Analysis I

Since our problem has not been previously solved, our first set of experiments focuses on

determining some of the reasons for the CPU times required tosolve various problem instances

and on evaluating the effect of different parameter values on the efficiency of our method. Our

approach was implemented in ILOG Solver 6.2, and all experiments were performed on a Dual

Core AMD 270 CPU with 1 MB cache, 4 GB of main memory, running Red Hat Enterprise

Linux 4.

4.3.1 Problem Size

Recall thatS is the maximum total number of customers allowed in the system at any one time

and therefore is the prime determinant of problem size. In our first experiment, we use a set of

300 instances, 30 for each value ofS from {10, 20, . . . , 90, 100}, with costscx = 32, cf = 31

andcb = 30. The values of the rest of the parameters are taken from the experiments of Chapter

3, for which they were generated in such a way as to ensure non-trivial solutions for Berman’s

problemP1. The bestWq values found in those experiments were used as theWu values for our

instances. SinceP1 is similar to our sub-problem, it was expected that using these parameters

would give us instances of various difficulty.

Our method solved all but one instance (atS of 80) within 10 CPU minutes. In Table 4.1,

the mean CPU time, mean number of times the sub-problem is solved (number of iterations)

4Recall that the first master solution that is proven to be feasible is optimal.
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Statistic/Value 10 20 30 40 50 60 70 80 90 100

of S

CPU Time 0.04 0.70 2.59 0.28 0.72 0.55 0.33 93.27 5.25 6.43

(seconds)

# of Iterations 4.57 7.77 16.07 6.13 8.00 7.23 8.23 34.73 27.60 23.83

Total # of 4.07 6.33 9.17 4.80 5.40 5.60 5.27 15.33 8.83 8.93

Workers

% Difference 15.40 4.17 0.48 5.21 5.54 1.28 2.91 0.09 0 0

Compared to

Spec.-only

% Difference 2.11 2.95 3.71 4.43 4.08 5.72 6.10 5.73 5.90 6.00

Compared to

Cross.-only

Table 4.1: Mean CPU time (seconds), mean number of iterations, mean total number of work-

ers in the optimal solution, and mean percentage differences between the cost of the optimal

solution and the two ‘naive’ solutions for each value ofS.
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and the mean total number of workers in the optimal solution over 30 instances for each value

of S are presented.5 For the unsolved instance atS = 80, we assume, in these calculations, that

the run-time is 600 seconds, the number of iterations is the number that was completed within

the time limit and the optimal configuration consists ofFtotal front room workers andBtotal

back room workers (this solution is determined in all cases in a negligible amount of time).

Therefore, our mean run-time and mean number of iterations statistics are slight underestimates

of the true values forS of 80. The total number of workers in the optimal solution statistic may

be exact if the optimal solution in the unsolved instance is indeed the specialized-only solution;

otherwise, it is a slight overestimate. Similarly, the percentage differences may be exact if the

optimal configuration of this instance does not consist of any cross-trained workers.

The mean run-times show a significant peak atS = 80 and are approximately correlated

with both the total number of workers and the number of iterations. This is not surprising:

the more workers are needed in the facility, the more staff combinations usually need to be

examined. An increase in the total number of employees in theoptimal solution also leads to

higher run-times for each sub-problem. This is because the higher the total number of workers

in the facility, the larger the size of the policies, and the longer shaving and search will take to

prove feasibility or infeasibility. In our problem set, when S = 80, there are several instances

which have both a large number of iterations (a maximum of 141) and difficult sub-problems

(the maximum CPU time required to solve a sub-problem is approximately 82.84 seconds).

Although higher values ofS lead to larger domain sizes for thekis, and consequently, may

result in higher run-times, Table 4.1 shows thatS is not the main parameter determining the

difficulty of a problem instance. In particular, higher values ofS do not necessarily lead to

higher run-times: the mean CPU time atS of 30 is higher than those atS of 40, 50, 60 and 70,

and the mean CPU times atS of 90 and 100 are substantially lower than that atS of 80.

5Results are quite sensitive to the level of precision that isset. For example, with a different precision level,
the number of iterations and the mean run-time, as well as theoptimal staffing configuration, may be different for
a particular instance. We set the default Solver precision to 0.000001 for all of our experiments.
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λ/µ 10 15 20

(λWu)/Bl 55.83 21.87 6.15 38.34 10.84 3.55 28.56 8.12 2.37

CPU Time 0.01 12.34 12.10 0.01 7.91 38.46 39.92 58.25 91.28

(seconds)

# of Iterations 1.00 3.20 11.30 1.00 5.70 22.58 3.20 14.10 36.50

Total # of 11.00 11.60 12.70 16.00 17.00 18.82 21.60 22.80 25.10

Workers

% Difference 5.27 1.42 0.75 3.69 3.41 1.03 0.75 0.34 1.44

Compared to

Spec.-only

% Difference 61.46 55.22 46.85 67.92 59.35 48.36 68.01 60.26 47.61

Compared to

Cross.-only

Table 4.2: Mean CPU time (seconds), number of iterations, total number of workers in the

optimal solution, and percentage differences between the cost of the optimal solution and the

two ‘naive’ solutions for each value ofλWu

Bl
.
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4.3.2 Cost Combinations

Using the above instances, five different cost combinations, (cx, cf , cb), are examined. When

the costs are (32, 1, 31), (32, 31, 1) and (32, 24, 24), all 300 instances are solved, with a mean

run-time of under 1 second. For cost combinations (32, 30, 31) and (32, 32, 32), 298 and

295 instances, respectively, are solved in each set, and themean run-times are 8.16 and 20.84

seconds, respectively. These results indicate that as the difference between the cost of a cross-

trained worker and the sum of the costs of specialized workers increases, the time needed to

solve the instance increases. In these cases, the master problem is likely to consider solutions

with a larger number of cross-trained workers, which implies larger domains for thekis and

longer shaving and search times. The general pattern in the mean CPU times for eachS seen

in Table 4.1 also occurs under these five cost combinations, indicating that problem difficulty

is a function of more than just the cost assumptions.

4.3.3 Other Parameters

In order to examine the effect of the rest of the problem parameters, we use a set of instances

with theS, λ, µ, Bl andWu values from the 54 instances used in the work of Berman et al.

[15] (see Section 2.4.2 for more details regarding this set of instances). Ten different cost

combinations which satisfy our cost assumptions are used, giving us 540 instances.6 Although

the values of the parameters vary, these instances can be grouped into 9 types according to

the value ofλWu

Bl
, which is an indication of how difficult it will be to satisfy theWu andBl

constraints simultaneously, adjusted by the arrival rate.Smaller values of this ratio lead to

tighter problem instances. In addition, each triple out of these 9 types has an equal value of

λ/µ, which is a representation of the workload of the facility.

All 540 instances were solved within 10 minutes. From Table 4.2, it can be seen that as

6The cost combinations(cx, cf , cb) used in this experiment are (32, 5, 30), (32, 15, 25), (32, 15,30), (32, 25,
15), (32, 25, 25), (32, 25, 30), (32, 30, 5), (32, 30, 15), (32,30, 25) and (32, 30, 30). In several instances, the
value ofλ or µ had to be rounded from the value used by Berman et al. due to numerical instability.
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λ/µ increases, mean CPU times increase. This happens simultaneously with an increase in

the mean number of iterations and an increase in the total number of workers in the optimal

solution, confirming the observations made from our experiment with differentS values. As

the value ofλWu

Bl
decreases, whileλ/µ is held constant, mean CPU times, number of iterations

and total number of workers in the optimal solution increase. Therefore, as the workload of

the facility increases and/or the expected waiting time bound becomes tighter, the problem

becomes harder to solve.

4.3.4 Cost of the Optimal Solution

Both Table 4.1 and 4.2 present the mean percentage difference between the cost of the optimal

solution, and the costs of the specialized-only solution and the cross-trained-only solution7 (i.e.

with f = b = 0). We calculate the difference between each pair of solutions as a percentage

of the cost of the optimal solution. In most cases, there is a non-zero difference between the

costs of the optimal solution and the two ‘naive’ solutions,indicating that our approach may

be valuable in practical applications.

4.4 Experimental Results and Analysis II

The sub-problem of our Benders’ decomposition method, described in Section 4.2.5, has three

main components: the heuristic, the alternating shaving procedure and standard CP search. In

this section, we investigate the influence that each of thesecomponents has on the effectiveness

of our method. To do this, we consider three approaches whichare modifications of our original

7The cross-trained-only staffing configuration is a solutionto Berman’s problemP2 (described in Sections
2.4.2 and 4.1.1). In order to obtain the cross-trained-onlysolution, we modified our method by changing the
upper bound ofx to S and the upper bound on the cost toS × cx in the master problem (Equation 4.6) and ran
it with costscx = 1, cf = 100, cb = 100. However, our method was unable to solve 19 out of the 300 instances
discussed in Section 4.3.1 within 600 seconds. In these cases, we assume that the best cross-trained-only solution
consists ofFtotal +Btotal cross-trained workers. Thus, the percentage differences between the cost of the optimal
solution and the cost of the cross-trained-only solution presented in Table 4.1 may be either slight overestimates
or slight underestimates. The percentages presented in Table 4.2 are accurate since our modified program was
able to find the cross-trained-only solution for all instances within a negligible run-time.
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method:

• heuristicOnly, in which the solution to the sub-problem can be found only bythe heuris-

tic (shaving and search are removed),

• noShaving, in which the sub-problem can be solved by either the heuristic or search (the

alternating shaving procedure is removed),

• noSearch, in which either the heuristic or shaving can solve the sub-problem (search is

removed).

