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Abstract

We investigate using Constraint Programming (CP) and Domain-Independent
Dynamic Programming (DIDP) to solve the master problem in Logic-based Ben-
ders Decomposition (LBBD) models, focusing on the challenge of feasibility cut
formulation. For CP, we exploit variable assignment bounds, variable assignment
counting, and global constraints to construct three combinatorial cut encodings.
For the state-based DIDP model, we propose two cut encoding approaches: using
additional preconditions of state transitions or adding state constraints. Each of
these approaches can be modeled using integer numeric variables or set variables,
resulting in four novel encodings. We apply the three CP variants and four DIDP
variants to the LBBD model of the simple assembly line balancing problems
with sequence-dependent setup times type-1 (SUALBP-1). Experimental results
show all approaches outperform a mixed-integer programming (MIP) based mas-
ter problem and the state-of-the-art monolithic MIP model, with the three CP
variants being superior to all of the DIDP approaches. Though the evaluation is
specific to SUALBP-1, the proposed approaches can be used for other problems
where LBBD with feasibility cuts is applicable.

Keywords: constraint programming, domain-independent dynamic programming,
logic-based Benders decomposition, assembly line balancing, sequence-dependent setup
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1 Introduction

Logic-Based Benders Decomposition (LBBD) is one of the most powerful and con-
venient patterns of problem decomposition for solving combinatorial optimization
problems [1]. While the most common combination within the Constraint Program-
ming (CP) literature uses Mixed Integer Programming (MIP) for master problems and
CP for subproblems [2], LBBD is compatible with various modeling and solving tech-
niques. For example, subproblems have been modeled and solved with Satisfiability
Modulo Theories (SMT) [3], Binary Decision Diagrams [4], and problem-specific algo-
rithms [5, 6]. However, work investigating modeling and solving methods other than
MIP for master problems in LBBD is sporadic [7]. In this paper, we explore modeling
and solving LBBD master problems with methods different from MIP.

As a constraint-based formalism, CP can readily accept cuts encoded as linear con-
straints. However, linear constraints tend to propagate weakly, resulting in poor master
problem performance. The encoding methods proposed in this paper are more com-
binatorial and focus on key decision variables in the global constraints of the master
problem CP model. As CP is competitive with MIP across a number of optimization
problems [8], when the master problem is of the form that is better solved with CP, a
CP-based master problem may outperform a corresponding MIP master problem if a
good cut formulation can be achieved.

Domain-Independent Dynamic Programming (DIDP) is a recent exact framework
to model and solve combinatorial optimization problems [9, 10]. Its success on well-
known problems motivates us to investigate using DIDP for master problems in the
LBBD framework. Since a DIDP model is defined as a state-transition system, encod-
ing Benders cuts in DIDP differs fundamentally from the constraint-based encoding
in MIP and CP.

As a case study, we use assembly line balancing problems with sequence-dependent
setup times type-1 (SUALBP-1) [11]. The natural decomposition for this problem is to
solve the Simple Assembly Line Balancing Problem type-1 (SALBP-1) as the master
problem and to solve a traveling salesman problem with precedence constraints as a
subproblem. Previous work shows that both CP and DIDP can outperform MIP for
SALBP-1 [8], thus this choice allows us to test whether cuts can be formulated to
maintain this advantage.

This paper is an extended version of a conference paper [12]. Our new contributions
beyond that paper are as follows:

1. We apply cut strengthening to the Benders feasibility cuts to further improve the
performance of the proposed approaches.

2. We re-run all the experiments with cut strengthening and the latest versions of
Gurobi, didp-rs,1 and CP Optimizer.

3. We analyze the difference in LBBD iterations among the seven LBBD models and
hypothesize that solving the master problem with DIDP results in fewer iterations
due to similarities in consecutive master solutions.

Our overall contributions are summarized as follows.

1https://github.com/domain-independent-dp/didp-rs: a Rust-based implementation of Dynamic Pro-
gramming Description Language (DyPDL) and solvers for DIDP.
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1. We develop an LBBD algorithm for SUALBP-1 with SALBP-1 master problem and
TSP subproblems with precedence constraints.

2. We develop three novel representations of feasibility cuts for SUALBP-1 tailored to
CP-based master problems.

3. We introduce four novel approaches for encoding Benders feasibility cuts in
DIDP-modeled LBBD master problems, leveraging integer or set variables to rep-
resent transition preconditions or state constraints. Applying these approaches to
SUALBP-1, we formulate four feasibility cut encodings specifically designed for
DIDP-based master problems.

4. We obtain superior experimental results for SUALBP-1 when solving master prob-
lems with CP and DIDP compared to MIP, with CP emerging as the best-performing
approach. We provide comprehensive statistical analysis and insights regarding the
effectiveness of our seven novel cut formulations.

This paper is structured as follows. Section 2 provides the necessary background,
while Section 3 presents the logic-based Benders decomposition of SUALBP-1, featur-
ing MIP models for master problems and DIDP models for subproblems. In Section
4, we introduce three novel CP models for LBBD master problems of SUALBP-1.
Section 5 formally defines the four feasibility cut encodings in DIDP, followed by
Section 6 which details the application of these four encoding methods to SUALBP-1.
Our experimental results and analysis are presented in Section 7, with a discussion of
the proposed approaches and findings in Section 8. Finally, we offer our conclusions
in Section 9.

2 Background

In this section, we first review the LBBD framework and the DIDP paradigm briefly,
followed by an introduction and a literature review for the SUALBP-1.

2.1 Logic-Based Benders Decomposition

Logic-Based Benders Decomposition (LBBD) applies to problems that can be formu-
lated as

min
x,y
{f(x,y)|C(x,y),x ∈ Dx,y ∈ Dy} (1)

where x and y are decision variables in the domains Dx and Dy, while f(x,y) and
C(x,y) represent the objective function and a set of constraints for these variables,
respectively [13]. The variables are divided into two groups and, once some of the
variables are fixed by solving a master problem and setting x = x, where x are the
fixed values of x, the remaining subproblem is defined, often in the form of multiple
independent subproblems. The subproblem (SP) has the form

SP (x) = min
y
{f(x,y)|C(x,y),y ∈ Dy}. (2)

The SP solution is then analyzed to infer a function Bx(x) that provides a lower bound
on f(x,y) for any given x ∈ Dx. The bound is sharp for x = x, i.e., Bx(x) = SP (x)
[1].
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Each iteration of LBBD begins by solving a Master Problem (MP):

MP (X) = min
x,β
{β|β ≥ Bx(x), ∀x ∈ X,x ∈ Dx} (3)

where the inequalities β ≥ Bx(x) are Benders cuts obtained from the subproblem
solutions given x = x. X is the set of master problem solutions and is usually empty
initially.

Defining ϕ∗ as the optimal value of the original problem (1), the optimal MP value
MP (X) is a lower bound on ϕ∗. If x is an optimal MP solution, the corresponding
subproblem is then solved to obtain SP (x) as an upper bound on ϕ∗, and a Benders
cut β ≥ Bx(x) for the master problem, with x added to X. The process repeats
until the lower and upper bounds converge, i.e., until MP (X) = minx∈X SP (x). The
convergence is guaranteed after a finite number of iterations, if Dx is finite [13].

In general, there are two types of LBBD Benders cuts. When a subproblem is
an optimization problem, we deduce a lower bound on ϕ∗ in the form of a Benders
optimality cut [14]. When a subproblem is a feasibility problem, a set of MP solutions
are pruned by the corresponding Benders feasibility cut [15] according to the SP
solution associated with x. In this work, we focus on encoding Benders feasibility cuts.

2.2 Domain-Independent Dynamic Programming

A DIDP model is described by Dynamic Programming Description Language
(DyPDL), a solver-independent formalism to define a dynamic programming (DP)
model [10]. In DyPDL, a problem is represented by states and transitions between
states. A solution of the problem corresponds to a sequence of transitions satisfying
particular conditions.

A DyPDL model is a tuple ⟨V, S0, T ,B, C, h⟩, where V is the set of state variables,
S0 is a state called the target state, T is the set of transitions, B is the set of base
cases, C is the set of state constraints, and h is the set of dual bounds. A state variable
is either an element, set, or numeric variable. A numeric state variable v may have a
preference such as less (more), i.e., a state having smaller (larger) v dominates another
state if the other state variables have the same value in the two states. Such a variable
is called a resource variable.

Given a set of state variables V = {v1, ..., vn}, a state is a tuple of values S =
(d1, ..., dn) where di ∈ Dvi for i = 1, ..., n, i.e., a state is a complete assignment to
state variables. We denote the value di of variable vi in state S by S[vi]. Intuitively,
the target state is the start of the state transition system and a base state is a goal,
i.e., the end of the state transition system. State constraints are relations on state
variables that must be satisfied by all states in a solution path.

A transition τ is a 4-tuple ⟨effτ , costτ , preτ , forcedτ ⟩ where effτ is the set of effects,
costτ is the cost, preτ is the set of preconditions, and forcedτ ∈ {⊤,⊥}, where ⊤
represents true and ⊥ represents false. The preconditions of a transition define when
we can use it while the effects of a transition define what the state variables become
if the transition fires. For detailed DIDP models of various optimization problems,
please see existing DIDP papers [8, 10].
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Fig. 1: Example of SUALBP-1.

2.3 SUALBP-1

The Simple Assembly Line Balancing Problem (SALBP) is a well-studied production
planning problem [16]. As setup operations such as tool changes, curing, or cooling
processes are often required between consecutive tasks in real production lines [17],
SUALBP incorporates setup times into SALBP [18], as shown in Fig. 1.

2.3.1 Problem Definition

SUALBP-1 consists of n assembly tasks, partially ordered with precedence constraints,
that require processing on m ordered assembly stations. The tasks on a machine must
all sequentially execute within the cycle time c. In SUALBP-1, the cycle time c is fixed
and the objective is to minimize the number of stations m. Though all stations can
perform all assembly tasks, if a task is assigned to station j, all its successors as defined
by the precedence constraints must be assigned to the same or subsequent stations
(i.e., j, j + 1, ...,m). Tasks assigned to the same station must also be sequenced to
satisfy the precedence constraints, if any. The deterministic processing time of a task is
provided a priori. However, the setup before a task (forward setup) is dependent upon
the previous task in the processing sequence of the station it is assigned to. There is
also a sequence-dependent setup (backward setup) from the last task on a machine to
the first task on the same machine to model the setup required between the end of a
cycle and the start of the next one.

The setups are not symmetric, i.e., the setup time from task i to j might be different
from that from task j to i. Nevertheless, the setups satisfy the triangle inequality. The
decisions to be made for SUALBP-1 are (i) the assignment of tasks to stations; and
(ii) the sequence of the tasks assigned to each station. We use the notation proposed

Table 1: Notation and definition for SUALBP-1 [11].

Notation Definition
i, j ∈ V index and set of tasks
k ∈ K index and set of stations
ti execution time for task i ∈ V
Pi (P ∗

i ) set of direct (all) predecessors of task i ∈ V
Si (S∗

i ) set of direct (all) successors of task i ∈ V
c the cycle time
m (m) upper (lower) bound on the number of stations
τij (µij) forward (backward) setup times from task i ∈ V to task j
τ i (µ

i
) the smallest forward (backward) setup time from any task to task i ∈ V

ti a lower bound of the time contribution by task i, i.e., ti = ti +min(τ i, µi
)
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Fig. 2: LBBD for SUALBP-1.

by Esmaeilbeigi et al. [11], as shown in the Table 1 for SUALBP-1. To obtain all
the parameters in the table, we adopt the preprocessing techniques in the literature
[10, 11, 14].

