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Abstract We develop optimization approaches to the graph-clear problem, a
pursuit-evasion problem where mobile robots must clear a facility of intrud-
ers. The objective is to minimize the number of robots required. We contribute
new formal results on progressive and contiguous assumptions and their impact
on algorithm completeness. We present mixed-integer linear programming and
constraint programming models, as well as new heuristic variants for the prob-
lem, comparing them to previously proposed heuristics. Our empirical work
indicates that our heuristic variants improve on those from the literature, that
constraint programming finds better solutions than the heuristics in run-times
reasonable for the application, and that mixed-integer linear programming is
superior for proving optimality. Given their performance and the appeal of
the model-and-solve framework, we conclude that the proposed optimization
methods are currently the most suitable for the graph-clear problem.
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1 Introduction

The application of autonomous multi-robot systems (MRS) to real-world prob-
lems has recently received significant attention in academia and industry.
One such application area is intelligent security systems, where the use of
autonomous MRS has been proposed to provide facility security and monitor-
ing [I8]23]. In addition to the development of physical robots, there has been
simultaneous investigation into algorithms for multi-robot surveillance [19],
concerning how an intelligent security system can be used to efficiently search
complex environments for intruders. A classic problem in this area, the pursuit-
evasion problem [20] has intruders actively trying to evade being detected by
the searchers. Since this initial work, there have been numerous variants in-
troduced, adding characteristics to further refine the problem definition to
accurately represent real-world restrictions associated with mobile MRS.

We investigate the graph-clear problem (GCP), a previously proposed
pursuit-evasion variant which models the problem of removing multiple intrud-
ers from an environment as an A'P-hard graph theoretic problem [I1]. The
goal is to find a schedule that minimizes the total number of robots needed
to “clear” possible intruders from a given facility, represented as a graph.
The graph is a discretization of the real-world environment, representing a
floor plan, where the clearing operations occur [12]; a graph and correspond-
ing environment for an example instance is illustrated in Figure [T} To clear
the graph, the team of robots execute sweep and block actions on nodes and
edges, respectively. Sweep actions remove intruders from contaminated nodes
(regions potentially containing intruders) and block actions prevent intruders
from traveling between nodes. The execution of these actions may require mul-
tiple robots, represented on the graph with node and edge weights. During the
sweeping of a node, all of the edges that connect it to other nodes must be
blocked in order to prevent recontamination by potential intruders re-entering
a node. A solution to the GCP is a schedule of sweep and block actions that
detects all potential intruders in the facility (i.e., “clears” the facility) while
minimizing the number of robots required. A solution that prevents recontam-
ination and, therefore, removes the need to sweep a node more than once, is
called progressive. Solutions such that cleared vertices at each time step form a
connected subgraph are termed contiguous. Existing approaches for the GCP
are custom heuristics that produce a single solution, the quality of which is
only known w.r.t. static, separately derived bounds.

In this paper we: (i) provide new formal results on the impact of progres-
sive and contiguous assumptions on algorithm completeness, (ii) develop and
empirically evaluate mized-integer linear programming (MILP) and constraint
programming (CP) models for the GCP, and (iii) propose novel variations of
existing heuristics. The MILP and CP techniques employ branch-and-bound
search and benefit from the model-and-solve paradigm. Once the problem has
been expressed in either formalism, high-powered solvers are used to find a
series of improving solutions while enhancing bounds throughout the search.
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Fig. 1 A GCP instance (graph and floor plan adapted from [I4]), its weighted graph (left)
and corresponding facility floor plan (right); node and edge weights indicate the number of
robots required to sweep and block those elements, respectively.

Alternative problem variations can be represented with adjustments to the
model and do not require newly customized algorithms.

The remainder of the paper is structured as follows: Section [2| formally
defines the GCP while Section [3] identifies related work. Section [] presents
new formal results related to progressive and contiguous solution assumptions
and Section [5| presents both exact and heuristic techniques for solving the
GCP. Section [0] presents an empirical evaluation of the methods and Section
[7 provides concluding remarks and directions for future research.

2 Problem Definition

A GCP instance is defined as an undirected weighted graph G = (V, E, a,b)
where a : V — NT and b : E — NT are weights over the nodes, v € V, and
edges, e € E, respectively. Nodes and edges can be either clear or contami-
nated. A node or edge is clear when it is known with certainty that it does
not contain an intruder, otherwise it is considered contaminated. The robot
team can sweep nodes and block edges to clear the environment. Weight a,
represents the number of robots required to sweep a node v € V', while weight
b. indicates the number of robots needed to block an edge e € E. As before, a
solution to the GCP is a schedule of sweep and block actions that detects all
intruders, and thus clears the environment.

As originally presented [I1], clearing a node requires the robot team to
perform a sweep action on that node while blocking all incident edges. This
requirement is driven by the sweep patterns that can be implemented by real-
world robots using physical sensors, often with limited (finite) detection capa-
bilities. Figure [2] illustrates a sweep pattern of a region swept by two robots.
Blocking all incident edges during a sweep action prevents: (i) the node cur-
rently being swept from becoming immediately recontaminated from another
contaminated region (Figure and (ii) an intruder within the region being
swept from escaping into a previously cleared region (Figure . As before,
progressive solutions do not allow recontamination (and, therefore, do not re-
quire a node to ever be re-swept) and the cleared nodes in contiguous solutions
form connected subgraphs at each step.
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Fig. 2 Sweep patterns: Blocking incident edges during sweeping of node d to avoid im-
mediate recontamination. Intruders represented by black squares and robots by triangles.
Movement patterns of intruder and sweeping robots denoted with dotted lines.
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Fig. 3 A GCP problem instance and five-step solution of cost 10 (incurred in step 3).
Cleared nodes are blue, cleared edges are dotted, and each individual robot is represented
by a triangle.