The heuristicOnlymethod is a complete method only if, on every iteration in which the

heuristic is unable to find a feasible sub-problem solution,the sub-problem is truly infeasible.

In particular, the heuristic can guarantee infeasibility of the sub-problem only if the policyˆ̂K

violates the back room constraint, or the policyK̂ violates the front room constraint.

Similarly, thenoSearchmethod is complete only when either the heuristic or the alternating

shaving procedure is able to guarantee infeasibility on every iteration in which they cannot find

a feasible solution. This may happen either whenK̂ is infeasible with respect to the front

room constraint, orˆ̂K is infeasible for the back room constraint, or shaving attempts to make

a domain reduction that violates the current upper or lower bound of aki. If shaving makes

some domain reductions but is unable to either find a feasiblepolicy or prove infeasibility, the

sub-problem is considered infeasible. Hence, in such casesthenoSearchmethod is incomplete.

ThenoShavingmethod is complete (given enough run-time) because on everyiteration in

whichK̂ is feasible for the front room constraint andˆ̂K is feasible for the back room constraint,

but the heuristic is unable to find a feasible policy, search is run in order to prove the feasibility

or infeasibility of the sub-problem. However, if this method takes longer than the allowed

run-time limit, we assume that the solution it returns is thespecialized-only solution (since

this solution is always found within a negligible run-time prior to the execution of the master

problem). In these cases, there is no guarantee that this solution is optimal.
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We compare theheuristicOnly, thenoSearchand thenoShavingmethods to our original

method (which employs a combination of heuristic, shaving and search as discussed in Section

4.2.6) on the set of 540 instances from Section 4.3.3.

4.4.1 Solution Quality

Experiments with our set of 540 instances indicate that theheuristicOnlymethod finds the

optimal-cost8 solution in 442 instances, or in 69.8% of instances for whichthe optimal is not

the specialized-only solution. ThenoSearchmethod is able to find the optimal-cost solution

in 516 instances, or in 92.6% of instances for which the optimal is not the specialized-only

solution. ThenoShavingmethod finds the optimal-cost solution in 389 instances, or 53.5% of

cases for which the optimal staffing configuration is not the specialized-only one. The original

technique employing the heuristic, shaving and search found the optimal-cost staff mix in all

540 instances.

In Table 4.3, the percentage difference between the cost of the optimal solution (found

by our original method) and the costs of the solutions found by the other three methods is

presented. It can be observed that the heuristic performs well, but that there exist instances in

which it is unable to find the optimal solution. In fact, the table indicates that theheuristicOnly

method finds the optimal-cost solution in a greater number ofinstances than thenoShaving

method. This observation can be explained by the fact that thenoShavingmethod takes a long

time to prove the infeasibility of each infeasible sub-problem, reaches the time limit without

having solved the problem in many instances (see the high run-times of thenoShavingmethod

presented in Table 4.4) and, thus, returns the specialized-only solution in many cases in which

this solution is not optimal. ThenoSearchmethod performs better than either of the other two

methods, finding the optimal-cost solution in all cases except when the ratio ofλWu andBl is

21.87.

8The actual staffing configuration found by this method may be different from the one provided by our original
method.
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λ/µ 10 15 20

(λWu)
Bl

55.83 21.87 6.15 38.34 10.84 3.55 28.56 8.12 2.37

heuristic 0 0.74 0.24 0 0 0.05 0.22 0.05 0.10

noSearch 0 0.24 0 0 0 0 0 0 0

noShaving 0 1.42 0.75 0 2.20 1.03 0 0.34 1.44

Table 4.3: Mean percentage difference between the cost of the solution provided by theheuris-

ticOnly, thenoSearchand thenoShavingmethods, and the cost of the optimal solution found

by our original method for each value ofλWu

Bl
.

Based on these observations, we can conclude that, in most cases, the optimal-cost solution

in our original method is found by either the heuristic or theshaving procedure, indicating that

both are essential components of our overall approach.

4.4.2 Mean Run-time

Table 4.4 presents the mean run-times for theheuristicOnly, thenoSearchand thenoShaving

methods, and our original method. The only method out of these four that is unable to solve

some instances within 600 seconds is thenoShavingmethod (in fact, it does not solve 242

instances). In the calculation of the mean run-times for this method, we assume that the run-

time of instances that are not solved is 600 seconds, and hence the mean run-time figures for

thenoShavingmethod presented in the table are under-estimates of the true means.

We can, firstly, observe that the mean run-times of our original method most closely resem-

ble those of thenoSearchmethod. Secondly, it can be seen that theheuristicOnlymethod is

much faster than the rest, with mean run-times being below two seconds for all values ofλWu

Bl
.

This is not surprising, since the original heuristic of Berman et al. has been shown in Section

3.4.2 to be extremely fast in our experiments with problemP1.

Thirdly, the longest run-times result from thenoShavingmethod, since search has to be
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λ/µ 10 15 20

(λWu)
Bl

55.83 21.87 6.15 38.34 10.84 3.55 28.56 8.12 2.37

heuristic 0.01 0.07 0.26 0.01 0.18 0.82 0.05 0.60 1.78

noSearch 0.01 8.12 12.07 0.01 7.94 38.49 39.84 58.11 91.45

noShaving 0.01 249.87 421.81 0.01 358.97 500.00 193.04 430.02 540.00

original 0.01 12.34 12.10 0.01 7.91 38.46 39.92 58.25 91.28

Table 4.4: Mean run-times forheuristicOnly, noSearch, noShavingand our original method for

each value ofλWu

Bl
.

used in all cases for which the heuristic is unable to guarantee infeasibility and also unable

to find a feasible solution. In Section 3.6.1, we stated that one possible reason for thePSums

model without shaving being unable to prove optimality in some instances of problemP1 is

that there is very little propagation from the constraintWq ≤ bestWq (wherebestWq is the

best value of the expected waiting time found up to that pointin the search). ThePSumsmodel

served as the basis of the sub-problem model, and the two are similar in structure. Therefore,

we can conjecture that one of the reasons for the search taking a long time to prove or dis-

prove the feasibility of the sub-problem in some instances is the lack of propagation from the

constraintWq ≤ Wu.

These observations indicate that a majority of problems canbe solved by using the heuristic

and shaving, and that, in such cases, most of the run-time of our original method is spent in the

shaving stage. More importantly, it is clear that the use of shaving greatly reduces the run-times

needed by our original method to guarantee optimality. We can also conjecture that, in general,

one of the reasons why there exist instances in which our original method is unable to solve the

problem within 600 seconds (i.e. some instances atS of 80 in experiments of Sections 4.3.1

and 4.3.2) is the fact that shaving is unable to prove the feasibility or infeasibility of the last

master problem solution considered and search needs a long time to do so.
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λ/µ 10 15 20

(λWu)/Bl 55.83 21.87 6.15 38.34 10.84 3.55 28.56 8.12 2.37

heuristicOnly 1.00 4.50 12.20 1.00 5.70 22.93 3.90 14.60 38.00

noSearch 1.00 3.60 11.30 1.00 5.70 22.58 3.20 14.10 36.50

noShaving 1.00 3.20 3.60 1.00 2.70 4.37 3.20 3.60 6.20

original 1.00 3.20 11.30 1.00 5.70 22.58 3.20 14.10 36.50

Table 4.5: Mean number of iterations forheuristicOnly, noSearch, noShavingand our original

method for each value ofλWu

Bl
.

4.4.3 Mean Number of Iterations

In Table 4.5, we see that the mean number of iterations for allbut one value ofλWu

Bl
is the same

for our original method and thenoSearchmethod, which is not surprising given the similarity

in the mean run-times between the two. The slight differencebetween the two methods for

λWu

Bl
= 21.87 is due to the fact that, as shown in Section 4.4.1, this subsetof instances is the

only one for which thenoSearchmethod is unable to find the optimal solution in some cases. In

particular, for such instances shaving is not able to prove feasibility of the sub-problem given

the optimal master solution, it is (incorrectly) assumed that the sub-problem is infeasible, and

the next master solution is considered (increasing the number of iterations). On the other hand,

in our original method, search is able to recognize the feasibility of the sub-problem in these

cases, resulting in a smaller number of iterations.

We should also note that thenoShavingmethod has a smaller or equivalent number of

iterations compared to the other methods. This is due to the fact that using search to solve each

sub-problem often results in overall run-times of greater than 600 seconds after only a small

number of iterations.

TheheuristicOnlymethod has the largest number of iterations out of the four methods for

all values ofλ/µ. This is because the heuristic misses some feasible solutions and, as a result,
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has to consider more master solutions, increasing the totalnumber of iterations.

4.4.4 Summary

Overall, these results indicate, firstly, that the alternating shaving procedure is an essential part

of our method, as it significantly reduces the run-time required to prove the infeasibility of

each infeasible sub-problem, and, therefore, decreases the overall run-times of our method. In

fact, without shaving, our method would not have been able tosolve a large proportion of our

problem instances to optimality. Additionally, shaving may also find a feasible solution in a

short amount of time if the heuristic is unable to do so.