SUALBP-1 has been solved with a number of approaches including MIP [11] and
heuristics [19]. The state-of-the-art MIP model is the Second Station-Based Formu-
lation (SSBF) [11] defined in the Appendix A. The model uses two-indexed binary
variables to encode task assignment, three-indexed binary variables to represent the
precedence relations of pairs of tasks on a station, and auxiliary variables to help
express the objective and constraints.

There is no existing LBBD approach specifically designed for SUALBP-1. The clos-
est work is an LBBD algorithm for mixed-model assembly line balancing problem with
sequence-dependent setups [15] that can be adapted (with significant simplification)
to SUALBP-1. We discuss this model in Section 3.

In our parallel work [20], new state-of-the-art results are found with a monolithic
DIDP model. Since our focus is on cut encoding in LBBD, we return to these results
in the discussion.

3 LBBD for SUALBP-1

In this section, we present the logic-based Benders decomposition (LBBD) for
SUALBP-1. LBBD has been applied to many variants of the assembly line balanc-
ing problems (ALBPs) [14, 15, 21]. The original problem is usually decomposed into
an assignment master problem and multiple scheduling subproblems. We develop a
similar decomposition approach for SUALBP-1, illustrated in Fig. 2.

In the decomposition of SUALBP-1, the master problem assigns tasks to stations,
considers the precedence constraints between tasks, and minimizes the number stations
used. The subproblems schedule the tasks within each station and take the setup
times into account, but only towards constraint satisfaction instead of optimization.
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Algorithm 1 LBBD for SUALBP-1

Input: a set of tasks V , a set of stations K
Output: complete task assignments to stations and schedules of all stations with

precedence and cycle time constraints satisfied, if the problem is feasible; or two
empty sets if the problem is infeasible

Initialize: o← False, C ← ∅ ▷ Initialize the overall feasibility and Benders cuts
1: while o = False do
2: o = True
3: (fmp, {SPk})← solveMp(V,K,C) ▷ solve master problem, define subproblems
4: if fmp = False then
5: Return ∅, ∅ ▷ return empty sets due to infeasible problem
6: end if
7: for k ∈ K do
8: (fk, SCk)← solveSp(SPk) ▷ solve subproblem, get station schedule
9: if fk = False then

10: ck = getBenders(SPk) ▷ get Benders cuts if infeasible subproblem
11: C ← C ∪ {ck}
12: o = False
13: end if
14: end for
15: end while
16: Return {SPk}, {SCk} ▷ return task assignments and station schedules

Whenever the best schedule (the shorter the station time the better) of the tasks in a
station violates the fixed cycle time, a Benders feasibility cut is generated and added
to the master problem.

The overall LBBD approach for SUALBP-1 is summarized in Algorithm 1. The
algorithm initializes the overall feasibility to be false and the set of Benders cuts
to be empty. Then the master problem and subproblems are iteratively solved until
the overall feasibility is established, as shown in line 3 and 8. If the master problem
is infeasible, the algorithm returns empty task assignments and schedules, as shown
in lines 4 and 5. Otherwise, the set {SPk} is a set of complete task assignments to
stations and defines the subproblems. If the subproblem of station k is feasible, SCk

is the corresponding feasible schedule of tasks assigned. Otherwise, Benders cuts are
generated and added to the set of cuts, as shown in line 10 and 11. Finally if all
subproblems are feasible, the algorithm returns the complete task assignments and
station schedules, as shown in line 16.

Without any Benders cuts, the master problem is identical to the Simple Assembly
Line Balancing Problem type-1 (SALBP-1) [22]. As the LBBD master problem is
usually modeled and solved as a MIP, we first present the MIP model for the master
problem.
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3.1 MIP Model for the Master Problem

For the master problem, instead of a simplified MIP formulation proposed by Akpinar
et. al [15] we use the state-of-the-art NF4 MIP formulation [23] for SALBP-1 and
replace ti by ti to express the subproblem relaxation and accelerate the convergence
of the decomposition. The decision variables of the MIP model are as follows:

• xi,k - binary variable that is 1 if task i is assigned to station k and 0 otherwise.
• yk - binary variable that is 1 if station k is used and 0 otherwise.

Using the notation defined in Table 1, the MIP model for the master problem (MP)
is as follows:

min
x,y

∑
k=1,...,m

yk, (4a)

s.t.
∑

k=Ei,...,Li

xi,k = 1, ∀i ∈ V, (4b)

∑
k=Ei,...,Li

xi,k · k ≥ dj,i +
∑

k=Ej ,...,Lj

xj,k · k, ∀i ∈ V, ∀j ∈ P ∗
i , (4c)

∑
i∈V, if Ei≤k≤Li

xi,k · ti ≤ c, ∀k = 1, . . . ,m, (4d)

∑
i∈V, if Ei≤k≤Li

xi,k · ti ≤ c · yk, ∀k = m+ 1, . . . ,m (4e)

yk = 1, ∀k = 1, . . . ,m, (4f)

yk+1 ≤ yk, ∀k = m, . . . ,m− 1, (4g)

xi,k ∈ {0, 1}, ∀i ∈ V, ∀k = Ei, . . . , Li, (4h)

yk ∈ {0, 1}, ∀k = 1, . . . ,m. (4i)

The objective function (4a) minimizes the number of stations used. Constraints (4b)
ensure that each task is assigned to exactly one station. Here Ei is defined as a lower
bound on the number of stations required to schedule task i:

Ei =
⌈ ti +∑

j∈P∗
i
tj

c

⌉
. (5)

Li is an upper bound on the number of stations required to schedule task i:

Li = m+ 1−
⌈ ti +∑

j∈F∗
i
tj

c

⌉
. (6)

Note that these terms are calculated based on ti instead of ti, because we want to
incorporate the estimated setup times into task processing times to better approximate
the subproblems.

Constraints (4c) guarantee that the precedence relations between tasks are satis-
fied. Constraints (4d) and (4e) ensure that the cycle time is not exceeded. These two
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constraints also serve as the subproblem relaxation in the MP, because the station
load time here is just a lower estimate as the sequence-dependent setup times can only
be exactly calculated in the subproblems.

Constraints (4f) and (4g) assure that the first m stations are used and that the
remaining stations are used with a preference of earlier stations to break symmetry.
Finally, constraints (4h) and (4i) define the domains of the decision variables. Note
that variables xi,k are not defined for k < Ei and k > Li, because the task i cannot
be assigned to those stations.

3.2 DIDP Model for the Subproblem

In the LBBD framework for SUALBP-1, the MP solution assigns tasks to stations and
hence determines the number of stations used, i.e., the objective value. Thus, each
subproblem is a constraint satisfaction problem to find a schedule of the tasks, consid-
ering the precedence relation between tasks, the sequence-dependent setup times, and
the cycle time. The task processing times are not included in the subproblem as they
are constant after the task assignment is given; the sum of processing times is therefore
subtracted from the cycle time when evaluating feasibility. The subproblem has the
structure of the Traveling Salesman Problem (TSP) with precedence constraints. For
this constrained TSP variant, our preliminary investigations showed that the DIDP
model (presented below) and solver outperform the CP and MIP counterparts and we
hence use DIDP as the sole subproblem solver. The state variables, base cases, and
the recursive function are as follows.

State variables. For station j, the DIDP model has the following state variables:

• U : set variable for unscheduled tasks. In the target state, U = Ij .
• s: element variable for the current task, with its value in Ij . In the target state,
s = ds, where ds is a dummy task with setup times from and to any other tasks set
to zero.

• f : element variable for the first task, with its value in Ij . In the target state, f = ds.

Base cases. The base case of the DIDP model is: U = ∅ ∧ s = ds.

Recursive function. We use V(U, s, f) to represent the cost of a state. Let P j∗
i be the

set of predecessors of task i on station j. Let U ′ = {i ∈ Ij | Ij ∩ P j∗
i = ∅} be the set

of tasks whose predecessors are not assigned to station j.

compute V(Ij , ds, ds) (7a)

V(U, s, f) =


0 if U = ∅ ∧ s = ds, (i)

µsf + V(U, ds, ds) else if U = ∅ ∧ s ̸= ds, (ii)

µsi +mini∈U ′ V(U\{i}, i, f) else if U ′ ̸= ∅ ∧ s ̸= ds, (iii)

mini∈U ′ V(U\{i}, i, i) else, (iv)

(7b)

V(U, s, f) ≥ max

{
µ
f
+
∑

i∈U τ i, if s = ds, (i)

0, else. (ii)
(7c)
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Case (7b-i) refers to the base case, while (7b-iv) corresponds to assigning the first
task to the empty station. Case (7b-iii) represents assigning the next task to the station
and adding the corresponding setup time. (7b-ii) represents closing the station and
adding the setup time to the first task. (7c) is the dual bound [10].

Although this DIDP model is designed for optimization problems, there exist any-
time DIDP solvers [8] implementing approaches such as complete anytime beam search
[24] and anytime column progressive search [25]. With such solvers, we can set the pri-
mal bound and terminate search with the first feasible solution or when infeasibility
is proved.

Note that the first master problem solution that is feasible for each subproblem is
an optimal solution to the original problem. The process to reach that point usually
takes several LBBD iterations and there is no intermediate feasible primal solution
found before convergence. It is not uncommon in LBBD formulations (e.g., [6]) to
devise a heuristic approach to transform a globally infeasible master solution into a
feasible one in order to incrementally find sub-optimal global solutions. Such a heuristic
could be employed regardless of the methodology to solve master problems. As our
work focuses on the formulation of feasibility cuts for alternative master problem
approaches, we leave the investigation of such heuristics for future work.

3.3 Benders Feasibility Cuts as Linear Constraints

Whenever the subproblem is infeasible, a Benders feasibility cut is generated and added
to the master problem. For the cut representation, linear constraints [15] are directly
applied. As Ij is the set of MP variable indices that appear in the j-th subproblem,
the corresponding Benders feasibility cut in the MIP form is as follows:∑

i∈Ij

xi,k ≤ |Ij | − 1, ∀k ∈ {k ∈ K | Ei − 1 ≤ k ≤ Li, ∀i ∈ Ij}. (8)

Chu and Xia defined a valid Benders cut as a logical expression having two
properties [26]:

P1: the cut must exclude the current MP solution if it is not globally feasible. (9a)

P2: the cut must not remove any globally feasible solutions. (9b)

P1 ensures finite convergence if the MP variables have finite domains. P2 assures
optimality since the cut never removes globally feasible solutions. Here we provide a
proof of the two properties for the Benders cut (8).

Proposition 1. The linear constraint cut encoding (8) is valid.