Ezample We illustrate a GCP instance and solution in Figure [3] where the
environment is cleared in five steps using a team size of 10 robots. A total of
five robots are needed to perform step 1 (two for sweeping node a and three
for blocking edges connected to node a, as in Figure . Step 2 requires six
robots: two to sweep node d, two to prevent intruders from escaping from node
d to node a, one to prevent intruders from entering node d from node e and
one to prevent intruders from entering node a from node b (Figure . The
cost of the solution, 10 robots, corresponds to the number of robots at the
third step: the maximum number of robots used over all steps. This solution,
expressed as X = (a,d, b, ¢, e), is progressive since no recontamination occurs,
and contiguous as cleared nodes form connected subgraphs at all steps.



Optimization Models for the Mobile Robot Graph-Clear Problem 5

2.1 Formal Definitions and Notation

To compactly express our formal results and optimization models, we introduce
additional notation. Let 7 represent the set of discretized steps. For each step
t € 7, let oy represent the node swept, B; the set of edges blocked, C; the set of
clear nodes, and D; the set of clear edges. A solution to a GCP instance is then
a sequence of tuples IT; = (mg, m1,...,7|;) where m; = (¢, By, Ct, Dy) for all
t € 7. Formally, a node or edge is clear at step ¢ € 7, iff it belongs to the set C
or Dy, respectively. Otherwise, it is contaminated. At ¢t = 0, mo = (0,0,0,0).
For a given step t € 7, the following actions can be performed: (i) a node
v €V is swept iff oy = v; (i) an edge e € E is blocked at iff e € B,.

Let path(z,y) be a finite sequence of incident nodes and edges without
repetition starting from z € V U E and ending at y € V' U EEI An open path
(also called recontamination path), opath(z,y), is a path from =z € VU FE to
y € V U E that does not contain any blocked edges. The state of the edges
and nodes evolve according to the following formal definitions.

Clearing an Edge An edge e € E is clear at step t € 7 (i.e., e € Dy) iff either
(i) it is blocked at t or (ii) it is clear at ¢ — 1 and all open paths at step ¢
containing e do not contain contaminated nodes or edges. That is,

ec D, e € B;
V (e € Dy—1 AVopath(v',e) :v' € Cy A Yopath(€',e) : € € Dy).

Clearing o Node A node v € V is clear at step t € 7 (i.e., v € Cy) iff either
(i) it is clear at ¢t — 1, and all open paths at step ¢ containing v do not contain
contaminated nodes or edges or (ii) it is swept at step ¢ and all its adjacent
edges, denoted by 6(v), are blocked. That is,

vECye(ve iy A Yopath(v',v) 10" € Cy A Vopath(e',v) : €' € Dy)
V(og=v A Ye€d(v):e€ By).

Solution Cost, Feasibility, and Optimality A solution II; is feasible iff there
exists a ¢t € 7 such that C; =V and D; = FE (i.e., all nodes and edges are clear
at some step t). The cost of the solution is defined as z(I1,) = maxe, {z(m)},
where 2(m;) = ag, + ) .cp, be is the cost at step ¢t € 7. An optimal solution
IT. minimizes z(II;) while remaining feasible.

2.2 Assumptions

We make the following assumptions in this paper:

1. Solutions are progressive (i.e., recontamination is not permitted).

1 The definition of path used in the graph-clear literature is a generalization of the classical
definition in that it is permitted to start or end on an edge.
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2. A single node, v € V, is swept at each step, t € T.
3. No extra edges are blocked beyond those to assure no recontamination.

Enforcing no more than a single sweep at a time (Assumption 2) preserves
algorithm completeness [I4]. It can be seen that single node sweeping and
minimal edge blocking (Assumption 3) preserve completeness when assuming
progressiveness. Somewhat surprisingly, the impact of the first assumption on
completeness remains an open question in the general case, perhaps due to the
unusual objective function as compared with more standard graph problems.

Under these assumptions, it is sufficient to define a solution in terms of the
node swept at each step. As such, the graph will be cleared in exactly |V steps.
The set of blocked edges at step ¢t € 7 follows directly from the node swept at
that step. Following Kolling and Carpin [14], we define §(X), with X C V, as
the subset of edges with a node in X and a node in V' \ X. When sweeping
a single node v € V at step t, the set of edges preventing recontamination is
0(Ci—1) Ud(v) (i.e., edges incident to v, §(v), and all edges between C;_; and

V\ Ci—1).
It follows that, under these conditions, a solution can be expressed as a
sequence of nodes ¥ = (oy,...,0,) where n = |V|. The cost in each step

te{1,...,n}, z(ot), and the cost of the solution, z(X'), are given by:

2(01) = ag, + > be , 2(2)= max {z(op)}. (1)

e€§(Cr—1)Ud(0¢) te{l,..,n}

3 Related Work

As a multi-agent search for adversarial targets in a discrete, finite environ-
ment [4], the GCP is a pursuit-evasion problem variant. In the GCP, the search,
or pursuit, is performed under a worst-case assumption on target (intruder)
motiorﬂ and a finite range, perfect detection assumption on agent (pursuer)
detection capabilities. Given the large body of pursuit-evasion literature, we
limit our review to the works that directly apply to the GCP. The study of
these problems is important for the development of intelligent security sys-
tems, which have been proposed to provide facility security and monitoring
[18.23] using autonomous multi-robot teams.