Secondly, we see that the heuristic is a helpful component ofour method, since, in most

instances, it allows us to quickly guarantee the feasibility of the sub-problem when the master

problem solution is optimal.

Search is also a useful component of our method, since there are cases when the heuristic

and shaving are unable to find a feasible policy for the optimal master solution. However, since

the noSearchmethod is able to guarantee optimality in most cases (see Table 4.3), search is

seldom used. When it is needed for guaranteeing completeness, it usually results in the instance

not being solved within 600 seconds.

In order to summarize these observations, we can say that themost important component

of our method is the alternating shaving procedure, but thatthe other two components also play

a significant role in some instances.

4.5 Conclusions

In this chapter, a Benders’ decomposition-based constraint programming method is proposed

for the problem of determining the optimal mix of cross-trained and specialized workers in a

retail facility given specific assumptions regarding the staffing costs of these workers (other

cost assumptions are discussed in the following chapter). This method is shown to perform



CHAPTER 4. FINDING THE OPTIMAL STAFF M IX IN A RETAIL FACILITY 122

well over a wide range of problem parameters. In many cases, the cost of the optimal solution

is shown to deviate from both the solution in which all workers are specialized and the solu-

tion in which all workers are cross-trained. An examinationof the method used to solve the

sub-problem indicates that all three of its components (theheuristic, the alternating shaving

procedure and the search) are important, but that the effectiveness of our method is primarily

due to the shaving procedure’s ability to prove the infeasibility of each infeasible sub-problem

quickly.

Since the problem discussed is a queueing design and controlproblem, this chapter demon-

strates that constraint programming may be a useful approach for solving such problems.



Chapter 5

An Analysis of Cost Cases in the Optimal

Staff Mix Problem

In Chapter 4, the problem of finding the optimal staffing configuration in a retail facility is

discussed under the assumption that the cost of a cross-trained worker is less than or equal to

the sum of the costs of specialized workers, but greater thanor equal to each of the specialized

worker costs individually. In this chapter, other possiblecombinations of costs are analyzed. A

major issue which arises in this analysis is the formulationof a switching policy. We therefore

start with a discussion of two possible policy formulations, both for Berman et al.’s problemP2

and for the optimal staff mix problem. We then state the implications of these formulations on

the solution of the latter problem under different cost assumptions. It is shown that the work

presented in Chapter 4 remains valid with the new policy formulation.

5.1 Policy Definitions for Berman et al.’s ProblemP2

In the second problem addressed by Berman et al. [15],P2, the goal is to find the smallest

number of cross-trained workers,N , and a switching policy which would state how to assign

these workers to the front and back rooms of a retail facilitywith capacityS. Recall that

123
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Berman et al. define a switching policy in terms of quantitieski, for i = 0, . . . , N , so that there

arei workers in the front room whenever there are betweenki−1 + 1 andki customers in the

front room, fori = 1, 2, . . . , N . See Section 2.4.2 for details regarding problemP2. Given a

family of switching policiesK = {K; K = {k0, k1, ..., kN−1, S}, ki integers,ki − ki−1 ≥ 1,

k0 ≥ 0, kN−1 < S}, the problem can formally be stated as:

minimizeK∈K N (5.1)

s.t. Wq ≤ Wu

B ≥ Bl,

whereWq is the expected customer waiting time,Wu is the upper bound on the expected

customer waiting time,B is the expected number of workers in the back room, andBl is the

minimum expected number of workers in the back room that is required in order for all work

to be completed. The values ofB andWq are calculated from a particular switching policy as

shown in Equations (2.9) and (2.11), respectively, in Chapter 2.

Berman et al. state that, because minimizingWq and maximizingB are conflicting goals,

it may not be possible to find a number,N , of workers that would allow both constraints to be

satisfied. This happens because of the back room constraintB ≥ Bl. In other words, there

exists some value ofN for which even the policyˆ̂K = {k0 = S−N, k1 = S−N+1, ..., kN−1 =

S − 1, kN = S}, which results in the greatest possible values ofWq andB, is feasible for the

front room constraint but infeasible for the back room constraint. Adding more workers further

reduces the expected waiting time, but only marginally increases theB value of the resulting

ˆ̂
K policy. Since the size of a policy1 is N and the size of the domain of eachki is S − N + 1,

Berman’s policy formulation cannot be used to define policies with N > S. Therefore, if it

happens that, whenN = S, the policy ˆ̂
K is infeasible, then there is no feasible solution for

this instance of the problem.

1The size of a policy is the number of switching points.
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N Wq B

22 1.29406 0.362632

23 1.19391 0.385196

24 1.10209 0.408486

25 1.01761 0.432537

26 0.939606 0.457384

27 0.86737 0.483067

40 0.255857 0.915678

49 0.0209997 1.38034

50 – 1.44473

Table 5.1: Values ofWq andB for policy ˆ̂
K for various values ofN for the policy ˆ̂

K. The

value ofWq could not be calculated exactly whenN = S = 50 due to precision issues in the

ILOG Solver program used to do so.
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As an example, consider an instance of the problem withS = 50, λ = 80, µ = 1, Bl =

1.92, Wu = 1.35. In Table 5.1, values ofB andWq for various values ofN (up to S) are

presented. It can be seen that asN increases, the value ofWq decreases, even after it becomes

lower thanWu at N = 22. The value ofB increases withN , but only marginally, and is not

feasible whenN = S.

In practical applications, the infeasibility of this problem does not make sense–clearly,N =

S + dBle should allow both constraints to be simultaneously satisfied, since every customer

will be served immediately, and there will be a sufficient number of workers in the back room.

The reason for this inconsistency is the definition of a switching policy. In particular, a policy

as it is defined above assumes that all of the cross-trained workers will be switched at some

point in time. This definition does not allow a worker to be permanently assigned to the back

room and not switch. One may say that assigning a cross-trained worker to only one type of

work contradicts the original idea of hiring cross-trainedworkers. However, if the facility has

a policy of hiring cross-trained workers only, the decisionto permanently assign some of them

to the back room may be necessary in order to ensure that all ofthe work in the back room is

completed.

An alternative policy definition could be used in order to resolve this inconsistency. Given

N cross-trained workers, a policy can be represented by a tuple < K, b∗ >, whereK is a

switching policy as defined in Berman et al. (stated above) and b∗ is a non-negative integer that

represents the number of workers that are always assigned toback room work. The size of the

policy K is thereforeN − b∗ + 1. In the above example, the policy< ˆ̂
K, 2 > with N = 24 is

feasible.

This new policy formulation is more realistic but also increases the search space of the

problem. In particular, in order to find a feasible value ofN , one would have to devise an

effective method of searching through tuples< K, b∗ > in which b∗ ≤ dBle, so as not to

enumerate all of them.
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5.2 Policy Definitions for the Optimal Staff Mix Problem

Now, consider the extension of Problem (5.1) that was discussed in Chapter 4: the optimal staff

mix problem. In this problem, we suppose that the facility can hire specialized front room and

specialized back room workers in addition to cross-trainedones, and that each type of worker

has a different cost.

As in Chapter 4, we letx denote the number of cross-trained workers,f the number of

front room workers, andb the number of back room workers hired by the retail facility.cx,

cf and cb denote the costs of a front room worker, a back room worker anda cross-trained

worker, respectively.Ftotal is the smallest number of workers needed in the front room in order

to achieve the desired quality of service, whileBtotal is the smallest number of workers needed

in the back room in order to complete all of the necessary work.

The goal of the problem is to find the lowest-cost combinationof workers which would

ensure that the expected number of workers in the back room issufficient to complete all of

the necessary work and that the expected customer waiting time is bounded from above. The

formal definition of this problem has been stated as Equation(4.2) and is repeated here for

convenience in Equation (5.2).

minimize cff + cbb + cxx (5.2)

s.t. Wq ≤ Wu

B ≥ Bl.

Given a particular switching policy,B andWq can be calculated using Equations (4.12) and

(4.14), respectively. For a more detailed description of this problem, and a complete listing of

constraints, the reader is referred to Chapter 4.

A policy is defined as a vector ofkis, (k0, k1, . . . , kx+f), such thatki < ki+1 for i =

0, 1, . . . , x + f − 1, kx+f = S, ki = i ∀i < f andki ≥ i ∀i ≥ f , with the interpretation that

the number of “busy” workers (ones who are currently servinga customer) in the front room
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is i whenever the number of customers in the front room is betweenki−1 + 1 andki. We will

further refer to this policy definition as the “K-policy” definition. As shown in Chapter 4, this

formulation implies that the policyˆ̂K = {k0 = 0, k1 = 1, ..., kf−1 = f−1, kf = S−x, kf+1 =

S − x + 1, ..., kx+f−1 = S − 1, kx+f = S} yields the greatest possible values ofWq andB,

while the policyK̂ = {k0 = 0, k1 = 1, k2 = 2, ..., kf = f, ..., kx+f−1 = x + f − 1, kx+f = S}

results in the smallest possible values ofWq andB.