Proof. For any cut j ∈ J ,
∑

i∈Ij xi,k counts the number of tasks that appear in the
current station. With the count smaller than |Ij |, as implemented in (8), the same
set of tasks are never assigned to the same station and so P1 is satisfied. Since the
solutions removed by this encoding are the solutions with the set of tasks Ij assigned
to any station, they are all infeasible globally as the task processing times and setup
times are independent of stations, and thus P2 is satisfied.
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The Benders cut (8) is stronger than the traditional combinatorial no-good cuts
[27] because it cuts off multiple infeasible solutions at once instead of just one solution.
In particular, any solution with any station containing all the tasks in Ij is pruned.
It behaves similar to no-good cuts in the context of CSP [28, 29] and SAT [30].

The Benders cut (8) can be strengthened by multiple techniques [31–33]. A straight-
forward approach is to re-solve the subproblem with a subset of Ij , say Ij′ ⊆ Ij . If
the subproblem is infeasible, we can obtain a stronger cut with respect to Ij′ [32]. We
use a similar and greedy approach to strengthen the Benders cuts for SUALBP-1.

Whenever a Benders cut is found, the tasks in the corresponding set Ij are sorted
in ascending order of ti. Then by removing the first task i in the sorted set, a subset
of tasks Ij′ ⊆ Ij is obtained and evaluated by re-solving the subproblem. If Ij′ leads
to an infeasibility, we get a stronger cut corresponding to Ij′ . We proceed to remove
the next smallest task in terms of ti from Ij

′
and evaluate the feasibility of the pruned

subset. On the contrary, if Ij′ results in a feasible subproblem, we return the task
i to Ij′ and remove the next smallest task in terms of ti, followed by another re-
solving run of the subproblem. The procedure is terminated once all the tasks have
been considered. As our preliminary experiments showed better performance when
including this greedy tasks removal approach, we use it in all the LBBD models studied
in this work.2

4 CP-LBBD for SUALBP-1

In this section, we present three LBBD formulations for SUALBP-1 with CP master
problems and Benders feasibility cuts.

4.1 CP Master Problem

As stated in Section 3, the master problem is equivalent to the SALBP-1. For SALBP-
1, Kuroiwa and Beck [10] improved the CP model proposed by Bukchin and Raviv
[34] by using a Pack global constraint. Our models differ from theirs in two ways:

1. ti is replaced by ti for task i to model a subproblem relaxation in the master problem.
2. Three different combinatorial formulations of Benders feasibility cuts are used, one

formulation in each model.

We define Ti as a lower bound on the number of stations between the station of
task i and the last station, inclusive (namely the tail):

Ti =
⌊ ti − 1 +

∑
j∈S∗

i
tj

c

⌋
. (10)

Also, dij is a lower bound on the number of stations between the stations of tasks i
and j, inclusive:

dij =
⌈ ti + tj − 1 +

∑
v∈S∗

i ∩P∗
j
tv

c

⌉
. (11)

2Numerical results without this cut strengthening can be found in Zhang & Beck [12].
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Let z be an integer decision variable representing the number of stations, xi be an
integer decision variable for the station that task i is assigned to, and yk be an integer
decision variable for the sum of the lower bound time contribution of tasks scheduled
in station k. Then the CP model for the master problem, CP-MP, is as follows:

min z (12a)

s.t. Pack({yk|k ∈ K}, {xi|i ∈ V }, {ti|i ∈ V }), (12b)

0 ≤ yk ≤ c, ∀k ∈ K, (12c)

Ei − 1 ≤ xi ≤ z − 1− Ti, ∀i ∈ V, (12d)

xi + dij ≤ xj , ∀j ∈ V, ∀i ∈ P ∗
j ,∄v ∈ S∗

i ∩ P ∗
j : dij ≤ div + dvj . (12e)

The constraint (12b) utilizes the Pack global constraint [35] that models the condi-
tion where a set of tasks must be packed into a limited number of stations without
exceeding the total load of each station.3 Specifically, the first argument {yk|k ∈ K}
represents the total loads of all stations. The second argument {xi|i ∈ V } expresses
the task assignment for all the tasks. The third argument {ti|i ∈ V } stands for the
load contribution (the lower bound of the time contribution) of these tasks. The Pack
global constraint enforces the following equation:

yk =
∑

i∈V,xi=k

ti, ∀k ∈ K. (13)

Constraints (12c) and (12d) state the domains of yk and xi, where Ei is the defined as
in (5). Constraints (12b) and (12c) together ensure that the total task time on each
station does not exceed the cycle time. Constraints (12e) are an enhanced version of
the precedence constraint using dij .

4.2 CP Formulations for Benders Feasibility Cuts

For SUALBP-1, we develop three combinatorial CP formulations for Benders feasibil-
ity cuts by using variable assignment bounds, a Count Different expression, and a
Pack constraint.

4.2.1 Assignment Bound Encoding

For cut j ∈ J , recall that Ij is the set of tasks assigned to the station that cannot be
scheduled within the cycle time. Then the j-th Benders feasibility cut based on setting
an upper bound for the number of decision variables that are assigned to a specific
value is as follows:∑

i∈Ij

(xi = k) ≤ |Ij | − 1, ∀k ∈ {k ∈ K | Ei − 1 ≤ k ≤ m− 1− Ti, ∀i ∈ Ij}. (14)

The variable xi represents the station that task i is assigned to. The set {k ∈ K | Ei−
1 ≤ k ≤ m− 1−Ti, ∀i ∈ Ij} excludes station k when there exists a task i that cannot

3https://ibmdecisionoptimization.github.io/docplex-doc/cp/docplex.cp.modeler.py.html
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be assigned to k due to precedence relations, i.e., k < Ei − 1 or k > m− 1− Ti. The
restriction is valid because the cut is trivially satisfied if only a subset of Ij can be
assigned to station k.
Proposition 2. Cut (14) is valid.

Proof. Recall that Chu and Xia [26] defined a valid Benders cut as a logical expression
having two properties that are introduced in (9a) and (9b). As xi = k specifies the
station assignment and there are |Ij | tasks in Ij , the cut prevents the tasks in Ij from
being all assigned to the same station and satisfies P1. Since the solutions removed
by this encoding are all infeasible globally with the set of tasks Ij assigned to any
station, P2 is satisfied.

4.2.2 Assignment Counting Encoding

Encoding (14) is similar to the linear constraints that are commonly used in MIP.
But CP provides more compact encodings via constraint-based expressions and global
constraints that can also take advantage of strong constraint propagation and domain
filtering in CP.

The constraint-based expression Count Different takes a list of (more than one)
variables as input and returns the number of distinct values of these variables [36].
The j-th cut based on Count Different is as follows:

Count Different({xi|i ∈ Ij}) ≥ 2. (15)

Proposition 3. Cut (15) is valid.

Proof. This constraint guarantees that the number of distinct values in {xi|i ∈ Ij} is
at least 2 and implies (14). Thus, P1 and P2 are satisfied.

4.2.3 Global Constraint Encoding

The j-th cut based on the global constraint Pack is as follows:

Pack({wk|k ∈ K}, {xi|i ∈ Ij}, {1i|i ∈ Ij}), (16)

where 0 ≤ wk ≤ |Ij | − 1 and 1i = 1,∀i ∈ Ij .
In the Pack constraint, the first argument {wk|k ∈ K} represents the total loads

of all stations. The second argument {xi|i ∈ Ij} expresses the task assignment for
the relevant tasks in the cut j. The third argument {1i|i ∈ Ij} stands for the load
contribution of these tasks. Thus, the domain of wk ensures that each station can
accommodate at most |Ij | − 1 tasks in Ij given that each task contributes only 1 to
the station load.

Proposition 4. Cut (16) is valid.

Proof. Since 1i has unit length and wk ≤ |Ij | − 1, this cut assures that no more than
|Ij | − 1 tasks in Ij are assigned to any station and satisfies P1. Since the solutions
removed by this encoding are all infeasible globally with the set of tasks Ij assigned
to any station, P2 is satisfied.
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The CP-LBBD models with cut (14), (15), and (16) are referred as CP-LBBDa,
CP-LBBDc, and CP-LBBDp, corresponding to ‘assignment’, ‘count’, and ‘pack’,
respectively. We have applied the same cut strengthening technique described in
Section 3.3 to the three CP-LBBD models.

Note that the CP-LBBDc and CP-LBBDp models, unlike CP-LBBDa, cannot
prune unnecessary cuts for a station k if it does not satisfy the condition Ei−1 ≤ k ≤
m− 1−Ti, ∀i ∈ Ij , because the Count Different expression and the Pack constraint
do not have the flexibility to exclude a specific station.

5 Feasibility Cut Encoding in DIDP-LBBD

In this section, we present four general encoding methods for the feasibility cuts in
the LBBD framework with DIDP master problems.

LBBD is often defined with MIP master problems and we first use MIP context.
Let x be the decision variables in the master problem and let x be the optimal solution
of the latest MP iteration. Let I be the set of all MP variable indices and let Ij be
the set of MP variable indices that appear in the j-th subproblem, then the Benders
feasibility cut obtained from this subproblem is of the following form:∑

i∈Ij

(xi = xi) ≤ |Ij | − 1. (17)

This form is often formulated as a linear constraint in the MIP master problem and
we call it the j-th cut. We define the variable-value pair (xi, xi) to be active if xi = xi

and inactive if xi ̸= xi.
In DIDP, however, a cut of the form (17) cannot be directly represented with state

variables. Thus, instead of adding only a constraint to the DIDP model, we add a new
state variable for each cut, with relevant transitions updating the variable value. New
preconditions or state constraints are also added to enforce the logic of Benders cuts.

5.1 Counting-based Encoding

Our first two encoding methods are based on integer variables in DIDP. The essence
of the encodings is to track the active variable-value pairs, i.e., (xi, xi) in the LHS of
(17). However, the variable xi is in the MIP form and does not exist in DIDP models.
Often, we can still extract the concrete interpretation of the value assignment of xi

from the state variables and transitions in DIDP models.
Here our encoding methods identify the transitions that increase or decrease the

LHS of (17), by using a counter that is correspondingly incremented or decremented
by the identified transitions. Then we add a precondition or state constraint on this
counter to enable the DIDP pruning when the cut (17) is violated.

To formally define our encoding methods, we rely on a mapping from DIDP models
to the variable-value pairs. Let ξ(S) be the sequence of transitions from the target
state S0 to state S. Define a functionM that maps ξ(S) to the value assignments of
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decision variables {xi|∀i ∈ I} in the MIP form such that:

M(ξ(S)) = {xi|∀i ∈ I}. (18)

Here the value of xi, is interpreted/translated from ξ(S) and can be undetermined,
i.e., not assigned any value yet in DIDP since the corresponding decision has not been
made. Then we define gj to be the number of the active variable-value pairs in the
left-hand side (LHS) of the cut (17) that can be extracted fromM(ξ(S)), i.e.,

gj =
∑
i∈Ij

(xi = xi), (19)

where Ij is the set of decision variable indices in the MIP form mapped from the
associated subproblem. Note that I is added to the DIDP model as a constant set
when initializing the model, while Ij is a constant subset of I.