The GCP was first investigated in the context of a graph theoretic problem
dubbed weighted graph clearing [10]. The problem permits node recontamina-
tion, simultaneous sweeping of multiple nodes, and non-contiguous solutions.
In this previous work, an algorithm is presented that reduces the problem
graph into a tree and implements a heuristic tree-clearing strategy with a sin-
gle node swept at each step [I0]. The reduction is achieved by calculating a
minimum spanning tree (MST) and then blocking all other edges such that
only the MST remains (carrying the cost of this blocking as a constant). The
work was then extended with the official coining of the term “graph-clear” and

2 The distinction between single vs. multiple targets makes no difference in our context.
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an initial claim that the GCP, for the general case of graphs, is an NP-hard
problem. The authors also present a contiguous version of the heuristic clear-
ing algorithm for trees [I1] with a single node swept at each step, inspired by
the graph searching literature [I].

More recent work demonstrated that a hybrid heuristic, using a combi-
nation of contiguous and non-contiguous clearing strategies on greedily de-
termined partitions, outperforms both of the standalone heuristic methods
[13]. Full details were included formally demonstrating that, for the general
case of graphs, the GCP is N'P-hard, and an O(n?)-time algorithm for trees
with n nodes was developed under the contiguous solution assumption [14].
Supplementary formal work showed that, for any graph, multi-node sweeping
provides no advantage, and when the graph is a tree and contiguity is enforced,
the progressive assumption does not decrease solution quality, a result that is
also conjectured to hold for general graphs [I4].

As noted in these previous works, the definition of the GCP has strong roots
in edge and node search problems [5[9,20]. These problems involve finding
a pursuer strategy that will guarantee finding the intruders under a perfect
detection assumption. The main difference between edge and node search and
the GCP resides in the actions available to the pursuers. In the GCP, pursuers
can perform sweep and block actions, while node and edge search involves
sliding along or barring both sides of an edge. Sweeping and blocking are more
practical assumptions for mobile robotics [14], making the GCP abstraction
closer to real-world problems.

Optimization-based techniques, namely MILP and CP, have been previ-
ously proposed for problems involving multi-robot teams [3,[16]. With regards
to the GCP, MILP has been recently applied to the problem of minimizing
the execution time of a given graph-clearing solution [22] without increasing
the robot fleet size, a different problem than that studied in this WorkEI To
our knowledge, MILP and CP has not been previously proposed to find a
graph-clearing schedule.

Model checking was also proposed for solving pursuit-evasion problems
in a paper that features a graph-clear model and a weighted edge-searching
model [2I]. The approach involves running the model checker multiple times,
increasing a fixed upper bound on the objective value each time. The solution
is optimal when the model checker proves a bound to be feasible. The perfor-
mance of the approach is demonstrated on a single instance with five nodes
and five edges, which is solved in less than a second. The paper presents no
empirical evidence of how the approach scales to larger graphs.

4 Formal Results

In this section we present new formal results for two of the most common GCP
assumptions: progressiveness and contiguity.

3 In this paper we consider only the GCP that minimizes the number of robots used.
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4.1 Progressive Solutions

We provide new results to support our first assumption regarding solution
progressiveness. To achieve this, we show that two specific recontamination
types, if permitted to occur, would not improve the quality of a solution.

Consider a GCP instance G = (V, E,a,b) and a feasible solution IT,. For
a given step t € 7, consider the subgraph induced by Cy, and let Ci(v) be
the connected component of the subgraph that includes node v € C;. We say
that [T, allows recontamination at step t if it has a recontamination edge (i.e.,
there exists an e = {u,v} € §(C;_1) U d(oy) with v € Cy;_1 and e ¢ By).

We define three types of recontamination that together define all possi-
ble cases. The recontamination is complete if, for each recontamination edge
e = {u, v}, all nodes in C;_1(v) are recontaminated. The recontamination is
partial if a subset of C;_; (v) is contaminated (i.e., a subset of edges in Cy_1(v)
is blocked). Lastly, the recontamination is single-node if only one node is re-
contaminated at step t.

Proposition 1 Consider a GCP instance G = (V, E,a,b) and a feasible so-
lution I, = (my,...,m ) with 7y = (04, By, Cy, Dy). Let all recontaminations
be complete. Then, there exists a progressive feasible solution X = (o7,...,00)
such that z(X) < z(I1,).