Due to its similarity with the policy definition of Berman et al. used for Problem (5.1),

this type of policy does not allow cross-trained workers to be permanently assigned to the back

room. This implies, firstly, that a “cross-trained-only” solution, in whichf = 0 andb = 0,

may not always exist for this problem. Secondly, this means that any reasoning based on the

assumption that, given a staff configuration in which the number of front room workers is

sufficient for the satisfaction of the front room constraint, Btotal cross-trained workers will be

sufficient to satisfy the back room constraint, is invalid. Such an assumption holds in practical

situations, since, if we know that employingBtotal specialized back room workers is enough

to complete all tasks, and if cross-trained and specializedworkers are assumed to be equally

skilled at performing back room work, then havingBtotal cross-trained workers should lead

to the satisfaction of the back room constraint as well. In order to deal with this discrepancy

between a realistic assumption and the consequences of a particular policy formulation, we can

alternatively define a policy as a tuple< K, b∗ >, whereK is specified according to theK-

policy definition, andb∗ is a non-negative integer that represents the number of cross-trained

workers that are always assigned to back room work. We will refer to this formulation as the

“< K, b∗ >-policy” definition. Under this formulation, the policy< ˆ̂
K, dBle > results in

the greatest possibleWq andB, and the policy< K̂, 0 > results in the smallest possibleWq

andB. Note thatWq(<
ˆ̂
K, dBle >) ≥ Wq(

ˆ̂
K) and thatB(<

ˆ̂
K, dBle >) ≥ B(

ˆ̂
K), but

Wq(< K̂, 0 >) = Wq(K̂) andB(< K̂, 0 >) = B(K̂).

Regardless of the policy definition, we will refer to both a policy satisfying the constraint

B ≥ Bl and a staffing configuration for which it is possible to find such a policy asBl-feasible.
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A policy satisfying the constraintWq ≤ Wu and a staffing configuration for which such a

policy can be found will be further calledWu-feasible.

5.3 Five Cost Cases

The difficulty of solving Problem (5.2) depends on the assumptions that are made about the

costs of the different workers. These assumptions can be divided into five cost cases:

1. cb > cx > cf ,

2. cf > cx > cb,

3. cx ≥ cf + cb,

4. cx ≤ cf andcx ≤ cb,

5. cx ≤ cb + cf andcx ≥ cf , cx ≥ cb.

In the next section, we discuss these cases assuming that theK-policy definition is used. In

Section 5.5, the changes to these five cost cases resulting from the use of the< K, b∗ >-policy

are presented.

5.4 Cost Cases with theK-Policy Definition

In this section, we analyze the five cost cases under the assumption that theK-policy definition

is used. For each cost case, we state what the optimal solution will look like based on the cost

assumptions, provide a proof of its optimality, and describe how it may be found.

5.4.1 Cost Case 1:cb > cx > cf

If we ignore the feasibility issues discussed above, it is clear that, given these cost assumptions,

the optimal solution should only have cross-trained and front room workers. Taking feasibility
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issues into account, we know that this is not necessarily thecase, since havingBtotal cross-

trained workers may not result in anyBl-feasible policies. We can say, however, that if the

policy ˆ̂
K with Btotal cross-trained workers isBl-feasible, then the optimal solution will have

the formx = Btotal, f ≤ Ftotal, b = 0. The following claim states this more formally.

Proposition 5.4.1 If cb > cx > cf and the solutionx = Btotal, f = 0, b = 0 is Bl-feasible,

then the optimal solution is always of the formx = Btotal, f = f ′, b = 0, wheref ′ ≤ Ftotal

andf ′ is the smallest integer that makes this solution feasible.

Proof: We start with solutionx = 0, f = Ftotal, b = Btotal, which is feasible by definition,

and try to construct a smaller-cost feasible solution. Since cb > cx, substituting each of

theBtotal back room workers by cross-trained ones will result in lowercost. The

resulting solution is stillWu-feasible sincef = Ftotal, and stillBl-feasible since, by

assumption, there exists aBl-feasible policy withBtotal cross-trained workers.

Since some of theBtotal cross-trained workers may help to satisfy the front room

constraint, the cost of the resulting solution may be further reduced by decreasing the

number of front room workers. We therefore reducef until the smallest possible value,

f ′, that makes the solutionx = Btotal, f = f ′, b = 0 feasible. It is not possible to

modify this solution further in order to reduce its cost and still retain its feasibility:x

cannot be decreased because of the constraintb + x ≥ Btotal, f cannot be decreased

becausef ′ is the smallest value forf that makes this solution feasible, andx cannot be

increased to replace some specialized front room workers becausecx > cf .

Thus, the solutionx = Btotal, f = f ′, b = 0 is always optimal under the given cost

assumptions and the assumption that aBl-feasible policy exists withBtotal cross-trained

workers.

If we remove the assumption that aBl-feasible policy exists withBtotal cross-trained work-

ers, then the claim is not true, and the optimal solution may be the specialized-only solution
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(i.e. in whichx = 0), or a solution with some number of cross-trained and some number of

specialized workers. In particular, if we start with the specialized-only solution,x = 0, f =

Ftotal, b = Btotal, we may be able to substitutesome, but not all, of theBtotal back room work-

ers by cross-trained ones and find a smaller-cost feasible solution. However, it may also happen

that no feasible solution of smaller cost exists withb ≤ Btotal.

Consequently, under the given cost assumptions, the problem can be solved by first check-

ing whether the policyˆ̂
K with Btotal cross-trained workers (and no specialized workers) is

Bl-feasible. If it is, the above claim is true, and the problem can be solved quite easily by first

constrainingx to equalBtotal, b to equal 0, and then decreasing the value off , starting from

Ftotal, until it is not possible to find a feasible policy for the resulting combination of workers.

The last value off for which a feasible policy exists will be the required optimal value,f ′. If

ˆ̂
K with Btotal cross-trained workers is not feasible, then the method proposed in Chapter 4 can

be applied, with slight modifications. Firstly, the constraint x ≤ Ftotal + Btotal − 1 has to be

substituted by the constraintx ≤ S, since there may exist a feasible solution with more than

Ftotal + Btotal − 1 cross-trained workers that will give smaller cost than the specialized-only

solution. Secondly, the cut (x > Btotal || b > 0) can be added to the master problem before

the first iteration.

5.4.2 Cost Case 2:cf > cx > cb

Because a cross-trained worker is less expensive than a front room one, intuitively, the opti-

mal solution should havex = Ftotal, f = 0 andb ≤ Btotal. Recall that policyK̂ (defined in

Section 5.2) withFtotal front room workers is exactly the same as policyK̂ with Ftotal cross-

trained workers, since in both cases, an additional server becomes busy as a customer arrival

occurs. The only difference between the two cases is that if these workers are cross-trained,

they are switched from the back room to the front room, whereas if they are specialized, they

are “switched” from being idle to being busy. Hence, the two policies yield the sameWq val-

ues. Since employingFtotal front room workers yields âK policy which isWu-feasible (by
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definition ofFtotal), employing the same number of cross-trained workers and switching them

according toK̂ will also lead to the satisfaction of theWq constraint. Due to these properties,

specialized front room and cross-trained workers can be substituted for each other without vi-

olating theWu-feasibility of a particular staffing configuration, which leads to the following

proposition.

Proposition 5.4.2 If cf > cx > cb, then the optimal solution is always of the formx =

Ftotal, f = 0, b = b′, whereb′ ≤ Btotal andb′ is the smallest integer that makes this solution

feasible.

Proof: We start with solutionx = 0, f = Ftotal, b = Btotal, which is feasible by definition,

and try to construct a smaller-cost feasible solution. Since cf > cx, substituting each of

theFtotal front room workers by cross-trained ones leads to lower cost. The resulting

configuration remainsWu-feasible since policŷK with x = Ftotal is equivalent to policy

K̂ with f = Ftotal. It is also stillBl-feasible since the value ofb has not been changed.

Since some of theFtotal cross-trained workers may help to satisfy the back room

constraint, the cost of the resulting solution may be further reduced by reducing the

number of back room workers. We therefore reduceb until the smallest possible value,

b′, that makes the solutionx = Ftotal, f = 0, b = b′ feasible. It is not possible to modify

this solution further in order to reduce its cost and still retain its feasibility:x cannot be

decreased because of the constraintf + x ≥ Ftotal, b cannot be decreased becauseb′ is

the smallest value forb that makes this solution feasible, andx cannot be increased to

replace some specialized back room workers becausecx > cb.

Thus, the solutionx = Ftotal, f = 0, b = b′ is always optimal under the given cost

assumptions.

The problem of finding the optimal staff configuration given that cf > cx > cb can be

solved quite easily by first constrainingx to equalFtotal, f to equal 0, and then decreasing the
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value ofb, starting fromBtotal, until it is not possible to find a feasible policy for the resulting

combination of workers. The last value ofb for which a feasible policy exists will be the

required optimal value,b′.

5.4.3 Cost Case 3:cx ≥ cf + cb

In the case when the costs satisfy the assumptioncx ≥ cf + cb, there is no incentive to hire any

cross-trained workers, since doing so will always lead to higher-cost configurations. In partic-

ular, we know that in any feasible solution, a cross-trainedworker can always be substituted by

a pair of specialized workers, one for the front room and one for the back room, without violat-

ing feasibility. Since such a pair of specialized workers isless expensive than one cross-trained

worker, the specialized-only solution,x = 0, f = Ftotal, b = Btotal, is optimal. The following

claim and proof state these ideas more formally.