In the target state, since the ξ(S0) contains only the target state and no actual
decisions have been made, we have

∑
i∈Ij (xi = xi) = 0 and gj is 0. Let Fj be the

function that updates the value of gj according to transitions. If the effects effτ of
transition τ imply that xi = xi for some i ∈ Ij and xk ̸= xk for some k ∈ Ij , we have

F j(τ) = |Uj
τ | − |Dj

τ |, (20)

where U j
τ (Dj

τ ) is the set of the variable indices of the variable-value pairs that are
changed from inactive (active) to active (inactive) by transition τ with respect to the
j-th cut, with i ∈ Uj

τ and k ∈ Dj
τ .

In other words, let S be the state where the preconditions of transition τ are
satisfied, and let S′ = S[[τ ]] be the state reachable from S by τ , we have

(xi ̸= xi ∧ xi ∈M(ξ(S
′
)), ∀i ∈ U j

τ ) ∧ (xi = xi ∧ xi ∈M(ξ(S)), ∀i ∈ Uj
τ ) (21a)

(xi = xi ∧ xi ∈M(ξ(S
′
)), ∀i ∈ Dj

τ ) ∧ (xi ̸= xi ∧ xi ∈M(ξ(S)), ∀i ∈ Dj
τ ) (21b)

Therefore, we have
S′[gj ] = S[gj ] + F j(τ). (22)

In practice, the implementation of F depends on the problem and we define the
encoding for SUALBP-1 in Section 6.2. With the LHS of cut (17) modeled, we use
preconditions or state constraints to model the right-hand side (RHS).

5.1.1 Counting-based Precondition Encoding

Our first method for modeling the RHS of (17) is based on preconditions. Specifically,
for the cut with the form (17), we add a precondition for each transition in the DIDP
model that can model the Benders cut as follows:

S[gj ] + F j(τ) ≤ |Ij | − 1, (23)
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where τ is the transition. If the precondition is violated, the transition τ is not
permitted.

5.1.2 Counting-based State Constraint Encoding

Our second method for modeling the RHS of (17) is based on state constraints that
need to be satisfied by all states. The state constraint for the j-th cut is as follows:

S[gj ] ≤ |Ij | − 1, (24)

where S is any state. A state constraint is evaluated after a state is created but a
violated precondition prevents a state from being created.

5.2 Set-based Encoding

Our other two encoding methods are based on set variables in DIDP. Let Ωj be a
set variable that keeps track of the active variable-value pairs in the LHS of the cut
(17), according to the mappingM and the constant set Ij . More specifically, the set
variable Ωj contains an element ei iff x̂i = xi is satisfied in a state. In the target state,
Ωj = ∅. If the effects effτ of transition τ imply that x̂i = xi for some i ∈ Ij and
x̂k ̸= xk for some k ∈ Ij , let U j

τ be the set containing all such i and Dj
τ be the set

containing all such k, then the Ωj is changed to

(S[Ωj ] ∪ U j
τ )\Dj

τ . (25)

Let S be a state and S′ = S[[τ ]] be the state reachable from S by τ , we have S′[Ωj ] =
(S[Ωj ]∪Uj

τ )\Dj
τ . Similar to the counting-based encoding, we use preconditions or state

constraints to model the RHS.

5.2.1 Set-based Precondition Encoding

For the cut (17), we add a precondition for each transition that can modify Ωj in the
DIDP model as follows:

Ij ⊈ (S[Ωj ] ∪ U j
τ )\Dj

τ , (26)

where τ is the transition. (S[Ωj ]∪U j
τ )\Dj

τ gives the value of Ωj after the transition and
may contain items that are not in Ij . The precondition prevents Ωj from including
all the items in Ij .

5.2.2 Set-based State Constraint Encoding

The state constraint for the j-th cut is as follows:

Ij ⊈ S[Ωj ], (27)

where S is any state.
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5.3 Weakness of the DIDP Encoding

There is a fundamental weakness in the aforementioned DIDP encodings compared
to constraint-based models: adding a cut expands the search space. All four DIDP
encoding methods rely on adding a new state variable to the MP to keep track of
the changes to the LHS of (17) caused by transitions. After adding a new state vari-
able corresponding to the j-th cut, the original state space size is multiplied by the
cardinality of the Ij . We return to this point in Section 8.

6 DIDP-LBBD for SUALBP-1

In this section, we present the DIDP model for the master problem for SUALBP-1 and
the instantiation of the four encoding methods in Section 5 to the Benders feasibility
cuts for SUALBP-1.

6.1 DIDP Master Problem

Since the LBBD master problem for SUALBP-1 is equivalent to the SALBP-1 as
stated in Section 3, our DIDP formulations for the master problem are inspired by an
existing DIDP model for SALBP-1 [10], which is defined as follows.

State variables.

• U : set variable for unscheduled tasks. In the target state (i.e., the initial state),
U = V .

• r: integer resource variable for the remaining time (cycle time minus used time) of
the current station. In the target state, r = 0. A larger r is better.

Base case. A base case is a set of conditions to terminate the recursion. The base case
of the DIDP model is: U = ∅.
Transitions. Recall that a transition τ is a 4-tuple ⟨effτ , costτ , preτ , forcedτ ⟩ where
effτ is the effect, costτ is the cost expression, preτ is the set of preconditions, and
forcedτ ∈ {⊥,⊤}.

Table 2: Summary of the DIDP model for the master problem.

State Type Objects Preference

U set tasks V
r integer resource larger

Target state U = V, r = 0
Base case U = ∅

Transition Preconditions Effects Cost Forced

assigni
i ∈ U ∧ ti ≤ r ∧

U ∩ P ∗
i = ∅ U → U\{i} ∧ r → r − ti 0 ⊥

open
(i /∈ U ∨ r < ti ∨
U ∩ P ∗

i ̸= ∅) | ∀i ∈ V
r → c 1 ⊥
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• Assigni = ⟨U → U\{i} ∧ r → r− ti, 0, i ∈ U ∧ ti ≤ r ∧ U ∩P ∗
i = ∅, ⊥⟩: assign

task i to the current station.
• Open = ⟨r → c, 1, (i /∈ U ∨ r < ti ∨ U ∩P ∗

i ̸= ∅) | ∀i ∈ V, ⊥⟩: open a new station.

Note that we use ti instead of ti in the master problem to estimate the setup times
that are exactly calculated in the subproblems.

Theoretically, the transition Open can be used at any state. However, a state
with a closed station that can accommodate an unscheduled task is dominated by an
otherwise identical one that schedules such a task. Thus, a transition dominance rule
(see Beck et. al [37]), stating that a station can only be opened if no task can be
assigned to the current station, is encoded in the preconditions for transition Open.
This dominance rule plays an important role in the efficiency of the DIDP model [10]
but presents a complication for our cut formulations (see Section 6.2.2). The state
variables, target state, base case, and transitions are summarized in Table 2.

Recursive function. We use f(U, r) to represent the cost of a state. Let U1 = {i ∈
U | r ≥ ti ∧ U ∩P ∗

i = ∅} be the set of tasks with all their predecessors scheduled that
can fit on the current station. The recursive function of the DIDP model is as follows:

compute f(V, 0) (28a)

f(U, r) =


0 if U = ∅, (i)

1 + f(U, c) else if U1 = ∅, (ii)

mini∈U1
f(U\{i}, r − ti) else, (iii)

(28b)

f(U, r) ≤ f(U, r
′
), if r ≥ r

′
, (28c)

f(U, r) ≥ max


⌈∑

i∈U ti−r

c

⌉
, (i)∑

i∈U w2
i +

∑
i∈U w

′2
i − 1(r ≥ C/2), (ii)∑

i∈U w3
i − 1(r ≥ C/3). (iii)

(28d)

The term (28a) is to compute the cost of the target state. Equation (28b) is the
main recursion of the DIDP model. Specifically, (28b-i) refers to the base case, while
(28b-ii) corresponds to opening a new station and (28b-iii) refers to assigning task i to
the current station. Inequality (28c) formulates state domination due to the resource
variable: if other variables are equal, a state with a larger remaining time dominates.
(28d-i), (28d-ii), and (28d-iii) are valid dual bounds proposed by Scholl and Klein
[38] with numeric constants w2, w

′2, w3 indexed by a task i and depending on ti, as
shown in Table 3. In addition, the expression 1(r ≥ C/2) returns 1 if r ≥ C/2 and 0
otherwise. Similarly, the expression 1(r ≥ C/3) returns 1 if r ≥ C/3 and 0 otherwise.

6.2 Encoding DIDP-LBBD Cuts for SUALBP-1

The formulations in Section 5.1 and Section 5.2 can be used for any cut of the form
(17). Here we formally present four cut formulations for SUALBP-1.
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Recall that Chu and Xia [26] defined a valid Benders cut as a logical expression
having two properties that are described in (9a) and (9b). We prove that these two
properties are satisfied for each of the four cut encodings.

6.2.1 Counting-based Precondition Encoding

Let J be the set of subproblems leading to Benders cuts. Consider subproblem j ∈ J
corresponding to station k, define Ij as the set of tasks assigned to the station that
cannot all be scheduled within the cycle time. Also, define function F j such that
F j(i) = 1 if i ∈ Ij and 0 otherwise. In order to encode this cut, we add a new state
variable gj with its value being 0 at the target state. We then modify the recursive
formulation (28b) as follows.

f(U, r, {gj | ∀j ∈ J}) =
0 if U = ∅, (i)

1 + f(U, c, {0 | ∀j ∈ J}) else if U2 = ∅, (ii)

mini∈U2
f(U\{i}, r − ti, {gj + F j(i) | ∀j ∈ J}) else. (iii)

(29)

where U2 = {i ∈ U | r ≥ ti ∧ U ∩ P ∗
i = ∅ ∧ (∀j ∈ J , gj + F j(i) ≤ |Ij | − 1)}.

Case (29-i) is the base case when all tasks are assigned to stations. Case (29-ii)
represents the situation where a new station needs to be opened and all the state
variables {gj |j ∈ J } are reset to 0 to indicate that in the new station, no task is
scheduled yet. The case (29-iii) indicates that when task i is assigned to the current
station, the state variables {gj |j ∈ J } are increased (or kept the same) accordingly.
Since case (29-iii) implies that U2 is not empty, any task that can be assigned to
the current station must not make any cut violated according to the newly added
preconditions: ∀j ∈ J , gj +F j(i) ≤ |Ij | − 1, because gj +F j can be mapped back to
the LHS of the Benders cut (17) while |Ij | − 1 can be mapped back to the RHS.

Proposition 5. The counting-based precondition encoding is valid.

Proof. For any cut j ∈ J , gj counts the number of variable-value pairs that appear
in the current station. With transition Open, the current station changes to the next
station and gj = 0, as shown in (29-ii). As shown in (29-iii), with transition Assigni

for any i, since Fj is non-negative and gj +F j(i) ≤ |Ij |− 1 is the precondition stated
in U2, we have S[gj ] ≤ |Ij | − 1 at any state S of the DIDP model. This guarantees
that the same set of tasks are never assigned to the same station and satisfies P1.
Since the solutions removed by this encoding are the solutions with the set of tasks
Ij assigned to any station, they are all infeasible globally as the task processing times
and setup times are independent of stations, and thus P2 is satisfied.