Proof First, consider that IT. has exactly one complete recontamination and it
occurs at step t. Consider R; as the set of nodes recontaminated at step ¢ (i.e.,
R; C Ci—1 and Ry C V\Cy). Since I1, is feasible, all nodes in R; are swept
again after step t. Consider X' = (¢}, ...,0},) that follows the sweeping order
of II; but omits clearing the nodes in R; before ¢, which is a feasible solution.
Since the recontamination is complete, nodes in R; are not connected to the
nodes in C;_1\R;. Hence, the cost of clearing nodes inside C;_1\ R; in solution
2/ is less than or equal to their clearing cost in II,. By construction, all nodes
not in C;_1\R; have the same cost in both solutions, and so z(X) < z(II,).
We extend the proof to consider any number of recontaminations. For each
recontamination step ¢, construct a new strategy that omits step ¢ as describe
above. Since the solution cost is maintained or reduced every time we remove
a recontamination step, the resulting solution X' satisfies z(X) < z(I1;). O

Proposition 2 Consider a GCP instance G = (V, E,a,b) and a feasible solu-
tion Il = (my,...,m ;) with 7p = (01, By, Cy, Dy). Let all recontaminations be
single-node. Then, there exists a progressive feasible solution X = (o}, ..., 0%,)

such that z(X) < z(I1,).

Proof Without loss of generality, consider that I1. has exactly one single-node
recontamination at step ¢ (i.e., || = n+1). As in Proposition[I] the proof can
be extended to consider multiple single-node recontamination.

Let v be the node recontaminated at step ¢, ¢’ < t the step when v was
first swept, and " > t the step where v is swept again. Consider 6°(v) as the
set of edges incident to v that were blocked at step t, and §"(v) be the set of
recontamination edges (i.e., 6(v) = 6°(v) U 6" (v)).
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Fig. 4 A graph where enforcing contiguity prunes all optimal solutions.

Consider the case where 3 su,)be = D s be and X' = (01,...,07,)
is a progressive solution which follows the clearing order of I, and avoids
recontamination at step ¢ (i.e., o, = oy for k < ¢ and o0}, = op4q for t” <
k < n). By construction we have that z(c},) = z(my) for all k < ¢t and z(0},) =
z(m1) for all ” < k < n. Due to the edge cost assumption we get z(o},) <
z(my) for all t < k < t”. Therefore, 2(X) < z(II;).

Now consider 3 csu(,)be < Dccsr(y) be and a progressive solution X' =
(01,...,00) with o}, = oy for k < t' and 0}, = o041 for t’ < k < n (ie,
avoid sweeping v at step ¢'). By construction, z(o},) = z(m) for all k < ¢ and
z(0},) = z(m41) for all k > ¢. Since the edge cost assumption guarantees that
z(oy,) < z(my) for t' < k < t, we have that z(X) < z(II;). O

Proposition |1| and Proposition [2[ show that neither complete nor single-
node recontamination steps can improve solution quality. It remains to prove
the case of a partial recontamination. We can extend Proposition 2] to consider
partial recontamination iff the recontaminated nodes are swept in a sequence
both before and after the recontamination occurs. With this consideration,
we can then treat the recontaminated nodes as single-node cases. While the
general case remains open, we conjecture that the progressive assumption does
not sacrifice the completeness of the algorithm.

4.2 Contiguous Solutions

We now restrict our focus to progressive and contiguous solutions, which have
received particular attention in the literature [I5]. Given a graph G = (V. E)
and a feasible progressive solution X' = (01, ...,0,), we say that X' is contigu-
ous iff 6(oy) Nd({o1,...,00-1}) # 0 for all 1 < ¢t < n (i.e., the set of clear
nodes at each step forms a connected subgraph).

To our knowledge, no previous work has shown the impact of enforcing
contiguity. We provide a proof through a counter-example that enforcing con-
tiguity may remove all optimal solutions. Consider the graph shown in Figure
The optimal contiguous solution is X = (a,e, b, ¢,d) with cost z(X¢) = 28.
However, the optimal solution is X' = (c,a,e,b,d), which is not contiguous,
and has a cost z(X) = 23.

Complete graphs and paths are structures where enforcing contiguity
preserves optimality. Also, any graph with a node v € V satisfying a, +
Deesw) be = aw + 3 cpbe, for all v € V\{v} will not lose optimal solutions
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with contiguity constraints. Since such graphs have a node v that dominates
all the rest w.r.t. cost, any solution that initially clears v is optimal.

5 Exact and Heuristic Methods

This section presents exact and heuristic methods to solve the GCP. We pro-
pose one MILP and two CP formulations of the problem. In addition, we
provide novel variations for a set of heuristics in the literature [11].

We use the following notation in our MILP and CP models. Variable sets
are in upper-case italic font and the indices are in square brackets (e.g., the
ith variable of VAR is VARJ[i]). We use H = {1,...,n} as the set of steps.

The objective function in each model is given by variable Z, which has in-
teger or continuous domain depending on the solver. Variable Z is bounded by
Z =1and Z = max,ey{a,} + > ec be which are, respectively, the minimum
and maximum number of robots needed to clear any graph. A tighter upper
bound can be found solving a weighted maximum cut problem, which is NP-
hard in the general case [7]. Therefore, we refrained from further tightening
the domain of Z.