Proposition 5.4.3 If cx ≥ cf + cb, then the optimal solution is alwaysx = 0, f = Ftotal, b =

Btotal.

Proof: Suppose there exists a solution of smaller cost than the costof solution

x = 0, f = Ftotal, b = Btotal. Any such solution will have the form

x = x′, f = Ftotal − f ′, b = Btotal − b′. There are three cases which may result in a

smaller-cost solution:

1. x′ < f ′

This will be infeasible becausex′ + (Ftotal − f ′) < Ftotal
2.

2. x′ < b′

This will be infeasible becausex′ + (Btotal − b′) < Btotal.

3. x′ ≥ f ′ andx′ ≥ b′

2The constraintsx + f ≥ Ftotal andx + b ≥ Btotal are discussed in Section 4.2.3.
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The cost of this solution will becf (Ftotal) + cb(Btotal) + cx(x
′) − cf(f

′) − cb(b
′),

which is greater than or equal tocf (Ftotal) + cb(Btotal) because

cx(x
′) − cf (f

′) − cb(b
′) ≥ cx(x

′) − cf (x
′) − cb(x

′) = x′(cx − cf − cb) ≥ 0

where the last inequality follows from the assumption thatcx ≥ cf + cb.

Therefore, there is no solution of better cost andx = 0, f = Ftotal, b = Btotal is optimal

(if cx = cf + cb, then there may be alternative optimal solutions).

Given these cost assumptions, the problem can be solved by finding the values ofFtotal and

Btotal. Ftotal can be found by calculating the value ofWq for each value off starting from 1

until the constraintWq ≤ Wu is satisfied. The expression forWq givenf front room workers is

simply that of the expected waiting time in an M/M/f /S queue [42], or can be calculated using

Equation (4.3).

5.4.4 Cost Case 4:cx ≤ cf and cx ≤ cb

In the fourth cost case, we assumecx ≤ cf andcx ≤ cb. Under these cost assumptions, every

specialized worker in a given staffing configuration can be substituted by a cross-trained one

without increasing the total cost of that configuration, implying that the cross-trained-only so-

lution should be optimal. However, similarly to Cost Case 1,the form of the optimal solution

is dependent on whether policyˆ̂K with solutionx = Btotal, f = 0, b = 0 is Bl-feasible. If this

is so, then the optimal solution will consist of cross-trained workers only.

Proposition 5.4.4 If cx ≤ cf and cx ≤ cb, and the solutionx = Btotal, f = 0, b = 0 is

Bl-feasible, then the optimal solution is always of the formx = x′, f = 0, b = 0, where

Ftotal+Btotal ≥ x′ ≥ max(Ftotal, Btotal) andx′ is the smallest number of cross-trained workers

that are needed in the facility in order to satisfy both constraints.
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Proof: We start with solutionx = 0, f = Ftotal, b = Btotal, which is feasible by definition,

and try to construct a smaller-cost feasible solution. Since cx ≤ cf , substituting each of

theFtotal front room workers by cross-trained ones will result in a lower-cost (feasible)

solution. Feasibility is guaranteed because the policyK̂ with Ftotal cross-trained

workers is equivalent to the policŷK with Ftotal specialized front room workers.

Sincecx ≤ cb and we assume that the solutionx = Btotal, f = 0, b = 0 is Bl-feasible,

we can substitute allBtotal back room workers by cross-trained ones, giving us the

solutionx = Ftotal + Btotal, f = 0, b = 0.

Due to the possibility of switching these workers between the two rooms, we may be

able to reduce the value ofx until x′, the smallest number of cross-trained workers for

which a policy that is bothBl-feasible andWu-feasible can be found.

It is then not possible to find a smaller-cost feasible solution for two reasons. Firstly,

substituting any of the cross-trained workers by specialized ones will necessarily result

in higher cost due to the cost assumptions. Secondly, decreasingx′ will result in

infeasibility, sincex′ is the smallest number of cross-trained workers for which a

feasible policy can be found.

Thus, the solutionx = x′, f = 0, b = 0 is always optimal under the given cost

assumptions and the assumption thatx = Btotal, f = 0, b = 0 is Bl-feasible.

If the assumption of the feasibility of solutionx = Btotal, f = 0, b = 0 with respect to

the back room constraint is violated, then the optimal solution will consist of at leastFtotal

cross-trained workers, no specialized front room ones and possibly some number of back room

workers. Following the structure of the proof of the above claim, suppose we are given the

specialized-only (feasible) solutionx = 0, f = Ftotal, b = Btotal. We can substitute all of

the front room workers by cross-trained ones without violating feasibility. After this, we may

not be able to find a smaller-cost feasible solution by increasing the number of cross-trained

workers and decreasing the number of back room workers, since there may not exist a value
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of x that results in aBl-feasible policy. In this case, the optimal solution will havex ≥ Ftotal,

f = 0, and0 ≤ b ≤ Btotal.

Consequently, ifcx ≤ cf andcx ≤ cb, the problem may be solved by first checking the

feasibility of solutionx = Btotal, f = 0, b = 0 with respect to theBl constraint. Given this

configuration, if policy ˆ̂
K is Bl-feasible, then we can constrainf andb to be 0 and enumerate

the possible values ofx starting at 1 until a policy can be found for somex which satisfies

both constraints. In other words, we have to solve Berman et al.’s problemP2. Otherwise,

the method presented in Chapter 4 can be applied, with the constraintx ≤ Btotal + Ftotal − 1

substituted byx ≤ S, since it is possible for the optimal solution to consist of more than

Ftotal + Btotal cross-trained workers.

5.4.5 Cost Case 5:cx ≤ cb + cf and cx ≥ cf , cx ≥ cb

Consider now the cost case that was extensively studied in Chapter 4. Clearly, under the given

cost assumptions, hiring a cross-trained worker will be less expensive than hiring a pair of

specialized ones. However, if, in order to satisfy both constraints, we need more than one

cross-trained worker, it may be cheaper to hire some number of front and back room workers

instead. For example, ifcx = 7, cf = 5 and cb = 4, hiring a cross-trained worker is less

expensive than hiring a pair of specialized ones, but hiring3 front room workers and 1 back

room worker is less expensive than hiring 3 cross-trained workers. Therefore, in this case, it is

not clear what the optimal solution will look like. In fact, for these cost assumptions, there are

5 possibilities for the optimal solution:

1. x = x′, f = 0, b = 0 (only cross-trained workers),1 ≤ x′ ≤ S

For example, this will happen ifx′ is smaller thanFtotal + Btotal and there is no feasible

lower-cost solutionx = x′ − x′′, f = f ′, b = b′ with x′′ < f ′ + b′ (i.e. when hiring

more workers cannot result in a feasible smaller-cost solution, which could happen in the

above example with costscx = 7, cf = 5 andcb = 4).
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2. x = 0, f = Ftotal, b = Btotal (only specialized workers)

This will happen when all solutions of smaller cost withb < b′ are infeasible.

3. x = x′, f = f ′, b = 0 (no back room workers),f ′ ≤ Ftotal, x′ > 0

For example, this will happen if the expected number of required back room workers is

fractional, and both constraints can be satisfied by hiring some number of cross-trained

workers rather than by hiring pairs of specialized back roomand front room workers.

4. x = x′, f = 0, b = b′ (no front room workers),b′ ≤ Btotal, x′ > 0

For example, if, given some number of back room workers, there needs to be a worker

in the front room and another one in the back room for only a fraction of the time, then

it may be reasonable to hire a cross-trained worker instead of a pair of specialized ones.

5. x = x′, f = f ′, b = b′, b′ < Btotal, f ′ < Ftotal, x′ > 0

A solution of this kind may be optimal if the expected number of workers required in the

back room and front room is fractional.

Because the optimal solution in this case may take any of the five forms listed, it is also

harder to find than in the other cost cases. A detailed discussion of a method for solving this

problem has been presented in Chapter 4.

5.5 Cost Cases with the< K, b∗ >-Policy Formulation

The alternative policy definition provided in Section 5.2 implies that a cross-trained-only fea-

sible solution always exists. We can find such a solution by enumerating the value ofx starting

from x = 1 until the smallest possible value ofx is found that results in a feasible< K, b∗ >

policy. This value will be further referred to asXtotal, and any solution withf = 0 andb = 0

will be called the “cross-trained-only” solution. The mostimportant consequence of the change

in the policy formulation is thatXtotal becomes a lower bound on the total number of workers

in the facility, as stated in the following theorem.
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Theorem 5.5.1 (Lower Bound on the Total Number of Workers) In any (cost-) optimal so-

lution to Problem (5.2),f + b + x ≥ Xtotal.