Table 3: Numeric constants for calculating a knapsack-based dual bound.

ti (0, c/2) c/2 (c/2, c] ti (0, c/3) c/3 (c/3, c/2) 2c/3 (2c/3, c]

w2
i 0 0 1 w3

i 0 1/3 1/2 2/3 1

w
′2
i 0 1/2 0
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6.2.2 Counting-based State Constraint Encoding

We can also enforce the cuts by keeping the modified effects and using state con-
straints instead of preconditions to enforce the logic of feasibility cuts. The recursive
formulation (28b) becomes:

f(U, r, {gj | ∀j ∈ J}) =
0 if U = ∅, (i)

1 + f(U, c, {0 | ∀j ∈ J}) else if U2 = ∅, (ii)

mini∈U1
f(U\{i}, r − ti, {gj + F j(i) | ∀j ∈ J}) else if U1 ̸= ∅. (iii)

(30)

Cases (30-i) and (30-ii) refer to the base case and opening new station, respectively,
which are the same as (29-i) and (29-ii). Case (30-iii) considers assigning task i to the
current station and updating the state variables {gj |j ∈ J } accordingly.

In (30-iii), there is no precondition preventing a task assignment that violates
Benders cut. Instead, state constraints are added to prune the resulting states as
follows:

gj ≤ |Ij | − 1, ∀j ∈ J . (31)

However, as noted, there is an interaction between the cut and the dominance rule
associated with the preconditions of transition Open: if we maintain the original pre-
condition on Open (i.e., U1 = ∅), then a state where only tasks that violate the cut can
be scheduled will result in a dead-end. The transitions satisfying (30-iii) will fire and
the resulting states will all violate the state constraints. Thus, no state is reachable
from the current state. However, a new station should be opened in the state when no
tasks can be scheduled. To ensure the correctness of the model, either we remove the
dominance and allow Open at any time, or we maintain it by allowing Open when no
tasks, including those violating cuts, can be scheduled (the new preconditions become
U2 = ∅). We select the latter option to maintain the efficiency of the proposed DIDP
model.

Proposition 6. The counting-based state constraint encoding is valid.

Proof. Similar to the proof for Proposition 5, for any cut j ∈ J , gj counts the number
of variable-value pairs that appear in the current station. Explicitly enforced by state
constraint (31), we have S[gj ] ≤ |Ij | − 1 at any state S of the DIDP model. P1 and
P2 are hence satisfied.

6.2.3 Set-based Precondition Encoding

To encode this cut, we add a new state variable Ωj with its value being ∅ at the target
state. We then modify the recursive formulation (28b) in the DIDP model to express
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all the Benders feasibility cuts:

f(U, r, {Ωj | ∀j ∈ J}) =
0 if U = ∅, (i)

1 + f(U, c, {∅ | ∀j ∈ J}) else if U3 = ∅, (ii)

mini∈U3
f(U\{i}, r − ti, {Ωj ∪ {i} | ∀j ∈ J}) else. (iii)

(32)

where U3 = {i ∈ U | r ≥ ti ∧ U ∩ P ∗
i = ∅ ∧ (∀j ∈ J , Ij ⊈ Ωj ∪ {i})}.

Case (32-i) is the base case. Case (32-ii) represents the transition where a new
station is opened and all the state variables {Ωj |j ∈ J } are reset to empty sets. Case
(32-iii) indicates that when task i is assigned to the current station, the state variables
{Ωj |j ∈ J } are updated accordingly. Since case (32-iii) requires that U3 is not empty,
any task that can be assigned to the current station must not make any cut violated
according to the newly added preconditions: ∀j ∈ J , Ij ⊈ Ωj ∪ {i}, because this set
relation can be mapped back to the Benders cut j.

Proposition 7. The set-based precondition encoding is valid.

Proof. For any cut j ∈ J , Ωj keeps track of the variable-value pairs that appear in the
current station. Case (32-ii) represents that, with transition Open, the current station
changes to the next station and Ωj = ∅. As shown in (32-iii), with transition Assigni

for any i, since the effects never remove any element from Ωj and Ij ⊈ Ωj ∪ {i} is
the precondition stated in U3, we have Ij ⊈ S[Ωj ] at any state S of the DIDP model.
This guarantees that the same set of tasks would never appear in the same station
and satisfies P1. Similar to the proof for Proposition 5, P2 is satisfied.

6.2.4 Set-based State Constraint Encoding

We can also adapt the state constraint encoding to the set-based formulation. The
recursive formulation (28b) becomes:

f(U, r, {Ωj | ∀j ∈ J}) =
0 if U = ∅, (i)

1 + f(U, c, {∅ | ∀j ∈ J}) else if U3 = ∅, (ii)

mini∈U1
f(U\{i}, r − ti, {Ωj ∪ {i} | ∀j ∈ J}) else if U1 ̸= ∅. (iii)

(33)

Cases (33-i) and (33-ii) refer to the base case and opening new station, respectively,
which are the same as (32-i) and (32-ii). Case (33-iii) represents scheduling task i in
the current station and update the state variables {Ωj |j ∈ J } accordingly.

The added state constraint is:

Ij ⊈ Ωj , ∀j ∈ J . (34)

Similar to (30), we maintain the dominance specified by the preconditions of the tran-
sition Open by inserting the case violating state constraints (34) into the preconditions
(the new preconditions become U3 = ∅).
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Proposition 8. The set-based state constraint encoding is valid.

Proof. Similar to the proof for Proposition 7, for any cut j ∈ J , Ωj keeps track of the
variable-value pairs that appear in the current station. Enforced by the explicit state
constraint (34), we have Ij ⊈ S[Ωj ] at any state S of the DIDP model. P1 and P2
are hence satisfied.

The DIDP-LBBD models with recursive formulation (29), (30), (32), and (33)
replacing (28b) are referred as DIDP-LBBDcPre, DIDP-LBBDcCon, DIDP-LBBDsPre,
and DIDP-LBBDsCon, respectively, where ‘c’ and ‘s’ correspond to ‘count’ and ‘set’
and ‘Pre’ and ‘Con’ map to ‘precondition’ and ‘constraint’.

7 Experimental Evaluation

In this section, we compare the performance of our CP-LBBD, DIDP-LBBD, and MIP-
LBBD models against the state-of-the-art MIP model [11] as shown in the Appendix
A. We use the 788 instances of the SBF2 data set [19].4

7.1 Experiment Setting

Originally proposed by Scholl et al. [19], the SBF2 data set has been widely used in the
literature [39–41] and was recently modified by Zohali et al. [14]. We use the modified
version and follow their clustering of the instances into four classes:

• Data set A: small (132 instances) with up to 25 tasks.
• Data set B: medium (140 instances) with 28 to 35 tasks.
• Data set C: large (188 instances) with 45 to 70 tasks.
• Data set D: extra-large (328 instances) with 75 to 111 tasks.

Each class has four different settings according to a parameter α that specifies the
ratio of the average setup time to the average task processing time: 0.25, 0.50, 0.75,
and 1.00.

For the DIDP models, we use the state-of-the-art solver based on CABS [8] in
didp-rs v0.9.0.5 For the CP models, we use CP Optimizer 22.1.1 [36]. For the MIP
models, we use Gurobi 12.0.1 [42]. All the experiments are implemented in Python
3.10.11. Each instance is run for 1800 seconds on a single thread on a Ubuntu 22.04.2
LTS machine with Intel Core i7 CPU and 16 GB memory.

7.2 Experiment Results

The results on SUALBP-1 are shown in Fig. 3. Better performance is indicated by
curves closer to the top left corner of the graph. The performance of our approaches
on datasets A, B, C, and D separately are presented in Fig. 4 - 7. In addition to the
overall performance on average, we provide more granular and detailed results in the
Table 4.

4https://assembly-line-balancing.de/sualbsp/data-set-of-scholl-et-al-2013/
5https://github.com/domain-independent-dp/didp-rs/releases/tag/v0.9.0
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In the LBBD models compared in this work, the first feasible master problem
solution that is also feasible for all subproblems is an optimal solution to the original
problem and the LBBD algorithm terminates. Thus, for a problem instance, we define
an approach to be the “winner” if it is able to prove optimality for the instance faster
than all the other approaches. When multiple approaches are equivalently fast, they
are all winners. When no approach can prove optimality for the instance, there is no
winner. The detailed win rates (the proportion of instances for which an approach
is the winner) and the optimality rates (the proportion of instances for which an
approach can solve to optimality) for the four datasets separately and together are
presented in Table 4.

First if we look at the overall performance shown in Fig. 3, all of our proposed
techniques outperform the MIP model, the current state of the art. CP-LBBDa

achieves the best performance at the time limit with 72.3% of instances proved opti-
mal. CP-LBBDc performs best before 500 seconds. In particular, CP-LBBDc achieves
66.9% in 300 seconds while CP-LBBDa is 100 seconds slower to achieve that level.
This performance difference indicates the speedup brought by the constraint-based
expression Count Different. CP-LBBDp, though trailing the other two CP-LBBD
models, performs better than DIDP-LBBD, MIP-LBBD, and MIP approaches.

Though the three CP-LBBD variants differ substantially in Fig. 3, there is no signif-
icant performance difference among the four DIDP-LBBD variants. The DIDP-LBBD
models find and prove optimal solutions for more instances in a shorter computation
time than MIP-LBBD and MIP. In 100 seconds, all four DIDP-LBBD models find and
prove optimality on 55% of the instances. MIP cannot achieve the same performance
in 450 seconds. At 1800 seconds, DIDP-LBBD has found and proved optimality for
around 61% of the problem instances compared to 60.4% and 54.9% for MIP-LBBD
and MIP, respectively.

For the overall win rates in Table 4, all LBBD models except for DIDP-LBBDcPre

outperform the MIP model, with the CP-LBBDc model achieving the highest win
rate. While CP-LBBDa finds more optimal solutions than CP-LBBDc, the latter typ-
ically finds solutions more quickly. More interestingly, the DIDP-LBBDsCon model
achieves the second best win rate and outperforms other DIDP-LBBD variants. The
DIDP-LBBDcPre model performs the worst, with the monolithic MIP model being

Table 4: Win rates and optimality rates per approach.

Win rate (%) / Optimality rate (%)

Model \ Dataset Dataset A Dataset B Dataset C Dataset D Overall

CP-LBBDa 0.0 / 100.0 1.4 / 100.0 20.2 / 63.8 9.1 / 54.3 8.9 / 72.3
CP-LBBDc 4.5 / 100.0 34.3 / 100.0 16.5 / 55.9 32.0 / 54.6 24.1 / 70.6
CP-LBBDp 3.0 / 100.0 20.7 / 100.0 4.8 / 44.7 6.7 / 52.1 8.1 / 66.9
DIDP-LBBDcPre 1.5 / 100.0 2.1 / 100.0 0.0 / 52.1 0.0 / 33.8 0.6 / 61.0
DIDP-LBBDcCon 0.8 / 100.0 9.3 / 100.0 9.6 / 54.8 0.6 / 34.1 4.3 / 61.8
DIDP-LBBDsPre 40.9 / 100.0 3.6 / 100.0 0.0 / 51.1 0.0 / 33.5 7.5 / 60.7
DIDP-LBBDsCon 43.2 / 100.0 20.7 / 100.0 18.6 / 53.7 7.9 / 33.8 18.7 / 61.4
MIP-LBBD 6.1 / 100.0 5.7 / 100.0 6.4 / 36.2 0.9 / 41.5 3.9 / 60.4
MIP 0.0 / 87.9 2.1 / 100.0 5.3 / 47.9 0.9 / 26.5 2.0 / 54.9
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slightly better. Note that strong win-rate results mean that an approach is the fastest
for more instances compared to other approaches but may trail on or fail to solve
other instances.