5.1 Mixed-Integer Linear Programming Model
Our MILP model uses variable X[i,t] to indicate whether or not node ¢ € V

is cleared at step t € H, and Y[i, j, ] to indicate if edge {i,j} € F is blocked
at step t € H. Continuous variable Z represents the objective function.

min Z (MILP)
st. 2>y aX[i,]]+ Y bujy Y[ (2)
i€V {i,j}€E
7> ai (X[i,t] - X[i,t - 1])
eV
+ ) by Vi git] vte H\{1} (3)
{i,j}eE
> Xt =t Vie H (4)
i€V
X[i,t] < X[i,t +1] Vi€V, Vt€ H\{n} (5)
X[i,t] — X[j,t] < Y[i, j,1] v{i,jle E,tc H (6)
X[j,t] — X[i,t] < Y[i,j,1] v{i,jeE, te H (7)
X[i,t] — X[i,t — 1] < Y[i, j,1] V{i,j} € E, te H\{1} (8)
X[i,t] € {0,1} VieV,te H (9)
Yi, j,t] € {0,1} V{i,j} € E, t € H (10)
Z<7Z<7Z,ZecR" (11)



Optimization Models for the Mobile Robot Graph-Clear Problem 11

Constraint represents the minimum number of robots needed to clear
the node in the first step. Constraint provides a lower bound on the neces-
sary robots to clear a node in a progressive strategy (i.e., it implies equation
(1)). Constraint enforces that ¢ nodes are cleared by step t. Constraint
(b)) enforces no recontamination (i.e., a node stays cleared after being swept).
Similarly, constraints (@ and enforce no recontamination on edges. Con-
straint (8)) models the blocking of all incident edges for a node swept at step
t. Lastly, constraints @ to express the domains of the variables.

5.2 Constraint Programming Models

We develop two CP models for the GCP. The first model, CPS, represents
the sequence of swept nodes as variables (i.e., the ' variable represents the
node swept at position ¢ in the sequence). The second model, CPN, uses one
variable per node on the graph indicating the step at which the node is swept.

5.2.1 Sequence-based CP Model (CPS)

Consider W|t] € V to be a decision variable indicating the node swept at step
t in the sequence. The objective value is given by Z with integer domain.

min Z (CPS)

s.t. ALLDIFFERENT( W) (12)

Z>awyg+ D, bt > be VteH (13)
e€s(WIt]) e€d({ WI1,..., Wlt=1]})\6(Wt])

WitleV vte H (14)

ZI<Z<Z ZeZ" (15)

Constraint enforces each node to be in the sequence exactly once us-
ing the ALLDIFFERENT global constraint [17]. Constraint provides a lower
bound on Z, related to the node sweeping and edge blocking costs at each step.
This constraint makes extensive use of the ELEMENT constraint [24], permit-
ting the indexing of arrays with decision variables, to attain the cost values.
For a given step t, ayyy represents the robots required to sweep node W{t];
we note the use of the ELEMENT global constraint as the array a is indexed
by decision variable W{t]. The second term on the RHS of constraint
indicates the number of robots to block all edges incident to node W[t]. The
term 6(Wt]) again uses the ELEMENT global constraint to identify the set of
edges incident to the node swept at step t. Recall that §(X), with X C V, is
the subset of edges with a node in X and a node in V' \ X. The third term on
the RHS of constraint indicates the number of additional robots required
to prevent previously cleared nodes from being recontaminated during step t.
This term is equal to zero for ¢ € {1,n} as recontamination is not possible for
these steps: for ¢ = 1, no prior nodes have been cleared to be recontaminated
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and for ¢ = n there are no more intruders to perform the recontamination (the
only remaining intruders are those in the node being swept at step n). Lastly,
constraints and express the variable domains.

5.2.2 Node-based CP Model (CPN)

Let T[i] € H be a variable representing the step at which node i € V is
swept. Let variables L[i, j] € H and UJi,j] € H indicate the step at which
an edge {i,j} € E is blocked and released, respectively. We denote csweep =
max;ev{a; + ). 5(0) b.} as the maximum cost of sweeping any node while
blocking its incident edges and cplock = Zee g be as the cost of blocking all
edges. Then, S[t] € {1,...,csweep} and B[t] € {1,...,cplock} are variables
representing the sweeping and blocking cost of the solution at step t € H,
respectively. Also, let I[i, j,t] € {0,1} indicate whether or not blocking edge
{i,j} € E is necessary at t € H. The objective value is given by Z with integer
domain. Model CPN is shown below.

min Z (CPN)

st. Z = rggg:{S[t] + Bl[t]} (16)

Tl =t=S[tl=a;+ Y be VieV,te H (17)
e€d(i)

ALLDIFFERENT (T) (18)

Tli) < T[j] = Lli, j] = T[] Wi, jy e £ (19)

Tli) < T[j] = Uli, 4] = T[j] Wi, j} e B (20)

(Lli,j] <t A Ui, G] > t)
ANTH AtAT A8 = I[i =1 V{ijleB teH (21)

Blt]= Y bl Vie H (22)
{i,j}€E

Tli, Lli,j], Uli,jl€e H VieV, {i,jleE (23)

S[t] € {1,..., csweep} Vie H (24)

B[t} € {1,..., cblock} vte H (25)

I[i,j,1] € {0,1} Vi,jeV,te H (26)

Z2<7Z<Z,Zecl" (27)

Constraint fixes the value of Z to be the maximum number of agents
needed. Constraint ensures the correct sweeping cost at each step. Con-
straint enforces all sweeping steps to be different. Constraint ensures
that the step at which an edge is blocked equals the earliest sweeping step of
one of its adjacent nodes. Similarly, constraint (20]) ensures that the step at
which an edge is released equals the latest sweeping step of one of its adjacent
nodes. Constraint ensures that the indicator variable is well defined (i.e.,
an edge is blocked as soon as a block is enforced and the block stops as soon
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as it is released). The blocking cost at step ¢ is encoded in constraint .
Lastly, constraints to express the domains of the decision variables.