Proof: [By Contradiction] Assume we have a solution to Problem (5.2) where

f = f ′, b = b′, x = x′ andf ′ + b′ + x′ < Xtotal (f ′, b′, x′ are non-negative integers). In

particular, assume thatf ′ + b′ + x′ = Xtotal − 1. Thus, in this solution, there arex′

cross-trained workers that are switched between the back room and the front room

according to some switching policy< K, b∗ >. This solution can be transformed into

an identical solution (in terms of the number of workers) as follows. Assume we have

Xtotal − 1 cross-trained workers: constrainf ′ of those workers to always be in the front

room, constrainb′ + b∗ of those workers to always be in the back room, and switch

x′ − b∗ of those workers according to policyK. We now have a solution to (5.2) in

whichx = Xtotal − 1, f = 0 andb = 0. Recall thatx = Xtotal, f = 0, b = 0 is the

lowest-cost cross-trained-only solution. Since the cost of a cross-trained worker is

greater than 0, we have a contradiction: our new solution haslower cost than that the

lowest-cost cross-trained-only solution. Therefore, theoptimal solution to problem

(5.2) without specialized workers,x = Xtotal, f = 0, b = 0 provides a lower bound on

the total number of workers required.

Three of the cost cases are unaffected by the change in policybut two are. Below, we

discuss the implications of the policy change on each of the cost cases in turn.

5.5.1 Cost Cases Affected by the Policy Change

Given the< K, b∗ > policy definition, it is always possible to replace some number of back

room workers in a feasible configuration by the same number ofcross-trained workers and

retain this configuration’s feasibility. This results in the following claims for Cost Cases 1 and

4. In both cases, the cost of the optimal solution will be smaller than, or equal to, the cost

of the optimal solution with theK-policy formulation. This is true becausecx ≤ cb and the
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number of cross-trained workers will, consequently, be higher in the optimal solution under the

< K, b∗ >-policy definition than under theK-policy definition.

5.5.1.1 Cost Case 1:cb > cx > cf

Proposition 5.5.1 If cb > cx > cf , then the optimal solution is always of the formx =

Btotal, f = f ′, b = 0, wheref ′ ≤ Ftotal andf ′ is the smallest integer that makes this solution

feasible.

Proof: We start with solutionx = 0, f = Ftotal, b = Btotal, which is feasible by definition,

and try to construct a smaller-cost feasible solution. Since cb > cx, substituting each of

theBtotal back room workers by cross-trained ones will result in a lower-cost (feasible)

solution. Since some of theBtotal cross-trained workers may help to satisfy the front

room constraint, the cost of the resulting solution can be further decreased by reducing

the number of front room workers. We therefore reducef until the smallest possible

value,f ′, that makes the solutionx = Btotal, f = f ′, b = 0 feasible for both constraints.

It is not possible to modify this solution further in order tolower its cost and still retain

its feasibility:x cannot be decreased because of the constraintb + x ≥ Btotal, f cannot

be decreased becausef ′ is the smallest value forf that makes this solution feasible, and

x cannot be increased to replace some specialized front room workers becausecx > cf .

Thus, the solutionx = Btotal, f = f ′, b = 0 is always optimal under the given cost

assumptions.

This problem can be solved quite easily by first constrainingx to equalBtotal, b to equal 0,

and then decreasing the value off , starting fromFtotal, until it is not possible to find a feasible

policy for the resulting combination of workers. The last value off for which a feasible policy

exists will be the required optimal value,f ′.

It can be seen that, in one way, the problem is easier to solve under these cost assumptions

when the new policy formulation is used. However, the searchspace of each sub-problem is
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now larger because policies with various values ofb∗ have to be examined.

5.5.1.2 Cost Case 4:cx ≤ cf and cx ≤ cb

Proposition 5.5.2 If cx ≤ cf andcx ≤ cb, thenx = Xtotal, f = 0, b = 0 is always optimal.

Proof: Suppose there exists a solution with better cost than the cost of solution

x = Xtotal, f = 0, b = 0. This lower-cost solution will have the form

x = Xtotal − x′, f = f ′, b = b′. Sincex + f + b ≥ Xtotal, Xtotal − x′ + f ′ + b′ ≥ Xtotal,

which implies that, in any feasible solution,f ′ + b′ ≥ x′. The cost of the new solution is

cx(Xtotal − x′) + cf(f
′) + cb(b

′)

= cx(Xtotal) − cx(x
′) + cf (f

′) + cb(b
′)

≥ cx(Xtotal)

because

cf(f
′) + cb(b

′) − cx(x
′) ≥ cf (f

′) + cb(b
′) − cx(f

′ + b′) = f ′(cf − cx) + b′(cb − cx),

which is≥ 0 due to the cost assumptions. (When equality holds, it is implied that there

may be other solutions with the same cost.)

Thus,x = Xtotal, f = 0, b = 0 is optimal for these cost assumptions.

With assumptionscx ≤ cf andcx ≤ cb, the problem can therefore be solved by finding the

value ofXtotal (in other words, by solving Berman et al.’s problemP2).

5.5.2 Cost Cases Unaffected by the Policy Change

Three of the cost cases are unaffected by the policy change:cf > cx > cb (Cost Case 2),

cx ≥ cf + cb (Cost Case 3), andcx ≤ cb + cf , cx ≥ cf , cx ≥ cb (Cost Case 5). This happens

because in all of them,cx > cb or cx ≥ cb is true, and so permanently assigning cross-trained

workers to the back room will never decrease the cost of a configuration. As a result,b∗ is
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always 0 in the optimal solution, and the problem reduces to finding a feasible policyK. An

important consequence of this observation is that the method proposed in Chapter 4 remains

valid with the more realistic policy definition.

5.6 Conclusions

In this chapter, we discuss the fact that the policy formulation of Berman et al. is not able to

represent a set of solutions that appear reasonable in practice. An alternative policy formulation

is presented which takes these solutions into account. It isshown that the cost assumptions for

the problem of finding the optimal staffing configuration in a retail facility with back room

and front room operations can be broken up into five categories. For each cost case, we prove

that the optimal solution will be of a particular form and give an idea of how this optimal

solution may be found. The form of the optimal solution in twoof the five cost cases is directly

affected by the policy definition used, while for the remaining three cases, the problem is

always reduced to finding a feasible policy as it was originally defined in Chapter 4. Since

Cost Case 5 is one of the cases unaffected by the policy definition, all of the material presented

in Chapter 4 remains valid for the more realistic policy definition.



Chapter 6

Conclusions and Future Work

In this final chapter, we summarize the work presented in previous chapters, re-state the major

contributions of this dissertation and present some possible directions for future work.

6.1 Summary and Contributions

6.1.1 Investigation of a Queueing Control Problem

In Chapter 3, we examined a queueing control problem which concerns a retail facility em-

ploying cross-trained workers. The retail facility has a front room, where customers arrive

according to a stochastic process, and a back room, where theamount of work is known in

advance. The goal of the problem is to determine a policy thatspecifies how to switch workers

between the two rooms so as to minimize expected customer waiting time while ensuring that

the expected number of workers in the back room is sufficient to complete all required tasks.

In previous work, this problem has only been solved heuristically.

6.1.1.1 Complete Methods for a Problem Previously Solved Only Heuristically

This dissertation presented several complete methods for solving the optimal switching policy

problem, all of which are based on constraint programming. The best pure constraint program-

142
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ming model is based on closed-form expressions of the probabilities that are necessary for the

calculation of the expected waiting time and the expected number of workers in the back room.

When combined with shaving, an inference method from the CP literature, this model was

able to prove optimality in 79.3% of instances that we experimented with. It also found the

best-known solution in 97.6% of all these instances. The proposed hybrid approach, based on a

combination of the best constraint programming model and the heuristic presented in the work

of Berman et al. [15], was shown to be just as effective in proving optimality as the best pure

CP method and to find good-quality solutions in a substantially shorter amount of time than

any of the pure CP methods.

6.1.1.2 Constraint Programming for a Queueing Control Problem

To our knowledge, no previous work exists which attempts to apply constraint programming

to queueing control optimization problems. In Chapter 3, we, firstly, proposed three con-

straint programming models for our queueing control problem of interest. By doing so, we

demonstrated that CP modelling techniques, such as the use of dual variables and redundant

constraints, are suitable for modelling queueing control optimization problems. Secondly, we

applied two specialized CP inference methods to our problem, one of which was shown to

be particularly effective. Thirdly, we experimentally demonstrated that our CP-based meth-

ods are able to find the optimal solution and prove its optimality in many problem instances

within a reasonable amount of time. Implementation of thesemethods used only the predefined

constraints available in standard CP solvers. Overall, Chapter 3 illustrated that constraint pro-

gramming may be used to model and solve optimization problems arising in the field of queue

control.
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6.1.2 Investigation of a Queueing Design and Control Problem

6.1.2.1 Extension of an Existing Problem and Its Analysis

In Chapter 4, we presented a realistic extension of an existing queueing design and control

problem. In particular, we considered a retail facility that can hire specialized, in addition to

cross-trained, workers. The goal of the problem is to determine the number of cross-trained

and specialized workers that should be hired so that the total staffing costs are minimized yet

service level constraints in both rooms are satisfied.

We provided, in Chapter 5, an analysis of the structure of theoptimal solution to this prob-

lem under different assumptions regarding the staffing costs of specialized and cross-trained

workers. More specifically, we proved that, in four of the fivepossible cost cases, the optimal

solution has a special form and can be found easily, while in order to solve instances in the

fifth case, a more sophisticated approach is necessary. Additionally, as part of this analysis,

we identified a weakness in the policy formulation proposed in previous work and suggested a

new policy formulation. We included a discussion of the implications of the policy definition

on the structure of the optimal solution to the problem.