Fig. 3 and Table 4 show that directly bounding the assignment of core decision
variables xi in the CP model or using light-weighted constraint-based expressions
are advantageous compared to global constraints, especially when using a global con-
straint requires extra variables such as wk in the Pack constraint. DIDP-LBBD models,
though possessing similar capability in solving SUALBP-1 instances to optimality
within the time limit, exhibit different speeds. Specifically, set-based DIDP-LBBD
models are often faster than counting-based models, while state constraint-based
models are often faster than precondition-based models.

For the smallest dataset A, all the LBBD models prove optimality for all the
instances, while MIP achieves optimality for 87.9% instances: MIP struggles for even
small instances. Note that all lines except for the line for MIP overlap on the top of
Fig. 4 and we do not plot the entire 1800 seconds because the results do not change
after 2 seconds. However, the two set-based DIDP-LBBD models are often faster, as
reflected in their win rates in Table 4.

For the mid-size instances, CP-LBBD models outperform MIP-LBBD and DIDP-
LBBD models, with MIP trailing all the other approaches. The CP-LBBDc model
demonstrates the best performance according to the win rates, with CP-LBBDp and
DIDP-LBBDcCon tied for second place.

For the large instances, as shown in Fig. 6, the compared approaches behave quite
differently. The CP-LBBDa and CP-LBBDc models lead the performance ranking but
the performance of CP-LBBDc drops after 1200 seconds. CP-LBBDa performs the
best and achieves proved optimality for 64% instances. However, CP-LBBDp again
performs poorly, only better than the MIP-LBBD model and achieves proved opti-
mality for 44% instances. This result likely indicates that the inference of the Pack

constraint is too expensive. The four DIDP-LBBD models perform similarly and only
worse than CP-LBBDa and CP-LBBDc, with DIDP-LBBDsPre trailing the other three
models. Surprisingly, the monolithic MIP model outperforms MIP-LBBD and achieves
a similar percentage of instances proved to optimality as DIDP-LBBDsPre. The MIP-
LBBD model only proves 35% instances to optimality. According to the win rates in
Table 4, CP-LBBDa is the best for the large instances. The DIDP-LBBDcCon model
is consistently fast but the two precondition-based DIDP-LBBD models do not win
at all.

For the extra large instances, as shown in Fig. 7, the performance rankings dif-
fer from the rankings for large instances. Although the three CP-based LBBD models
outperform the other approaches, they cannot prove optimality for more than 55%
instances. The global-constraint-based CP-LBBDp is consistently worse than the other
two CP-LBBD models. While the MIP-based LBBD model underperforms the DIDP-
based models before 300 seconds, it starts to consistently outperform the DIDP-based
models after 360 seconds and proves 9% more instances at the time limit. The mono-
lithic MIP model is the worst and proves less than 30% of the instances to optimality.
According to the win rates in Table 4, the CP-LBBDc model is frequently faster
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Fig. 3: Ratio of instances solved to opti-
mality over time for SUALBP-1.

Fig. 4: Ratio of instances solved to opti-
mality over time for dataset A.

Fig. 5: Ratio of instances solved to opti-
mality over time for dataset B.

Fig. 6: Ratio of instances solved to opti-
mality over time for dataset C.

Fig. 7: Ratio of instances solved to opti-
mality over time for dataset D.

Fig. 8: Instances solved to optimality
over LBBD iterations required.
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than other models, with the CP-LBBDa, CP-LBBDp, and DIDP-LBBDcCon models
winning occasionally.

Overall, the differences between optimality rates and win rates implies that the
CP-LBBD models are not always faster than DIDP-LBBD models, especially when
problem instances are small. However, CP-LBBD approaches scale better.

Focusing on the eight LBBD models as shown in Fig. 3, the relative rankings are:
CP-LBBD, DIDP-LBBD, and MIP-LBBD. According to the win rates in Table 4, if
we compare the best CP-LBBD model (i.e., CP-LBBDc), the best DIDP-LBBD model
(i.e., DIDP-LBBDsCon), and the MIP-LBBD model, we reach the same performance
rankings, demonstrating the promise of CP-LBBD and DIDP-LBBD.

It is worth mentioning that the time spent on subproblems is very short,
e.g., 0.001s, suggesting that a branch-and-check6 approach may result in further
performance improvements [43].

7.3 Algorithm Analysis

To better understand the performance of the eight LBBD models and the differences
among them, we conduct a series of analyses.

7.3.1 Instances Solved to Optimality vs. Iterations Required

We first report the number of instances that are proved optimal versus the number of
LBBD iterations for all eight LBBD models and all four datasets, as shown in Fig. 8.
If for a model, after iteration i, there is no instance running due to the time limit, the
plot stops at iteration i.

From Fig. 8 we can see that the CP-LBBD models prove the most instances optimal
with CP-LBBDa performing the best. The CP-LBBDc model proves fewer instances
optimal than CP-LBBDa but more instances than the CP-LBBDp model. DIDP-
LBBD models, with similar performance among four variants, trail the CP-LBBD
models but outperform the MIP-LBBD model.

Note that the plots of DIDP-LBBD models stop the earliest (i.e., before 350
iterations) and cannot prove more instances optimal after around 200 iterations.
The state-constraint-based DIDP-LBBD models perform slightly better than the
precondition-based models. The interpretations here are two-fold: (i) DIDP-LBBD
models cannot conduct more iterations within the time limit; (ii) DIDP-LBBD models
require relatively fewer iterations to prove some instances optimal. We present further
analysis below to verify these interpretations.

It appears that DIDP-LBBD does many fewer iterations but performs better than
MIP-LBBD. Given that the only difference is in the solutions to the MP (i.e., the cuts
are mathematically equivalent), then it must be the differences arise from the different
techniques finding different optimal MP solutions. We conduct further evaluations to
investigate: (i) whether this phenomenon is real and (ii) what causes this phenomenon.
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Fig. 9: Distribution of the LBBD iterations. The number of instances considered for
each model is reported by the black text “#ins”. The mean is indicated by the short
solid horizontal green line and reported by the green text “mean”. The median by the
dotted horizontal red line and reported by the red text “median”. Note the logarithmic
scale of the y-axis

7.3.2 Distribution of the Number of Iterations

We analyze the distribution of the number of iterations required for the instances
proved optimal by each of the eight LBBD models. The results are shown in Fig.
9. Since each LBBD model proves a different number of instances to optimality, the
number of instances considered in each violin plot corresponding to each model is
reported by the black text “#ins”. We also report the mean and median number of
iterations required as the text “mean” and “median”, respectively.

We can see that the four DIDP-LBBD models are indeed more efficient than CP-
LBBD and MIP-LBBD models in terms of the number of iterations required to prove
optimality. For each model, the median number of iterations (indicated by the dotted
horizontal red line) is smaller than the mean (indicated by the solid horizontal green
line): most of the instances need only few LBBD iterations to be proved optimal
and occasionally some instance needs more iterations. Compared to CP-LBBD and
MIP-LBBD models, DIDP-LBBD models demonstrate the smallest mean and median
number of iterations, but all median values are relatively close.

6Branch-and-check solves the master problem only once with each of the feasible solutions found in the
solving process triggering subproblem evaluation.
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While the mean iterations for MIP-LBBD are the largest among all models, the
median for MIP-LBBD is smaller than CP-LBBD models: MIP-LBBD has more
instances that require many iterations to prove optimal and the distribution of the
number of iterations is similar to bimodal distribution.

Interestingly, the CP-LBBDp model has the smallest mean and median iterations
compared to CP-LBBDc and CP-LBBDa. The interpretations here are also two-fold:
(i) there are few instances with extremely many iterations when using the CP-LBBDp

model; (ii) some instances need many more iterations than the current time limit
allowed for CP-LBBDp to prove optimal, and if these instances are included under a
longer time limit, the mean and median iterations will exceed that for CP-LBBDc and
CP-LBBDa.

7.3.3 Scatter Plots of Iterations Required

The second evaluation we conduct is to look into individual instances and compare the
number of iterations required for a pair of selected LBBDmodels. To better understand
the difference between the DIDP-LBBD, CP-LBBD, and MIP-LBBD models, we select
the DIDP-LBBDcCon, CP-LBBDa, and MIP-LBBD models for further analysis.

The Fig. 10 is a scatter plot for the subset of instances that can be proved optimal
by both the DIDP-LBBDcCon and CP-LBBDa models. Each point in the plot corre-
sponds to an instance with the x-value and y-value being the number of iterations
required when solved with the CP-LBBDa model and the DIDP-LBBDcCon model,
respectively.

From the scatter plot, we can see that the DIDP-LBBDcCon model requires many
fewer iterations than the CP-LBBDa model. In fact, in the plot, only a few instances
need more iterations when solved with the DIDP-LBBDcCon model compared to the
CP-LBBDa model.

A similar scatter plot for the DIDP-LBBDcCon and MIP-LBBD models is shown in
Fig. 11. We can see that the DIDP-LBBDcCon model also needs many fewer iterations
than the MIP-LBBD model. The scatter plot for the CP-LBBDa and MIP-LBBD
models is shown in Fig. 12. The CP-LBBDa needs slightly fewer iterations than the
MIP-LBBD model, which is consistent with our observations in Fig. 8 and Fig. 9.

Note that the three scatter plots consider three different subsets of instances. Each
plot includes only the instances that can be solved optimally by both methods involved.

7.3.4 MP Solution Similarity vs. Iterations Required

This section presents efforts to understand the difference in the number of iterations
between different LBBD models.

Since the only difference between the proposed LBBD models is in solving the MP
and all cut formulations are mathematically equivalent, the reason for the performance
difference appears to arise from different optimal solutions being found by the differ-
ent MP solvers. Once two approaches find two different optimal MP solutions at an
iteration, their search processes diverge because the cuts generated from different MP
solutions will be different. However, the results above suggest that there is a conceiv-
able systematic effect: DIDP models appear to be consistently finding MP solutions
that lead to fewer overall iterations.
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Fig. 10: Number of iterations required
for DIDP-LBBDcCon and CP-LBBDa

models.

Fig. 11: Number of iterations required
for DIDP-LBBDcCon and MIP-LBBD
models.

Fig. 12: Number of iterations required
for CP-LBBDa and MIP-LBBD models.