5.3 Enforcing Contiguous Solutions

For our MILP model, we enforce contiguous solutions using constraint .
The resulting model, MILP-C, is given by — and .

> X[it—1>X[it] - X[i,t—1]  VieV,te H\{1}  (28)
jeV:{i,j}€E

Constraint enforces contiguous solutions for model CPS, while con-
straint enforces it for model CPN. Both constraints can be modeled using
multiple INRELATION global constraints [2], also called TABLE constraints, to
explicitly limit the allowed tuples of values for the variable pairs. Then, CPS-C

is given by (12)-(15),([29), and CPN-C is given by (16)-(27),(30).

\_/ {(W[k], W[t]} € E vt e H\{1} (29)
k=1
Tl >0e \/ (T[] < T[] VieV (30)
jev:{i,j}eE

5.4 Tree-Based Heuristics for Graph-Clearing

A variety of heuristics for variants of GCP have been proposed in the literature.
However, due to the diversity of the literature, there does not appear to be
a clear “best” heuristic to compare against. As a consequence, we adopt the
main heuristic form present in the literature and experiment with a number
of components, both existing and novel. The former are representative of the
current state of the art.

The existing heuristics for the GCP [I1] are composed of three main steps:

1. Transform G = (V, E) into a spanning tree (ST) T = (V, E’) by removing
edges;

2. Find a solution on T'; and

3. Construct a solution for G using the one found on 7.

Finding the ST that results in the best solution for G (though there are no
optimality guarantees) is an open question [I5]. Furthermore, it is unknown
which characteristics of a solution on T will lead to the best solution on G.
We now describe the components selected from the literature to build our
heuristics and identify the novel contributions as appropriate.
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Transform G into a Spanning Tree T We experimented with both minimum
and maximum STs. The use of a minimum spanning tree of G is prevalent in
the literature [ITL[I5] while maximum STs do not seem to have been considered.
Our intuition is that a maximum ST may provide a stronger relaxation of G
as it removes the cheapest edges which are likely to have less impact on the
solution cost of G.

Find a Solution onT' In order to find a solution on T, we used a node labeling
heuristic from the literature [II]. The heuristic computes the root-cost matric
R defined over each pair of nodes z,y € V, where R, , stores the cost of
recursively clearing the subtree rooted in y when entering from z [I1]. One
can define different heuristics using R. Given a root node v, sweeping the
nodes recursively starting from the leaves leads to a non-contiguous solution
in most cases, while sweeping the nodes from the root enforces contiguity [I1].
In addition, one has to select a root node. Kolling and Carpin [I1] picked
the root in the center of the longest path in 7. Our implementation iterates
through all nodes, generates a heuristic solution with each one as the root,
and keeps the best solution (i.e., we evaluate n solutions per instance). It can
be seen that this choice can only improve the objective value w.r.t. picking the
root in the middle of the longest path in T

Construct the Strategy for G Adapting a solution found for T to G is straight-
forward when assuming progressive solutions. The edges not in T, i.e., E\F/,
are called cycle edges. The first approach discussed in the literature is called
static blocking [I1] which involves blocking the cycle edges during the entire
execution of the solution to T" on G. We use the dynamic blocking approach
that follows the node order of the solution to 7', while blocking only the cycle
edges necessary to prevent recontamination [IT].

Implemented Heuristics In summary, the implementation decisions are:

test both maximum and minimum STs;

— run heuristic multiple times, choosing each node as the ST root;

start sweeping at the root node when enforcing contiguity and start at the
leaf nodes in the general case; and,

— use dynamic edge blocking.

From these implementation decisions, using the maximum spanning and loop-
ing over all nodes to find the best root are novel contributions while the last
two implementation decisions are common to the graph-clear literature.

These choices lead to four heuristics, namely a minimum ST heuristic that
guarantees contiguity (MinSTH-C), a maximum ST heuristic that guarantees
contiguity (MaxSTH-C), a general minimum ST heuristic (MinSTH), and a
general maximum ST heuristic (MaxSTH). Heuristics MaxSTH and MaxSTH-
C both use the maximum ST of G, whereas MinSTH and MinSTH-C use the
minimum ST of G. The heuristics suffixed by C are guaranteed to return a
contiguous solution.
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6 Experiments

Since the GCP is an off-line problem where decreasing the number of robots
can substantially reduce the cost of an operation, we argue that allocating more
time to find a solution is reasonable. In contrast to the heuristic approaches,
our methodology is complete, subject to the assumptions made.