6.1.2.2 Constraint Programming for a Queueing Design and Control Problem

We presented a method which uses logic-based Benders’ decomposition and constraint pro-

gramming for solving the optimal staff mix queueing design and control problem. The master

problem is a queueing design problem of identifying the lowest-cost staffing configuration,

and the sub-problem is a queueing control problem of finding afeasible control policy. In our

logic-based Benders’ decomposition approach, both are modelled and solved using constraint

programming. In our experiments, this method performed well over a wide range of problem

parameters, being able to find the optimal solution for most instances within a reasonable run-

time. Therefore, we demonstrated that constraint programming can be used to solve a problem

which deals with both optimal queue design and optimal queuecontrol.
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6.1.3 Integration of Constraint Programming and Queueing Theory

By showing that constraint programming can be a useful approach for queueing design and

control problems, we created a link between existing methodologies of constraint programming

and queueing theory. We also helped to broaden the scope of problems that can be solved

by constraint programming as well as extended the range of methods available for solving

queueing-based problems. More generally, we contributed to the recent work on the integration

of constraint programming and operations research techniques.

6.2 Future Work

Possible directions for future work include exploring extensions of the problems addressed in

the preceding chapters, investigating applications of constraint programming to other queueing

design and control problems from the literature, as well as addressing more general problems

which may be solved using combinations of methods from constraint programming and queue-

ing theory.

6.2.1 Further Work on Problems of Chapters 3 and 4

The first direction for further work is to continue the examination of our two problems of inter-

est. Such work may focus either on investigation of ideas that may help remedy the drawbacks

of our methods or on direct extensions of our problems.

6.2.1.1 Possible Improvements

In Chapter 3, we presented three constraint programming models for the problem of finding

the optimal times to switch cross-trained workers between two tasks (problemP1). However,

none of our methods were able to prove optimality in all our test instances. Thus, it would be

interesting to see whether these methods could be improved.In particular, in Section 3.6.1,

we observed that the reason for the lack of back-propagationin thePSumsmodel may be the
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complexity of the expression forL, or, more specifically, the fact that this expression contains

decision variables in exponents. We could therefore consider creating a model based on the

logarithms of probabilities rather than the probabilitiesthemselves. Such a model may allow

for more back-propagation and result in search being able tofind better solutions or prove that

none exist faster.

One may also attempt to reformulate the expressions for theβSum(ki) variables in the

Dual model in terms of thewj variables. If this is possible, one could consider removing

the ki variables from theDual model, which would require a substitute for the constraint

P (k0)
∑N

i=0 βSum(ki) = 1 to be derived. Since it appears that the reason for the relatively

poor performance of theDual is the large number of variables that have to be assigned at each

step of shaving, removing theki variables in an effective manner may lead to a better model.

We could also evaluate the effect of the redundant channelling constraint in theDual on this

model’s effectiveness.

Furthermore, one could experiment with various variable and value ordering heuristics. As

noted in the work of Smith [82], these may have a significant impact on the run-times of search.

A detailed examination of shaving procedures based on addition of constraints on the values

of two switching points as well as of possible combinations of these procedures with the ones

discussed in Section 3.3 could also be interesting.

Any improvements of the methods used to solve problemP1 resulting from the investigation

of these ideas would translate almost directly to the methodused for solving the sub-problem

of the problem of finding the optimal staff mix (discussed in Chapter 4). In order to try to

improve the performance of the overall Benders’ decomposition method for that problem, one

could attempt to derive stronger cuts (which would remove more infeasible staff configurations

from consideration in the master problem and therefore would decrease the overall number of

iterations) or to include some sort of a relaxation of the sub-problem in the master problem

(which would allow the master problem to find solutions that are more likely to lead to feasible

policies in the sub-problem).
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6.2.1.2 Extensions

Future work may also focus on a variety of extensions of both the problemP1 and the optimal

staff mix problem.

Variable Arrival or Service Rates One way to extend problemP1 is to consider the possi-

bility of controlling parameters of the queue which are currently assumed to be fixed, such as

the mean service rate,µ, or the mean arrival rate,λ.1

Firstly, suppose thatµ depends on the amount of training the workers receive and that the

training cost incurred by the facility per unit increase inµ can be estimated. We may then be

interested in finding the value ofµ which minimizes the expected training costs of the facility

subject to constraints requiring a policy to exist which ensures that all work in the back room

is performed and the customer waiting time is bounded from above.

Secondly, we can assume that we have some control over the arrival process. For example,

customers may have to pay money for service or in order to enter the facility. In this case,

setting the fee that the customer should be charged for service/entrance is equivalent to con-

trolling the arrival rate into the system. Given a function which relates the arrival rate and the

fee charged, it would be interesting to determine the optimal amount that the customers have to

pay so that the facility’s profit is maximized, and the service level constraints in both the back

room and the front room are met.

The structure of both of these problems appears to be well-suited to a Benders’ decomposi-

tion approach, such as the one proposed in Chapter 4: the master problem could determine the

service rate,µ, or the arrival rate,λ, while the sub-problem could determine whether a satisfy-

ing switching policy exists withN cross-trained workers having service rateµ, and assuming

an average arrival rate ofλ.

We may, similarly, consider an extension of the optimal staff mix problem in which we

have control over the service rates of specialized and cross-trained workers or over the arrival

1The idea of considering variable arrival and/or service rates was initially suggested by Dr. A. Azaron.
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rate. Other extensions involving the control of service or arrival rates may arise if our general

problem of switching servers between two job types is placedin another context (e.g. similar

problems can be found in computer science applications, as shown by the work of Palmer &

Mitrani [63] for example).

Switching Costs In problemP1, it is assumed that switches of workers between the two

rooms occur instantaneously and do not result in additionalcosts for the facility. In reality,

however, switches may take time (e.g. workers may require time to re-adjust to the new type of

work) or may incur cost (e.g. customers may be lost while a switch is occurring), depending on

the particular environment in which the problem arises. This aspect of the problem is important,

since, for example, frequent switches that take a long time may imply that the waiting time of

customers is greater than estimated, or that significant costs are incurred due to lost customers.

The problems considered in this dissertation could therefore be extended by the addition of

switching cost (or switching time).

One way to incorporate this aspect into the problems is to determine the frequency of

switches from the steady-state probabilities [13]. Recallthat a switching policy(k0, k1, . . . , kN)

is defined in terms of switching pointski, i = 0, ..., N , so that there arei workers in the front

room whenever there are betweenki−1 + 1 andki customers in the front room. Given this

definition, it can be seen that switches to the front room occur when there areki customers

in the front room, and an additional customer arrives. Similarly, switches to the back room

occur when there areki + 1 customers, and a customer gets served and leaves. Therefore, the

expected frequency of switches is the product of the long-run proportion of time when the sys-

tem is in a state when a switch is possible, and the rate at which arrivals (or departures) occur

when the system is in such a state. Letffront represent the expected frequency of switches to

the front room andfback represent the expected frequency of switches to the back room. These

quantities can then be expressed as

ffront =

N−1
∑

i=0

λP (ki) = λ

N−1
∑

i=0

P (ki)
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and

fback =

N−1
∑

i=0

(i + 1)µP (ki + 1) = µ

N−1
∑

i=0

(i + 1)P (ki + 1).

In the long-run, the expected frequency of switches to the back room and the expected fre-

quency of switches to the front room should be equal. Thus, wewill further denote the ex-

pected frequency byf and assume that it is calculated using the formula forffront (using the

formula forfback should yield equivalent results).

Given this calculation of expected switching frequency, a constraint may be added to the

problem requiring it to be smaller than some upper bound, thevalue of which will depend on

the particular environment being modelled. Alternatively, one may be able to estimate the cost

incurred per switch (either monetary or in terms of time), say t, and place a constraint on the

expected cost of switching,f×t, or incorporate this expected cost into the objective function. It

should not be difficult to incorporate switching costs into our constraint programming models

since only a new constraint or a new term in the objective function would be added. If a

new constraint is added, it would have to be temporarily removed prior to the use of shaving

procedures so as to ensure that these procedures would not make any incorrect inferences.

Other modifications to the shaving algorithms may also be necessary.

The problem of finding the optimal number of cross-trained workers (Berman et al.’sP2)

and the problem of finding the optimal staff mix could also be extended by the incorporation of

switching costs. In the optimal staff configuration problem, this could lead to more instances

having the specialized-only solution as optimal, since specialized workers cannot incur any

switching cost.

Minimization of Blocking Probability The system being modelled in problemP1 has a

fixed capacity,S, which means that customers who arrive when there are already S customers

in the front room leave without getting served. The number ofcustomers turned away may,

in fact, be an even more important measure of the service quality of the facility than expected

customer waiting time, since, if a large number of customersis turned away, the reputation
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of the facility will drop, and it will be much less successful.2 Thus, it may be interesting to

investigate the problem of minimizing the probability of blocking subject to back room and

front room constraints. Alternatively, a constraint couldbe included in the problem bounding

this probability. Such a constraint could also be added to the sub-problem of the optimal staff

mix problem.

Other Policies Clearly, the formulation of problemP1 is based on a particular policy defini-

tion. Other policy types, such as one that is defined by two vectors, one stating when to switch

workers to the front room and one stating when to switch them to the back room, are possible.