Fig. 13: MP solution similarity vs.
iterations required for DIDP-LBBDcCon,
CP-LBBDa and MIP-LBBD models

As an attempt to explain the systematic effect observed, we propose a hypothesis:
the similarity between the optimal MP solutions obtained in consecutive LBBD iter-
ations is negatively correlated with the number of LBBD iterations required to prove
optimal. This hypothesis is inspired by a column stabilization technique to alleviate
the tailing off effect at the end of the column generation (CG) process and to acceler-
ate its convergence [44]. Specifically in CG, using simplex re-optimization after adding
a column instead of optimization from scratch can bring stabilization toward the pre-
vious primal solution of the restricted master problem (RMP) and reduce the number
of iterations required to find the optimal CG solution [45]. This technique implies that
similar primal solutions of RMPs in CG lead to fewer iterations required for conver-
gence. We hypothesize that a similar phenomenon could happen in LBBD models for
SUALBP-1. We now introduce the tools needed to investigate this hypothesis.
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We define MP solution similarity as follows. Given an instance i, after the instance
is proved optimal by an approach a, a sequence of MP solutions (s1i,a, ..., s

T
i,a) found in

each iteration is also obtained. For a pair of adjacent MP solutions (sji,a, s
j+1
i,a ) in the

sequence, we compare the tasks assigned to the station k in both solutions. Let Aj,k
i,a

and Aj+1,k
i,a be the sets of tasks assigned to the station k in the solutions sji,a and sj+1

i,a ,

respectively. Then we define cj,ki,a as the number of the tasks shared by the two solutions

in station k, i.e., cj,ki,a = |Aj,k
i,a ∩A

j+1,k
i,a |. Then the similarity between (sji,a and sj+1

i,a ) is

θji,a =

∑
k=1,...,K cj,ki,a

N
, (35)

where N is the total number of tasks of instance i. The similarity score of the sequence
of MP solutions (corresponding to instance i and approach a) is

Θi,a =

∑
j=1,...,J−1 θ

j
i,a

J − 1
, (36)

where J is the number of MP solutions in the sequence. Note that a higher similarity
score means less change between consecutive MP solutions in the solution sequence.

In Fig. 13, we plot the similarity score versus the number of iterations
required to prove optimality for all the instances that can be solved optimally by
DIDP-LBBDcCon, CP-LBBDa and MIP-LBBD models. We exclude instances that can
be solved by any approach with only one LBBD iteration as we cannot calculate its MP
solution similarity. We also plot the regression line to approximate the distribution.

We can see that the mean similarity of the DIDP-LBBDcCon model is the highest
while the mean iterations required are the fewest. The DIDP-LBBDcCon model demon-
strates a clear negative correlation between the MP solution similarity and the number
of iterations required to prove optimal. For CP-LBBDa and MIP-LBBD models, the
negative correlations are less apparent.

Thus, for the DIDP-LBBDcCon model, the MP solution similarity is high, the
changes between consecutive MP solutions are small, and the number of iterations
required to prove optimality is low. We speculate that the search behavior of the DIDP
model leads to this phenomenon. The DIDP-LBBDcCon model for the master prob-
lem constructs the solution of SUALBP-1 by assigning each of the tasks to stations.
The assignment starts from a station and fills tasks into it until no more tasks can be
placed. Then a new station is opened and the task assignment continues. When there
is a Benders cut encoded by transition preconditions or state constraints included in
the DIDP model of the MP, it does not immediately affect the solution construction
process (or search behavior). The cut is only triggered when the tasks in the cur-
rent station satisfy the conditions associated with the cut. Thus, the adjacent MP
solutions obtained with the DIDP-LBBDcCon model could be very similar since the
corresponding DIDP models for the two MPs differ by only a few cuts.

For CP-LBBD and MIP-LBBD models, the Benders cuts are added as constraints
and have an immediate impact on the search space. Since the solutions in MIP models
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of the MP are not explicitly constructed from the first to the last station, we could
see very different adjacent MP solutions. As a result, for SUALBP-1, the adjacent MP
solutions obtained with DIDP models usually have higher similarity scores than the
adjacent MP solutions obtained with MIP models.

We speculate that the negative correlation between the MP solution similarity and
the number of iterations required to prove optimal is caused by the problem structure
of SUALBP-1. Since the objective is to minimize the number of stations used, the cost
function is very coarse. Thus, in most instances, there are multiple optimal solutions.
If the algorithm searches in a small region and improves the solution quality based
on a given MP solution, as our DIDP model does with Benders cuts, it could likely
lead to an optimal solution soon. Instead, exploring different regions may increase the
unnecessary computational efforts and LBBD iterations, as our MIP model does with
Benders cuts.

In the Benders decomposition literature, stabilization techniques such as regular-
ization [46] and trust-regions [47] are often used to accelerate the convergence [48].
Specifically, the regularization technique modifies the MP objective function to penal-
ize deviations from previous solutions and the trust-regions technique limits the MP
solution to a localized area around a reference point, preventing erratic oscillations
between solutions. These techniques can lead to similar MP solutions and thus fewer
iterations required to prove optimality for many problems [49]. We speculate that as
the DIDP-LBBD models find similar MP solutions, they result in performance similar
to a regularized model but without explicit regularization. We make the observation
to inspire theoretical research in future work.

Interestingly, note that the average similarity score of the CP-LBBDa model is
high. This means that the CP models of the master problems could be exploiting
a small search region. The relatively low average iterations required to prove opti-
mal for the CP-LBBDa model are consistent with our speculated negative correlation
between the similarity and iterations. Therefore, the CP-LBBD models can perform
a relatively small number of LBBD iterations when searching in a small region. The
default search strategy of CP Optimizer consists of several search techniques (includ-
ing large neighborhood search, genetic algorithms, etc.) that are dynamically changed
during the search by adapting to the problem of interest [50]. Thus, it is unclear what
algorithms are used in the CP master problem. With the coarse objective function
of SUALBP-1, focusing on similar solutions allows CP (and DIDP) to cut off solu-
tions in a concentrated area, leading to a primal solution that then cuts off solutions
in other areas. Thus, the number of iterations required to prove optimality is signif-
icantly reduced. However, we must re-emphasize that this is speculation and further
investigation and fuller analysis is needed.

7.3.5 Runtime vs. Iterations

As shown in the last section, both DIDP-LBBD and CP-LBBD models demonstrate a
negative correlation between the MP solution similarity and the number of iterations
required to prove optimality, but why do the CP-LBBD models outperform the DIDP-
LBBD models? To answer this question, we conduct a further analysis.
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Fig. 14: Mean MP runtime over iterations. Note the logarithmic scale of the x-axis.

For the SBF2 data set, 409 of the 788 instances are proved optimal by all of the
eight LBBD models. The mean MP runtimes of the 409 instances over iterations for
all eight LBBD models are shown in Fig. 14.

CP-LBBD and MIP-LBBD have relatively consistent MP runtime across different
iterations. Since CP-LBBD models need fewer iterations and spend less or similar
runtime in each iteration than the MIP-LBBD model, CP-LBBD models are generally
faster than the MIP-LBBD model. For DIDP-LBBD models, although starting from
a small magnitude, the MP runtimes increase drastically as the iterations increase.
As discussed in Section 5.3, with more state variables added to the DIDP model of
the master problem, the state space of the model is enlarged and the search needs
more search effort to find and prove optimality: hence the MPs become more time-
consuming to solve. We have already shown in Fig. 13 that the number of iterations
required for the DIDP-LBBD models is slightly fewer than that for the CP-LBBD
models. But since the runtime of the DIDP-LBBD models increases sharply with
the number of iterations, the overall performance of the CP-LBBD models is better
than the DIDP-LBBD models. Therefore, this performance degradation can partially
explain the worse results of DIDP-LBBD compared to CP-LBBD.

The mean MP runtimes over iterations for dataset A, B, C, and D are separately
shown in Fig. 15 - 18, respectively. Also note the logarithmic scale of the x-axis in Fig.
15 - 18.

32



Fig. 15: Mean MP runtime over itera-
tions for dataset A.

Fig. 16: Mean MP runtime over itera-
tions for dataset B.

Fig. 17: Mean MP runtime over itera-
tions for dataset C.

Fig. 18: Mean MP runtime over itera-
tions for dataset D.

For dataset A, the DIDP-LBBD models achieve the best performance, while the
CP-LBBD and MIP-LBBD models exhibit longer MP runtimes. Notably, the CP-
LBBD models experience a relatively prolonged runtime in the initial phase, which
decreases after the first iteration. Since the number of iterations required is low, the
runtime for dataset A is generally short and the performance degradation of DIDP-
LBBD models is not obvious.

For dataset B, the DIDP-LBBD models and the CP-LBBDp model show
steep increases in runtime during the first 60 iterations, whereas the CP-LBBDa,
CP-LBBDc, and MIP-LBBD models display a more gradual rise. Specifically, the
MIP-LBBD model maintains a relatively consistent runtime over nearly 350 iterations,
highlighting the insensitivity of MIP runtime to the number of cuts added.

For dataset C, a noticeable surge in runtime begins around iteration 40, with
the DIDP-LBBD model performing worse than the CP-LBBD models in this regard.
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Despite some fluctuations, the MIP-LBBD model maintains a relatively consistent
runtime across iterations.

For dataset D, the MIP-LBBD model exhibits the worst runtime performance.
The DIDP-LBBD models experience two sharp runtime increases before iteration 100.
Initially, the CP-LBBDp and CP-LBBDc models perform well but are eventually out-
paced by the two set-based DIDP-LBBD models. Among all the models, CP-LBBDa

performs the best, delivering consistent runtime throughout the iterations.
In summary, the MIP-LBBD model demonstrates the most consistent mean run-

time across iterations. As the number of iterations increases, the DIDP-LBBD models
exhibit significant performance degradation, characterized by sharp increases in run-
time. While the CP-LBBD models also experience runtime surges, these are generally
less severe and are often followed by a stabilization period, during which the CP-LBBD
models maintain consistent performance. Combined with our findings in Section 7.3.4,
this explains the better performance of the CP-LBBD models compared to the DIDP-
LBBD and MIP-LBBD models. In the next section, we analyze the performance of
the three CP-LBBD models in more detail.

7.3.6 Analysis of CP-LBBD

In order to investigate the differences among the three CP-LBBD models, for all 788
instances in the SBF2 dataset, we added the cuts generated by CP-LBBDa model at
each MP iteration to all models, in their corresponding cut forms. Thus for each MP
iteration, the three models solve identical problems except for the differences in the
form of the cuts. We set the time limit to 3600 seconds for this experiment.

The ratio of instances solved and proved optimal over time for datasets A, B, C,
and D are presented in Fig. 19, 20, 21, and 22, respectively. All four graphs show a
substantial cluster in the lower-left corner demonstrating broadly similar performance.
However, both CP-LBBDc and, to a greater extent, CP-LBBDp exhibit a number
of instances with a large number of nodes and large runtimes when CP-LBBDa has
relatively small values of these measures.

These graphs are consistent with the overall results of the CP models in Figure
3. In terms of the number of nodes generated, the graphs suggest that the difference
comes less from a systematic performance difference among the models and more from
a small number of outliers with large node counts for CP-LBBDc and CP-LBBDp. In
contrast, the runtime graphs for CP-LBBDp and, though to a lesser extent, CP-LBBDc

show vertical clusters of instances with relatively low CP-LBBDa runtimes implying
that the higher computational effort of the global constraint-based models does not
pay off in terms of performance.

The runtime over the number of nodes of the MPs in CP-LBBD models for the
SBF2 dataset is shown in Fig. 23. The results in Fig. 3 also coincide with these findings
(CP-LBBDa and CP-LBBDc outperform CP-LBBDp) from a regression perspective.

8 Discussion

Our experiments and analysis show a surprising difference in the behavior of different
solvers in solving the MP in LBBD. Despite the fact that the models and cuts are
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Fig. 19: Number of nodes of the MPs in
CP-LBBDc and CP-LBBDa.