All models were run on an Intel(R) Core(TM) i7-2600 CPU @ 3.40GHz
using a single thread per run. We enforced a time limit of 1-hour on every run
after which the solver provides its incumbent solution. The MILP models were
solved using IBM ILOG CPLEX 12.7.1. The CP models were solved using IBM
ILOG CPOptimizer 12.7.1. The generation of the models was done in C++
using IBM ILOG Concert Technology. We use non-default variable and value
selection heuristics for the sweep variables in the CP models. Both CP mod-
els order variables based on the smallest domain heuristic. CPN instantiates
the chosen variable using the smallest value heuristics while CPS instantiates
the chosen variable using the impact-based heuristic of CPOptimizer. When
instantiating the chosen variable, this heuristic selects the value leading to
the smallest average reduction of the search space observed so far. The MILP
model is solved using the default configuration except for preprocessing where
we set CPLEX to use aggressive symmetry breaking. All parameters were cho-
sen using preliminary experiments on small problem instances. All heuristics
were run in Pythonﬁ

We compared the performance of our models to the ones obtained by the
heuristics in terms of objective value, both for the general case and when
restricting to contiguous solutions. In addition, we present results when the
optimization models are warm-started with the solution from a heuristic, i.e.,
the solution of the heuristic is used as a starting solution. We chose MaxSTH
and MaxSTH-C for the warm-starts since they performed best in the general
case and when restricting to contiguous solutions, respectively. We perform
the warm-start using the solver’s (CPLEX or CPOptimizer) starting point
functionality to provide the values of the decision variables that correspond
to the node sweeping schedule found by the heuristic. Other variables and the
bounds on the objective value are left untouched.

6.1 Instance Generation

We tested both on a set of random graphs and a set of random planar graphs.
The former enabled us to test the models on instances with different structures,
while the latter are closer to floor plans. Random graphs were generated using
NetworkX [8] which allows the specification of number of nodes, n, and edges,

n(n—1)
2

m. We picked m = [p ] where p is the percentage of completeness of the

generated graph. We generated a total of five graphs for every n € {20, 30,40}

4 Although implemented in Python (which is in practice slower than C++), the imple-
mented polynomial-time heuristics run in less than a second.
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Table 1 Results summary for random planar graphs; the best result of each column is
highlighted in bold on a per section basis.

Random planar graphs (60 instances)

Avg. Obj. No. Best No. Opt. MRE (%)
Method 20 30 40 20 30 40 20 30 40 20 30 40
GCP instances
CPN 31.8 37.0 400 19 14 10 0 0 0 0 10 102
CPS 31.6 374 434 20 11 1 2 0 0 0 11 117
MILP 31.6 37.0 43.0 20 13 1 19 1 0 0 9 116
MaxSTH 38.4 48.7 515 0 0 0 - - - 21 45 160
MinSTH 50.1 66.0 724 0 0 0 - - -— 58 95 265
CPN-WS 31.6 375 39.5 20 12 9 1 0 0 0 11 98
CPS-WS 31.6 374 404 20 12 10 2 0 0 0 11 102
MILP-WS 31.6 37.0 432 20 15 3 20 1 0 0 10 118
GCP instances with contiguity constraints
CPN-C 31.8 375 400 19 14 19 0 0O 0 o0 22 181
CPS-C 31.8 87.0 428 18 17 2 2 0 0 0 21 201
MILP-C 31.6 37.1 56.9 20 16 0 20 0 0 0 22 312
MaxSTH-C 43.0 56.7 61.9 0 0 0 - - 36 85 337
MinSTH-C 52.4 67.4 76.2 0 0 0 - - — 66 120 435
CPN-C-WS 31.6 372 389 20 16 18 1 0 0 0 21 174
CPS-C-WS 31.8 376 435 18 11 3 2 0 0 o0 23 209
MILP-C-WS 31.6 37.0 482 20 16 1 20 3 0 0 21 248

and p € {0.125,0.25,0.5,0.75,0.875} (i.e., 75 instances in total). All graphs
were tested for conmnectivity and non-connected graphs were replaced. The
weights on the edges (resp., nodes) are picked uniformly at random between
1 and 4 robots (resp., between 2 and 10 robots for nodes). Node weight is
constrained to be at least as high as the maximum weight of any incident
edge. This is driven by the fact that many instances in the literature are made
of rooms linked by narrower corridors and doors [12].

We generate random planar graphs using a linear-time algorithm based
on Boltzmann samplers [0]. Since the generator does a uniform sampling of
planar graphs, we generated as many graphs as needed to obtain a total of 20
connected instances for each n € {20, 30, 40}. We used the procedure described
above to assign the weights for each graph.

6.2 Results and Discussion

Tables[I]and [2 show the average objective value, the number of times a method
found the best incumbent solution, the number of times a method proved
optimality, and the mean relative error (MRE), for random planar graphs and
random graphs, respectively. The MRE is calculated to the best known lower
bound of each problem instance, which it is either set to the optimal objective
value (if found by any method) or to the highest lower bound reported by the
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Table 2 Results summary for random graphs; the best result of each column is highlighted
in bold on a per section basis.