An important direction for future work is to determine, theoretically, the optimal policy type

for this problem [15] and then to create a model for optimizing the parameters of this policy.

Of particular interest is the question of whether constraint programming would be able to solve

the problem given a different (optimal or sub-optimal) policy type.

Considering a different policy formulation in the optimal staff configuration problem would

change the structure of the sub-problem and, possibly, the way in which the sub-problem would

be solved. However, the idea of Benders’ decomposition for solving the overall problem would

still be applicable. A different policy formulation could have an effect on the optimal staff

mix, however, since the existence of a feasible policy in oneparticular policy class does not

guarantee the existence of a policy respecting both back room and front room constraints in a

different one.

Stochastic Back Room Work Another direct extension of problemP1 is to suppose that

back room work is also generated by a stochastic process.3 We could then consider minimizing

the expected waiting time of customers in the front room subject to a constraint ensuring that

the expected “waiting time” of requests or the expected timeof completion of tasks in the back

room is bounded from above. Alternatively, one may want to minimize the latter quantity while

2These ideas have been suggested by Dr. S. A. Tarim.
3This idea has been suggested by Dr. K. N. Brown.
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satisfying a constraint on the expected customer waiting time in the front room. Note that the

resulting problem would be similar to the problem considered by Berman & Sapna-Isotupa

[14], where the amount of work in the back room is assumed to becorrelated with the amount

of work in the front room.

In the case of the staff mix problem, stochastic back room work could be taken into account

in the sub-problem by replacing the back room constraint with a constraint requiring expected

waiting time of back room requests to be bounded from above.

Different Service Rates One of the main assumptions in the problem of finding the optimal

staff mix is that all workers are equally skilled in performing work in both rooms. In reality,

such an assumption may not hold, and specialized front room workers may have a higher rate

of service in the front room than cross-trained workers. Thus, it is interesting to consider the

same problem of finding the optimal staff mix, but with workers of different productivity. The

simplest way to incorporate this aspect into the model is to assume that specialized front room

workers have service rateµf , and cross-trained workers have service rateµx. The balance

equations of the sub-problem would then have to be appropriately reformulated. Also, such as-

sumptions imply that policŷK directly depends on the number of specialized and cross-trained

workers, not just the total number of workers in the front room as implied in Section 5.4.2. As

a result, many of the proofs stated in Chapter 5 would requiresignificant modifications.

One could also assume that each cross-trained worker has a different service rate, which

would result in extensions to both the switching policy problem and the optimal staff mix

problem. However, the resulting problem could become very complicated since one would

have to know, each time a switch occurs, what the service rateof the switched worker is.

Other Extensions More complex problems could be created by combining the extensions

proposed above. For example, we may consider incorporatingboth switching costs and variable

service rates, or both the idea of stochastic back room work and switching costs, into either of

our problems. It would be interesting to investigate whether such problems are practical and
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whether constraint programming could be used to solve them.

6.2.2 Constraint Programming for Other Queueing Design andControl

Problems

A related direction for future work is to determine the extent of the applicability of constraint

programming to other queueing design and control problems.This direction can be explored

by trying to apply constraint programming to the fundamental problems in queueing design

and control4 as well as to problems which are more complex than the ones considered in this

dissertation.

6.2.2.1 Fundamental Problems

In Section 2.2, some of the fundamental queueing design and control literature has been dis-

cussed. Many of these papers give rise to numerical optimization questions which one may

attempt to solve using constraint programming.

For example, it would be interesting to examine the applicability of CP to the design prob-

lems discussed by Hillier [46], in which either the optimal number of servers, the optimal

service rate or the optimal arrival rate has to be determined. One concern with these problems

is the small number of decision variables, which may make theuse of CP to solve them un-

reasonable. However, an analysis of these problems may still prove useful because this would

allow us to identify general patterns in the structure of queueing design models. These patterns

could then be used for the creation of a global constraint that could be helpful in more complex

problems involving queueing. For example, both the problems presented in this dissertation

and the problems addressed by Hillier [46] contain expressions which are sums over a vector

of variables in which the number of terms is also a variable (e.g. Equation (2.8)). These are

hard to implement using pre-defined constraints of CP solvers, and so creating a global con-

4This direction has been suggested by Dr. J. Bookbinder.
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straint together with an effective propagation algorithm may be worthwhile, especially if many

queueing-based problems contain such expressions.

A similar situation arises with fundamental queueing control problems. Frequently, poli-

cies are defined by either one or two parameters [44, 60, 70], making resulting numerical

optimization questions rather trivial. However, these problems may also serve as the starting

point for the development of global constraints. An interesting fundamental queueing control

paper which discusses a policy type defined by more than two parameters is that of Yadin &

Naor [102]. In fact, it is stated that numerical optimization of its parameters is difficult, and

no method for doing so is suggested. One may therefore attempt to find out whether constraint

programming could be useful for solving this problem.

6.2.2.2 More Complex Problems

A complementary direction is to examine problems which havea more complicated structure

than the ones addressed in this dissertation.

A starting point in this direction could be the work of Berman& Larson [13], who study

the problem of switching workers between two rooms in a retail facility where the customers

in the front room are divided into two categories, those “shopping” in the store and those at the

checkout. Clearly, when there are many customers shopping in the store, it can be expected

that the number of customers in the checkout queues will soonincrease. Thus, the policy of

assigning workers to serve customers at the checkout shoulddepend on the total number of

customers in the store (both the shoppers and the people at check-out). A policy therefore

determines the number of workers in the front room dependingon the number of customers in

the checkout queue, the number of customers in the store but not at checkout, and the amount

of work in the back room. In addition, switching time is explicitly taken into account. It would

be interesting to investigate whether constraint programming can be successfully applied to

this problem, especially since it is solved only heuristically by Berman & Sapna-Isotupa [13].

However, the balance equations are more complex in this problem, and it may be hard to
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formulate them in a constraint programming model in a way that would ensure that unique

values are assigned to the probability variables.

Bookbinder [17] addresses another practical problem basedon queueing theory and involv-

ing the concept of switching.5 The problem concerns the scheduling of airplane landings and

take-offs on a single runway, which can be viewed as a queueing problem in which the runway

“serves” two types of customers. Due to safety regulations,the time between a take-off and a

landing is usually greater than the time between two take-offs or two landings. It is therefore

necessary to find the optimal times to switch from serving landings to serving take-offs, and

vice versa, so as to minimize the expected waiting time in both queues. This paper does not

address the exact problem of finding an optimal policy, but itdoes present the balance equa-

tions necessary for constructing an optimization problem.Due to the similarity of this problem

to the problems studied in this dissertation, it is possiblethat it could be effectively solved by

constraint programming.

Elements of queueing design and control problems also arisein application areas such as

computers and communication systems [1, 63, 64], storage area network and recovery systems

[52], health care [39] and other areas [42, 87]. It could be interesting to address design and

control problems from these application areas using CP.

Another extension of our work would be to apply constraint programming to optimization

problems that are based on queueing networks. A queueing network consists of nodes which

represent “service stations”, which may be composed of one or several servers and have a

buffer (queue) of either a finite or infinite size. A customer (or a job) usually has to be served

at several service stations in sequence. Similarly to the queueing design and control problems

discussed in the literature review chapter, the controllable parameters of a queueing network

may be the arrival rate of jobs (into the network or to each service station), the service rates of

servers at different nodes, the number of servers, and others [86]. The objective may be, for

example, to minimize the time spent by each job in the system.Some problems dealing with

5The similarity between this problem and problemP1 has been suggested by Dr. J. Bookbinder.
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the control of service rates and/or arrival rates in queueing networks have been addressed by

Azaron & Ghomi [2] and Azaron et al. [3]. Examination of theseproblems as well as of others

from the area of queueing networks may result in the development of further links between

queueing theory and constraint programming.

6.2.3 Further Integration of Queueing Theory and Constraint Program-

ming

It would be interesting to investigate the applicability ofCP to problems which are not strictly

queueing design and control problems, but in which queueingtheory is used for modelling

part of a more complex structure. Such problems may arise in scheduling, for example. These

usually involve scheduling jobs on a set of machines, and queueing theory may play a role if

we assume that some jobs arrive according to a stochastic process, or job durations are uncer-

tain. One practical problem with such characteristics is that of scheduling operating rooms.

More specifically, operating rooms have to deal with both emergency cases and pre-scheduled

surgeries. Minimizing expected waiting time of patients and maximizing utilization are two

very important optimization questions arising in this context. In fact, given the vast amount

of literature that applies queueing theory to problems fromthe health care sector [66], it may

be possible to find other interesting problems based on queueing theory for which constraint

programming may be useful. Complex problems based on queueing theory also arise in call

centers [53], communication networks [68] as well as computer science applications [88, 89].

6.3 Conclusions

The central thesis of this dissertation is that constraint programming can be effective in solving

queueing design and control optimization problems. We demonstrated this thesis by providing

constraint programming-based methods for a queueing control problem from the literature and

for an extension of this problem which deals with both queue design and control. We showed
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that these methods perform well on a variety of problem instances. To our knowledge, this is

the first work that has attempted to integrate the methodologies of constraint programming and

queueing theory. In future work, the synthesis of these two distinct research areas may provide

a framework for solving complex problems that could not be effectively addressed by either of

these fields separately.
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