Fig. 20: Number of nodes of the MPs in
CP-LBBDp and CP-LBBDa.

Fig. 21: Runtime of the MPs in
CP-LBBDc and CP-LBBDa.

Fig. 22: Runtime of the MPs in
CP-LBBDp and CP-LBBDa.

mathematically equivalent, it appears that different approaches find MP solutions that
push the global search behavior toward more or fewer iterations. We provide some
evidence that the similarity of consecutive MP solutions may play a role here but
further research is required to fully understand our observations.

Global constraints in CP can increase domain propagation and the overall solving
performance but have a limit, after which the improved propagation, if any, is not
worth the effort required [51]. This dynamic may be observed by the worse results of
CP-LBBDp compared to CP-LBBDa and CP-LBBDc. By contrast, CP-LBBDa and
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Fig. 23: Runtime over number of nodes of the MPs in CP-LBBD models for the SBF2
dataset. Note that the regression lines for CP-LBBDa and CP-LBBDc overlap.

CP-LBBDc manipulate the main decision variables more directly while not induc-
ing much larger constraint models. This trade-off between stronger propagation and
increasing model size is prevalent in applications of CP techniques.

The validity of the proposed four DIDP cut encoding methods depends on the
effective extraction of the useful information, i.e., the change of the variable-value
pairs in the Benders cuts. Such information is often hidden in the transitions of DIDP
models. Thus, it is difficult to create a cut using the existing state variables. An
important question is to understand if this state-space expansion is an inherent weak-
ness for DIDP and, indeed, state-based models in general. There exists similar work
examining the addition of trajectory constraints to AI planning problems which sim-
ilarly expand the state space [52, 53]. Also, it is worth investigating how to improve
the DIDP cut encodings. Methods such as cut aggregation [47, 54], cut selection [55],
adaptive cuts [56] and cut removal [57] are promising to improve the cut quality or
reduce the number of cuts to overcome the performance degradation caused by the
state-space expansion.

In a parallel work, a monolithic DIDP model for SUALBP-1 was shown to perform
better than all the LBBD models presented here [20]. This is a surprising result as the
state of the art for similar problems with sequence-dependent setup times is typically
based on decomposition [14, 58]. Further research is required to understand why DIDP
models for SUALBP-1 do not follow this pattern. We speculate that the expanded
state space plays a role.
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It is noteworthy to mention that Benders feasibility cuts are relatively straightfor-
ward to formulate as the essence is to prune a subset of solutions directly. For Benders
optimality cuts, however, the pruning becomes indirect and objective-related, which
is more challenging to develop, especially for DIDP. It would be interesting to develop
DIDP-based and CP-based encoding methods for the Benders optimality cuts.

9 Conclusions

In this paper, we investigated a rarely studied topic: using non-MIP methods to solve
the master problem in the logic-based Benders decomposition (LBBD) framework.
This idea is simple yet novel as Benders cuts are expressed as linear mathematical
constraints in the form of MIP constraints. However, we show that alternative methods
are possible, effective, and efficient. Additionally, the different MP solving methods
provide surprisingly varied performance.

Specifically, we proposed novel LBBD models with master problems modeled
and solved with domain-independent dynamic programming (DIDP) and constraint
programming (CP), using simple assembly line balancing problem with sequence-
dependent setup times type-1 (SUALBP-1) as a testbed. In the state transition system
of DIDP, we proposed four encoding methods for Benders feasibility cuts by using
integer or set variables and preconditions or state constraints. As it is challenging to
transform linear constraints to an equivalent form in DIDP, we use a new state vari-
able to keep track of the status of the cut. The body of the cut is updated with the
state transitions and the cut logic is evaluated by either transition preconditions or
state constraints. Although the four LBBD models are for SUALBP-1, the four encod-
ing methods are general and can be applied to the DIDP-LBBD models for other
combinatorial optimization problems.

We also developed three CP-based master problem formulations with Benders
feasibility cuts formulated as variable assignment bounds, variable assignment count-
ing, and global constraints, with increasing strength and complexity of propagation.
Though designed for SUALBP-1, these three modeling ideas in CP can be borrowed
by other optimization problems to formulate Benders cuts as well.

Experimental results on SUALBP-1 show superior performance for the CP-LBBD
models and good performance of the four DIDP-LBBD models, compared to MIP-
LBBD and monolithic MIP models, demonstrating the promise of DIDP hybrid and
CP hybrid approaches. However, the DIDP encodings exhibit state-space expansion
and performance degradation as the number of cuts increases, while the CP encoding
with global constraints does not pay off in terms of the computational effort required
to enforce the stronger propagation. Thus, further improvements are needed for these
cut encoding methods. Considering the long history of the research and development
for the LBBD models with MIP master problems, DIDP-based and CP-based LBBD
models have great potential to be explored.
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Appendix A Monolithic MIP Model of SUALBP-1

To present the monolithic MIP model of SUALBP-1, additional parameters are
required, as shown in Table A1. We base our formulation on the Second Station-Based
Formulation (SSBF) [11], the state-of-the-art MIP formulation for SUALBPs. Since
the SSBF model can be adapted to both SUALBP-1 and SUALBP-2, we name it
SSBF-1 [11]. The decision variables are:

• xik: binary variable with value 1, iff task i ∈ V is assigned to station k ∈ FSi.
• zi: integer variable for encoding the index of the station that task i is assigned to.
• uk: binary variable with value 1, iff any task is assigned to station k.
• gijk: binary variable = 1, iff task i is performed right before task j on station k.
• hijk: binary variable = 1, iff task i is the last and task j is the first task on station k.
• ri: integer variable representing the rank of task i in a sequence of all tasks. The
sequence is composed of the task sequences on all the active stations.

The SSBF-1 MIP model proposed by Esmaeilbeigi et al. [11] is as follows.

min
∑

k∈KP

uk +m (A1a)

s.t.
∑

k∈FSi

xik = 1, ∀i ∈ V, (A1b)

∑
k∈FSi

k · xik = zi, ∀i ∈ V, (A1c)
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Table A1: Additional parameters for SUALBP-1 [11].

Notation Definition
E set of all precedence relations

Ei earliest station for task i ∈ V , e.g., Ei =
⌈ ti+

∑
j∈P∗

i
tj

c

⌉
Li latest station for task i ∈ V , e.g., Li = m+ 1−

⌈ ti+
∑

j∈F∗
i

tj

c

⌉
dij lower bound on the number of stations between the stations of tasks i and j,

inclusive, e.g., dij =
⌈ ti+tj−1+

∑
v∈S∗

i ∩P∗
j

tv

c

⌉
KD(KP ) set of definite (possible) stations, i.e., KD = {1, ...,m}, KP = {m+ 1, ...,m}, and

K = KD ∪KP
FSi set of stations to which task i ∈ V can be assigned, i.e., FSi = {Ei, Ei + 1, ..., Li}
FTk set of tasks which can be assigned to station k ∈ K, i.e., FTk = {i ∈ V |k ∈ FSi}
Ai set of tasks that cannot be assigned to the station to which task i is assigned, e.g.,

Ai = {j ∈ V |FSj ∩ FSi = ∅}
FF
i (PF

i ) set of tasks which may directly follow (precede) task i in forward direction, i.e.,
FF
i = {j ∈ V − (F ∗

i − Fi)− P ∗
i −Ai − {i}} and PF

i = {j ∈ V |i ∈ FF
j }

FB
i (PB

i ) set of tasks which may directly follow (precede) task i in backward direction, i.e.,
FB
i = {j ∈ V − F ∗

i −Ai} and PB
i = {j ∈ V |i ∈ FB

j }

∑
i∈FTk∩FF

i

gijk +
∑

i∈FTk∩FB
i

hijk = xik, ∀i ∈ V, ∀k ∈ FSi, (A1d)

∑
i∈FTk∩PF

j

gijk +
∑

i∈FTk∩PB
j

hijk = xjk, ∀j ∈ V, ∀k ∈ FSj , (A1e)

∑
i∈FTk

∑
j∈(FTk∩FB

i )

hijk = 1, ∀k ∈ KD, (A1f)

∑
i∈FTk

∑
j∈(FTk∩FB

i )

hijk = uk, ∀k ∈ KP, (A1g)

(n− |F ∗
i | − |P ∗

j |) · (
∑

k∈(FSi∩FSj)

gijk − 1)+

ri + 1 ≤ rj , ∀i ∈ V, ∀j ∈ FF
i , (A1h)

ri + 1 ≤ rj , ∀(i, j) ∈ E , (A1i)

zi ≤ zj , ∀(i, j) ∈ E , (A1j)∑
i∈FTk

tixik +
∑

i∈FTk

∑
j∈(FTk∩FF

i )

τijgijk+

∑
i∈FTk∩PB

i

µijhijk ≤ c, ∀k ∈ KD, (A1k)

∑
i∈FTk

tixik +
∑

i∈FTk

∑
j∈(FTk∩FF

i )

τijgijk+

∑
i∈FTk∩PB

i

µijhijk ≤ c · uk, ∀k ∈ KP, (A1l)
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∑
i∈FTk\{j}

xik ≤ (n−m+ 1) · (1− hjjk), ∀k ∈ K, ∀j ∈ FTk, (A1m)

uk+1 ≤ uk, ∀k ∈ KP\{m}, (A1n)

gijk ∈ {0, 1}, ∀k ∈ K, ∀i ∈ FTk, ∀j ∈ (FTk ∩ FF
i ), (A1o)

hijk ∈ {0, 1}, ∀k ∈ K, ∀i ∈ FTk, ∀j ∈ (FTk ∩ FB
i ), (A1p)

|P ∗
i |+ 1 ≤ ri ≤ n− |F ∗

i |, ∀i ∈ V, (A1q)

xik ∈ {0, 1}, ∀i ∈ V, ∀k ∈ FSi, (A1r)

ri, zi ∈ Z+, ∀i ∈ V, (A1s)

The objective (A1a) minimizes the number of stations. Constraints (A1b) ensure
that a task is assigned to a station. Constraints (A1c) link xik and zi. Constraints
(A1d) and (A1e) assure that a task on station k is followed and preceded by exactly
one other task in the cyclic sequence of this station. According to constraints (A1f) and
(A1g), in each cycle exactly one of the relations is a backward setup. Constraints (A1h)
and (A1i) establish the precedence relations among the tasks within each station.
Note that the constraints (A1h) are inactive if tasks i and j are assigned to different
stations. We add the constraints (A1j) to make sure that the precedence relations
among the tasks of different stations are satisfied. Knapsack constraints (A1k) and
(A1l) ensure that no station time exceeds the cycle time. Constraints (A1m) guarantee
that only task j is allocated to station k when hjjk = 1. Constraints (A1n) guarantee
that stations are used in the correct order and no empty station is in the middle of
used stations. Constraints (A1o) to (A1s) specify the domain of the variables.

Note that the decision variables ri and zi are set to continuous in the original
SSBF model [11]. However, doing so results in infeasible solutions being labeled as
feasible for some problem instances. In addition to the MIP model, Esmaeilbeigi et
al. [11] developed pre-processing techniques to reduce the number of variables and
constraints. We implement all these techniques, as well.
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