Random graphs (75 instances)

Avg. Obj. No. Best No. Opt. MRE (%)
Method 20 30 40 20 30 40 20 30 40 20 30 40
GCP instances
CPN 98.0 213.7 378.3 23 17 6 3 0 0 28 607 1027
CPS 98.0 213.0 377.1 24 17 8 0 0 0 28 604 1025
MILP 99.2 261.4 466.5 16 4 0 12 0 0 29 776 1382
MaxSTH 114.2 250.8 433.6 0 0 0 = = - 49 735 1224
MinSTH 129.6  277.3 476.8 1 0 0 - - = 72 827 1419
CPN-WS 98.0 213.6 377.0 24 20 10 3 0 0 28 605 1023
CPS-WS 97.9 212.8 3775 25 19 13 0 0 0 28 603 1030
MILP-WS 98.9 247.4 431.4 19 5 1 10 0 0 29 724 1218
GCP instances with contiguity constraints
CPN-C 98.0 2144 379.6 24 25 24 3 0 0 34 654 1166
CPS-C 98.4 225.0 427.6 21 1 2 1 0 0 35 690 1328
MILP-C 99.0 259.3 471.6 18 3 0 12 0 0 35 826 1571
MaxSTH-C 115.1  253.0 439.4 0 0 0 - - = 60 797 1412
MinSTH-C 129.7  278.0 478.2 0 0 0 - - — 82 885 1602
CPN-C-WS 98.0 213.4 377.0 25 22 19 3 0 0 34 650 1154
CPS-C-WS 98.7 221.6 4129 16 1 0 0 0 0 35 677 1276
MILP-C-WS 99.2 245.2 439.4 16 5 0 10 0 0 36 770 1412

MILP solver. The first section of the tables presents results in the general case
whereas the second section shows results when enforcing contiguity. Models
for which a warm-start is performed are suffixed by WS. We note that each
method found a feasible solution on every instance.

Overall, the results empirically demonstrate the usefulness of optimization-
based approaches for the GCP, particularly when warm-starting the solvers
with a heuristic solution. Generally, the MILP model is the best in terms
of finding and proving optimality, while the CP models have the strongest
performance w.r.t. average solution quality. Similar behavior is observed when
we enforce the contiguity constraint. The results also confirm our hypothesis
that using the maximum ST leads to a better heuristic than the minimum ST.

All methods produce solutions with large MRE, particularly on the larger
problems. We suspect that a significant portion of this gap stems from weak
dual bounds from the LP relaxations. Improvement to the dual bound is a
key area for future work if we hope to solve these problems to optimality.
Nonetheless, we note that the solutions found by our model-and-solve ap-
proaches outperform the various heuristics.

Delving deeper into solution quality, Figure[5| compares the objective value
obtained by MinSTH with the value obtained by MaxSTH. Results are pre-
sented for both random planar graphs and random graphs. A point represents
an instance and its coordinates the objective value. Points below the dashed
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Fig. 5 The objective value obtained by MinSTH against the one obtained by MaxSTH for
the random planar graphs (left) and the random graphs (right).

line indicate instances for which MinSTH found a higher quality solution.
The MaxSTH heuristic outperforms the MinSTH heuristic on almost every
instance, further confirming the use of maximum STs. Second, Figure [6] com-
pares the objective value obtained by MaxSTH with the value obtained by
each of our models without warm-starting. The CP models outperform the
heuristic on both types of graphs. In contrast, MILP performs worse than
MaxSTH on larger random graphs, likely due to the large solution space and
the weak LP relaxation.

Figure[7]shows the average of the ratios of the current incumbent objective
value to the best objective value achieved by any of the four heuristics against
the elapsed time in seconds. A ratio below one indicates that the method
outperforms the best heuristic at a given point in time. We only present the
first 30 seconds to emphasize the short time (usually less than 10 seconds)
required by the CP models to outperform the best-performing heuristic. The
CP methods clearly outperform the MILP approach within this time-frame.
Further, we observe that CPN outperforms CPS on random planar graphs,
but the converse holds for random graphs. It is unclear why this is the case.

Finally, the warm-start results of Tables [1|and [2| confirm that the methods
can be combined successfully with the heuristics. This technique yields an
initial solution quickly (provided by the heuristic), while guaranteeing the
completeness of the approach through the optimization-based model.

7 Conclusion

We investigated optimization-based techniques for the graph-clear problem
(GCP), a variant of the pursuit-evasion problem, providing new formal results
on progressive and contiguous assumptions and their impact on algorithm com-
pleteness. In particular, we proved that enforcing contiguity may remove all
optimal solutions and, conversely, that preventing two special forms of recon-
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Fig. 6 The objective value obtained by MaxSTH against the one obtained by each

optimization-based approach within a 1-hour time limit for the random planar graphs (left)
and the random graphs (right).

tamination does not remove all optimal solutions. However, the completeness
for the general case of progressive solutions remains open.

We then presented mixed-integer linear programming and constraint pro-
gramming models, and new heuristic variants to solve the GCP and compared
them to previously proposed heuristics. Our empirical assessment on randomly
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Fig. 7 The average of the per problem instance ratios of the current incumbent solution’s
objective value to the best objective attained by a heuristic for the random planar graphs

(left) and the random graphs (right).

generated problem instances indicates that our heuristic modifications improve
upon the heuristics in the literature, that constraint programming is able to
find higher quality solutions than existing heuristics within run-times reason-
able for the application, and that mixed-integer linear programming is supe-
rior at proving optimality. We conclude that the proposed optimization-based
techniques are currently the most suitable for solving the graph-clear problem.

In future work, we plan to extend our formal contributions to provide new
results on the effect of partial recontamination, an open question. Additionally,
we will investigate the use of decomposition approaches via a MILP/CP hy-
bridization and develop GCP-specific branching heuristics for the CP models.
Both the integration of MILP/CP technologies and problem-specific branch-
ing heuristics have been successful for other problems and represent promising
strategies for improving on the methods we have presented.
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